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PREFACE

This text book on TRIGONOMETRY with Problems & Solutions for JEE Main and Advanced is meant for aspirants preparing
for the entrance examination of different technical institutions, especially NIT/IIT/BITSAT/IISc. In writing this book I
have drawn heavily from my long teaching experience at National Level Institutes. After many years of teaching I have
realised the need of designing a book that will help the readers to build their base, improve their level of mathematical
concepts and enjoy the subject.

This book is designed keeping in view the new pattern of questions asked in JEE Main and Advanced Exams. It has
eight chapters. Each chapter has a large number of worked out problems and exercise based problems as given below:

Level — I: Questions based on Fundamentals

Level — II: Mixed Problems (Objective Type Questions)

Level — III: Problems for JEE Advanced Exam

(0.......9): Integer type Questions

Passages: Comprehensive link passages

Matching: Match Matrix

Reasoning: Assertion and Reasoning

Previous years papers: Questions asked in past IIT-JEE Exams

Remember friends, no problem in mathematics is difficult. Once you understand the concept, they will become easy.
So please don’t jump to exercise problems before you go through the Concept Booster and the objectives. Once you are
confident in the theory part, attempt the exercises. The exercise problems are arranged in a manner that they gradually
require advanced thinking.

I hope this book will help you to build your base, enjoy the subject and improve your confidence to tackle any type
of problem easily and skilfully.

My special thanks goes to Mr. M.P. Singh (IISc. Bangalore), Mr. Manoj Kumar (IIT, Delhi), Mr. Nazre Hussain (B.
Tech.), Dr. Syed Kashan Ali (MBBS) and Mr. Shahid Igbal, who have helped, inspired and motivated me to accomplish
this task. As a matter of fact, teaching being the best learning process, I must thank all my students who inspired me most
for writing this book.

I would like to convey my affectionate thanks to my wife, who helped me immensely and my children who bore with
patience my neglect during the period I remained devoted to this book.

I also convey my sincere thanks to Mr Biswajit of McGraw Hill Education for publishing this book in such a beautiful
format.

I owe a special debt of gratitude to my father and elder brother, who taught me the first lesson of Mathematics and to
all my learned teachers— Mr. Swapan Halder, Mr. Jadunandan Mishra, Mr. Mahadev Roy and Mr. Dilip Bhattacharya,
who instilled the value of quality teaching in me.

I have tried my best to keep this book error-free. I shall be grateful to the readers for their constructive suggestions
toward the improvement of the book.

REJAUL MAKSHUD
M. Sc. (Calcutta University, Kolkata)
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AAINTRODUCTION

Trigonometry (from Greek trigonon ‘triangle’ + metron
“measure”) is a branch of mathematics that study triangles
and the relationships between the lengths of their sides and
the angles between those sides.

Trigonometry defines the trigonometric functions which
describe those relationships that have applicability to cyclical
phenomena, such as waves. This field was evolved during the
third century Bc as a branch of geometry used extensively for
astronomical studies. It is also the foundation of the practical
art of surveying.

Trigonometry basics are often taught in school either
as a separate course or as a part of a precalculus course.
The trigonometric functions are pervasive in parts of pure
mathematics and applied mathematics such as Fourier
analysis and the wave equation, which are in turn essential
to many branches of science and technology.

1.2APPLICATION OF TRIGONOMETRY

There are an enormous number of uses of trigonometry
and trigonometric functions. For instance, the technique of
triangulation is used in astronomy to measure the distance
nearby stars, in geography to measure distances between
landmarks, and in satellite navigation systems. The sine and
cosine functions are fundamental to the theory of periodic
functions that describe sound and light waves.

The fields that use trigonometry or trigonometric
functions include astronomy (especially for locating
apparent positions of celestial objects, in which spherical
trigonometry is essential) and hence navigation (on the
oceans, in aircraft, and in space), music theory, acoustics,
optics, analysis of financial markets, electronics, probability
theory, statistics, biology, medical imaging (CAT scans and
ultrasound), pharmacy, chemistry, number theory (and hence

cryptology), seismology, meteorology, oceanography, many
physical sciences, land surveying and geodesy, architecture,
phonetics, economics, electrical engineering, mechanical
engineering, civil engineering, computer graphics,
cartography, crystallography and game development.

1.3 TRIGONOMETRICAL FUNCTIONS

In mathematics, the trigonometric functions (also called as
the circular functions) are functions of an angle. They are
used to relate the angles of a triangle to the lengths of the
sides of a triangle. Trigonometric functions are important
in the study of triangles and modeling periodic phenomena,
among many other applications. The most familiar
trigonometric functions are sine, cosine, and tangent. In
the context of the standard unit circle with radius 1, where
a triangle is formed by a ray originating at the origin and
making some angle with the x-axis, the sine of the angle
gives the length of the y-component (rise) of the triangle,
the cosine gives the length of the x-component (run), and the
tangent function gives the slope (y-component divided by
the x-component). More precise definitions are given below
in detail. Trigonometric functions are commonly defined as
ratios of two sides of a right triangle containing the angle,
and can equivalently be defined as the lengths of various line
segments from a unit circle. More modern definitions express
them as infinite series or as solutions of certain differential
equations, allowing their extension to arbitrary positive and
negative values and even to complex numbers.
Trigonometric functions have a wide range of uses
including computing unknown lengths and angles in
triangles (often right triangles). In this case, trigonometric
functions are used, for instance, in navigation, engineering,
and physics. A common use in elementary physics is
resolving a vector into Cartesian coordinates. The sine and
cosine functions are also commonly used to model periodic
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function phenomena, such as sound and light waves, the
position and velocity of harmonic oscillators, sunlight
intensity and day length, and average temperature variations
throughout the year.

In modern usage, there are six basic trigonometric
functions tabulated here with equations that relate them to
one another. Especially, with the last four, these relations are
often taken as the definitions of those functions, but one can
define them equally well geometrically, or by other means,
and then derive these relations.

1.4 MEASUREMENT OF ANGLES

1. Angle: The measurement of an angle is the amount of
rotation from the initial side to the terminal side.

2. Sense of an Angle: The sense of an angle is +ve or —ve
according to the initial side that rotates in anti-clock-
wise or clockwise direction to get the terminal side.

B

+ve angle

0] —ve angle
0

>C

D

3. System of measuring angles:
There are three systems of measuring angles such as
(i) Sexagesimal system
(i) Centisimal system
(ii1) Circular system
In sexagesimal system, we have
1 right angle = 90°
1° =60'
1! j— 60”
In centasimal system, we have
1 right angle = 100®
18 =100’
1'=100"
In circular system, the unit of measurement is radian.
Radian: One radian is the measure of an angle sub-

tended at the centre of a circle by an arc of length equal
to the radius of the circle.

Here, ZAOB = 1 radian = 1°.
B

4,

Notes:
(i) When an angle is expressed in radians, the word
radian is omitted.

(ii) Since 180° = 7 radian = ( 22 )
7 %180

radian = 0.01746 radian

. 180° 1
(ii1) 1 radian = 180° _ (ﬁx7)
b3 22
=57°16'22'
(iv) The angle between two consecutive

digits is 30° (% radians)
(v) The hour hand rotates through an angle of 30° in

1 hour (i.e., (%) in 1 minute).
(vi) The minute hand rotates through an angle of 6° in
1 minute.
The relation amongst three systems of measurement
of an angle is

D G

90°
The number of radians in an angle subtended by

(vii)

(viii)

an arc of a circle at the centre is

. s
Le., 0= —
-

1.5 SOME SOLVED EXAMPLES

Ex-1.

Radius

If the radius of the earth is 4900 km, what is the
length of its circumference?

r =4900 km
Circumference = 27r

=2x% x 4900

Soln. Given

=44 x 700
=30,800 km

The angles of a triangle are in the ratio 3 : 4 : 5.
Find the smallest angle in degrees and the greatest
angle in radians.

Let the three angles be 3x, 4x and 5x, respectively

Thus, 3x +4x + 5x =180°

Ex-2.

Soln.



Ex-3.

Soln.

Ex-4.

Soln.

= 12x = 180°
= x=15°
Therefore, the smallest angle
=3x=3x15°=45°
and the greatest angle
=5x=5x15°="75°

- (75 x i)radians
180

= (S—E) radians
12

The angles of a triangle are in AP and the number
of degrees in the least is to the number of radians in
the greatest as 60 to 7, find the angles in degrees.
Let the three angles be a + d, a,a — d
Thus,a+d+a+a—-d=180°

= 3a=180°
= a= 180 =60°
It is given that,

/4 60
a—dP:(a+dyx — = —
(a—d)°:(a+d) 180 =z

(a—d) 180 4o

= X— = —

(a+d) =

(a=d) 1

= (a+d) 3
= atd=3a-3d

= 4d =2a
= =4 300

2

Hence, the three angles are 90°, 60°, and 30°.

The number of sides in two regular polygons are

5 : 4 and the difference between their angles is 9.
Find the number of sides of the polygon.

Let the number of sides of the given polygons be 5x
and 4x, respectively.

It is given that,

(2><5x—4_2><4x—4) %90 =9
S5x 4x

(10x—4 2x—1j 1
= — = _
5x by 10
(10x—4—10x+5j 1
= U | =_
5x 10

)3

= — | =_
X 2

= x=2

Hence, the number of sides of the polygons will be
10 and 8, respectively.

Ex-5.

Soln.

Ex-6.

Soln.

Ex-7.

Soln.

Ex-8.

Soln.

The Ratios and ldentities 3

The angles of a quadrilateral are in A.P. and the
greatest is double the least. Express the least angles
in radians.

Let the angles of the quadrilateral be

a-3d,a—d,a+d, a+3d

It is given that, a+ 3d=2(a - 3d)

= a+3d=2a-6d

= a=9d

Also,a+3d+a—-d+a+d+a+3d=360

= 4a =360

= a=90

and d=10

Hence, the smallest angle = 90° — 30°
=60°

).

Find the angle between the hour hand and the
minute hand in circular measure at half past 4.

Clearly, at half past 4, hour hand will be at 4l
and minute hand will be at 6. 2
In 1 hour angle made by the hour hand will be 30°

In 4% hours angle made by the hour hand

= 2x30°=135°
2

In 1 minute angle made by the minute hand = 6°
In 30° minutes, angle made by the minute

hand = 6 x30°=180°

Thus, the angle between the hour hand and the
minute hand = 180° —135°

=45°,

Find the length of an arc of a circle of radius 10 cm
subtending an angle of 30° at the centre.

Angle subtended at the centre

—30°—(30><L)=£

180 6
T 5w
Hence, [=10X —=—.
6 3

The minute hand of a watch is 35 cm long. How far
does its tip move in 18 minutes?
The angle traced by a minute hand in 60 minutes
= 360° = 2 radians
Thus, the angle traced by minute hand in 18 minutes
=2 X E = 3—ﬂ:radians

60 5

Hence, the distance moved by the tip in 18 minutes

= l=35><3?7t=21><27—2=66 cm
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Ex-9. At what distance does a man, whose height is 2 m
subtend an angle of 10'?

Soln. Let 4B be the height of the man and the required
distance be x, where BC = x
A
10
B X C
Therefore, %xlﬂ = E
X 7 60
2 1
= xX=— ﬂ X 60
Vg
12x180
= x=
T
12x180 12x180x7
e = =
22 22
7
- x= 22080 gers

Ex-10. Find the distance at which a globe 5l cm in
diameter, will subtend an angle of 6'.

Let the required distance be x cm

According to the question,

Soln.

o 11180
2Xx T
6 11 180
ey = -
60 2Xx T
11 180 60
= X= —X—X—
2 T 6
= x=2x180><7><10
2 22
= x=45x7x10=3150

Hence, the required distance will be 3150 cms.
Ex-11. The radius of the earth being taken as 6400 km and
the distance of the moon from the earth being 60
times the radius of the earth, find the radius of the
moon which subtends an angle of 16' at the earth.

Soln. Let the radius of the moon be x km
. 16 2x 180
It is given that, — = ————— X —
60 60x6400 &
16 X 6400 x 7w
= =
180 % 2

4x 640X 1w
= xX=—
9
4x640x22
= X= —-
9x7
= x =894

Hence, the radius of the moon be 894 km.

EXERCISE 1

10.

11.

12.

13.

14.

15.

. Find the length of an arc of a circle of radius 5 cm.

subtending a central angle of measuring 15°.

. In a circle of diameter 40 cm. the length of a chord is

20 cm. Find the length of minor arc corresponding to
the chord.

. Ifthe arcs of same length in the circles subtends angles

of 60° and 75° at their centres. Find the ratio of their
radii.

A horse is tied to a post by a rope. If the horse moves
along a circular path always keeping the rope tight and
discribes 88 meters when it has traced out 72° at the
centre, find the length of the rope.

. The Moon’s distance from the Earth is 36,000 kms.

and its diameter subtends an angle of 31° at the eye
of the observer. Find the diameter of the Moon.
The difference between the acute angles of a right

angled triangle is n radians. Express the angles in
degrees. 3

The angles of a quadrilateral are in A.P. and the greatest
angle is 120°. Find the angles in radians.

The angles of a triangle are in A.P. such that the greatest
is 5 times the least. Find the angles in radians.

A wheel makes 180 revolutions per minute through
how many radians does it turn in 1 second?

Find the distance from the eye at which a coin of 2 cm.
diameter should be held so as to conceal the full moon
whose angular diameter is 31'.

The interrior angles of a triangle are in A.P. The small-
estangle is 120° and the common difference is 5°. Find
the number of sides of the polygon.

A wheel makes 30 revolutions per minute. Find the
circular measure of the angle described by a spoke in
1/2 second.

Aman running along a circular track at the rate of 10 miles
per hour travels in 36 seconds, an arc which subtends 56°
at the centre. Find the diameter of the circle.

At what distance does aman 5 1 ft in height, subtends
an angle of 15"? 2

Find the angle between the hour hand and minute hand
in circular measure at 4 O’ clock.



1.6 TRIGONOMETRICAL RATIOS

1.6.1 Definitions of Trigonometric Ratios

C
h p
0
A 5 B
h
1 Sin9=£ 2. cosec 0= —
h p
ool 4 e
cos 0= ) . sec 0= b
b
5. tan 0= P 6. cot 0= —
b p

1.6.2 Signs of Trigonometrical Ratios

The signs of the trigonometrical ratios in different quadrants
are remembered by the following chart.

A
sin and cosec are

+ve and rest are
-ve

All t-ratios are
+ve

<« >

tan and cot are cos and sec are
+ve and rest are +ve and rest are

-ve -ve

A

It is also known as all, sin, tan, cos formula.
1.6.3 Relation between the Trigonometrical
Ratios of an Angle

Stepl (i) sin 0. cosec 0=1
(i1) cos O.sec =1

(iii) tan 6.cot 6=1

(i) tan6 = sin @

Step 11 c0s0

cosO
cotf =

(i)

Step III (i)
(i1)
(iii)
StepIV (i)

sin 0

sin@. cosec 6 =1
cos@. secO=1
tan6.cot 6 =1
sin” @+ cos® 0= 1

(ii) sec’> 6=1+tan’ 0

(iii) cosec’ @=1+ cot’ @
Step V Ranges of odd power #-ratios.

(i) -1<sin®"'0, cos** 9<1

(ii) —eo < tan®"™1 @, cot>! f< oo

The Ratios and Identities 5

(iii) cosec®™, sec*" 0 >1
cosec>"™0, sec? 1 9 < -1

where nel
Step VI Ranges of even power #-ratios.

(i) 0<sin*"0,cos*"0<1
(ii) 0<tan®" 0, cot’ O < oo
(iii) 1< cosec?"8, sec" 6 < oo

where ne N

1.7 LIMITS OF THE VALUES OF
TRIGONOMETRICAL FUNCTIONS

—-1<sinf <1
—1<cosf<1

—oo < tan B < oo

—oo < cOth < oo

cosecO>1 andcosecH< —1
sec6>1andsecH< -1

1.8 SOME SOLVED EXAMPLES

Ex-1. Ifsec 8+ tan 6= 3, where Olies in the first quadrant,
then find the value of cos 6.

Given secf+tanf =3 0

1 1
sec @ —tanf)=——— =— i
= ) (secO+tan@) 3 (i1)
Adding (i) and (i), we get,
1 10

2secf0=3+-=—
3 3

A

Soln.

= secO =

>
3
= cosGzé
3
0=

Ex-2. If cosecO — cot % , then find the

value of sin 0.

Soln. Given cosecf —cotf = % @@

1

= cosecf—cotf=——=5
cosecO + cotf

(i)
Adding (i) and (i), we get,

2 cosec 6= 5+l=§
5 5
13
= cosec6=?

= sin6’=i
13
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Ex-3. If a=ccosO+dsinf and b =csinf—d cosO such
that a” +b" =c? +d?, where m, n, p, ge N
then find the value of m +n+p + g +42.

Soln. Given a=c cosf+dsinf (1)
and b=c sinf—dcos0O (i1)
Squaring and adding (i) and (ii), we get,

r* cos? 9(00s2 @ +sin? (p) + (r2 sin’ 6)

2 cos’ 0 +7% sin’ @

r? (cos2 6 +sin? 9) =r?
o = X+t +z22 =7
a? +b% = (ccosO+dsinb)

+(csin®—d cos0)? >m=2,n=2,p=2

Thus, the value of (m+n+ p— 4)"+P+4)
= az+b% = (02 cos? 0 + d? sin? 9) ( p=4
+ (c2 sin 6 + d? cos? 9) = 2" =1024
2,42 2 Ex6. Ifx=—250% o find th
= @ +b =+ d b 1+cosor+3sing e e
=>m=2,n=2,p=2,qg=2 Valueof51na—3cosa+3
Hence, the value of m+n+p+¢q+42=50. 2—-2coso
Ex-4. If 3sin@ + 4cos@ = 5, then find the . 2sina
value of 3 cosO — 4sin8. Soln.  Given x= 1+ cosa +3 sino
Soln. Let x=3 cosf —4sinf (1) )
) N sino —3coso +3
and 5=3sin6 —4cosb (i) We have,

2—-2coso
Squaring and adding (i) and (ii), we get )
X sinor +3(1—cos o)
x>+ 5% = (3 cosO +4sinh) = 2(1-cosa)

+(3 sin@ — 4cos6)’

sino 3
= x’+5%= (9 00529+16sin29+24sin90059) - 2(1—cosoc)+5
+(9 sin® 0 +16cos> 9—24sin90059)

sinor(1+ cosar) +§
2(1—<:os2 Oc) 2

= (9 cos” 0 +16sin? 6) + (9 sin® 0 + 16 cos> 0)
sino(l+cosax) 3

— 9(cos® @ +sin?6) + 16(cos” @ +sin’ O =+
(cos sin )+ (cos sin ) s ol 2
=x>+25=25

) _ (1+cosa)+§

= x=0 2sino; 2
= x=0 ~ (1+coso+3sina)
=3cos 0—-4sin 6=0. 2sin o

Ex-5. If x=rcosO sing, y=rcosf cos@ and z=rsin O

o=

such that x™ + y" +zP =%, where m,n, pe N ,
then find the value of (m+n+p—4)"* " 7 +4,

Ex-7. If P=sec®0—tan® 6 —3sec? O tan? 0,
Soln. We have, x* + y* + z*

0= cosec’®d — cot® 8 —3cosec?6 cot? O and
= (r cos Bcos@)* +(r cosOsin )’ R =sin® 6 + cos® @+ 3sin’ O cos’ 6, then find
24242 the value of (P+Q+ R)(P+Q+R)

X +y +z p p ) )
Soln. We have, P=sec’ 0 —tan” 6 —3sec” 0 tan” 0
= (r2 cos? O cos’ go) + (r2 cos “Osin 2(p) _ (se02 0 — tan’ 0)3 _
+(r2 sin’ 9)

0= cosec’ — cot® 6 — 3cosec?6 cot? 6

= X2 +)? +2?



Ex-8.

Soln.

Ex-9.

Soln.

Ex-10.

Soln.

= (cosecze — cot? 9)3 =1
and R = sin® 6 + cos® 6 + 3sin” O cos” 6
= (sin2 6 + cos’ 9)3 =1
Hence, the value of (P+Q+ R)"H+R)
=3=27.
If 3sinx+4 cosx =5, forall x in (O, %), then find
the value of 2 sinx+ cosx+ 4 tanx

We have 3sinx+4 cosx=15
Lety=3cosx—4sinx
Now, y2 +5%= (3 cos x — 4 sin x)2

+ (3 sinx + 4 cos x)*

y* +25 =9 cos® x + 16 sin® x — 24 sin x cos x

U

+9sin® x + 16 cos® x + 24 sin x cos x

3?4 25 =25 (cos® x + sin’ x) = 25
=0
y=0

3cosx—4sinx=0
3cosx=4sinx

tan x = 3/4

Lue v Ul

Hence, the value of 2 sinx+ cosx+ 4tan x

) 2

If sin A + sin B + sin C + 3 = 0, then find the value
of cos A+ cos B+ cos C+ 10.
GivensinA4 +sinB+sinC=-3
= sind = —-1,sinB=-1,sinC=-1
a=-Zp="L =L

2 2 2
Hence, the value of cos A + cos B+ cos C + 10

=0+0+0+10=10.

=

If (1+sin 0)(1+cos 6) = %, then find the value of
(I—sin 6)(1—cos 0).

We have (1+sin6)(1+cos6)= %

= 1+sin9+c059+sin900s0=%

2 -1

5
= 1'”‘"( ]:Z (sin@ + cos 6 =1, say)

Ex-11.

Soln.

Ex-12.

The Ratios and ldentities 7

2-1) 1
t+ ==
2 4

=
2 1
= t“+2t—-1=—
= 262 +4t-3=0
—4++16+24
= f=———
4
4+
_ 4_2m=—1il\/ﬁ
4 2
= ¢=_1+%m
= sin9+c059=—1+%\/ﬁ

Now, (1—sin8)(1— cos8)
=1-sinf—cosO +sinfcosO

= 1—(sinO + cosH) +sin O cos O

= 1—(—1+@]+%(&—MJ

4
=(2+%)—\/ﬁ
(5

Find the minimum value of the expression
9 x*sin® x+4

f(x) ; , forall xin (0, 7).
X sin x
2.2
Given f(x)=wz 9 xsinx+—
X sin x X sinx

Applying, AM = G.M, we get,

9xsinx+—
x sinx )
5 2\/9x sinx X

X sinx

9xsinx+—
X sinx
= 6
2
. 4
—|9xsinx+— >12
X sinx

Hence, the minimum value of f(x) is 12.

If cos 6 +sin 6 = /2 cos 6 , than prove that
cos®—sin@ =2sin6
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Soln.

Ex-13.

Soln.

Ex-14.

Soln.

We have, cos 0+ sin 0 = V2 cos @
= sin@z(\/z—l) cosf
sin @

(v2-1)
= cos@z(\/5+1)sin9

= cosO =

= cos—sin@=~/2 sin@
If tan® @ =1—e” then prove that

3/2
sec + tan> O.cosec O = (2 e )
We have, tan’> 0 =1-¢>

= l+tan’0=1+1-¢*=2-¢"
= sec’f=2-¢2
= secO=+2-¢°

Now, sec 8 + tan> 6. cosec 0

sin®6 1
= secO + T
cos” @ sinf
)
sin” @
= secO + 3
cos” 0
)
sin©0 1
= sec@+—2.—
cos” 0 cosf

secO + tan” 6. secO

secO (1 + tan? 9)

sec’ 0

If sin® +sin’ 0 +sin® 6 =1, then prove that,
cos®9—4cos*0+8cos’0=4.

Given sin@+sin> 0 +sin’ 0 =1

(sin 0 +sin® 9) =1-sin’ 0 =cos’> 0

(sin 0 +sin’ 9)2 = (cos2 0)2

(sin 0 + sin® 0)2 = (cos2 9)2
(
(

4—4¢cos> 0 +cos*O—4cos? 0 +4cos* 0

1—cos® 9)(2 —cos? 0)2 =cos*6

1- cos? 6)(4 —4cos’ 6 + cos* 9) =cos*0

—cos® 0 =cos* 0

cos® @ —4cos*O+8cos’ =4

T S

Ex-15.If x=

Soln.

Ex-16. If + =

Soln.

2sin @
1+ cosf+sin6
1-cosO+sinf
l+sin6

, then prove that

2sin @
1+cos@+sin6
2 sinf
2 sinO((1+sin6)—cosH)
((1+sin0) + cosB)((1+ sinO) — cosH)
_ 2sin@((1+sinf)—cosh)
((1 +sin0)” — cos? 6)
2 sinO((1+sin6)—cosH)
(1 +sin? 6 + 2sin 6 — cos? 9)
2 sinO((1+sin6)—cosH)
(sin2 0+2sinf + (1 — cos? 9))
2 sin@((1+sinO) — cosH)
(2 sin6 + 2sin? 9)

Given x =

~ 2sin@((1+sinf)—cosO)
- 2sin@(1+sin6)
((1+sin0) — cos )
(I+sin0)
_ (I1—cosB +sin0)
~ (1+sin0)

sin* o cos* o

1
, then prove that
a b a+b

0058 o 1

T (a+b)

sin® o
a b’

. 4 4
sin"a  cos” o 1
We have, + =
a+b

a b
)0054(1:1

(a+b) . 4 (a+b
= sin® o +
a b

1+é) sin4a+(1+2) costa=1
a b

. a .
sin® o0 + ZCOS4 Oc)+ (sm4 o +cos? oc) =1
. a .
sin* o + ZCOS4 05)+ (1 —2sin® a.cos? a) =1

=

U
/N 7N 7N N

Q> Q> Q|

. a .
sin* o0 + Zcos4 o —2sin? a.cos’ Ot)z 0



Ex-17.

Soln.

-2 ésin2 oc.\/zcoszazo
a b
2
= (\/Esinza—\/gcoszaj =0
a b
= (\/Esinza—\/gcoszano
a b
= \/Esinzaz\/gcosza
a b
sina cos’a 1
= = =
a b a+b
= sin‘o = s cos? o =
a+ a+b
sinffa cos® o
Now, ——— 3
a b
) 2
sin” o cos” o
NEDNE
a b
i) )
a+b a+b
- a i b’
at bt
3 7T 3 3
a (a+b)" b’ (a+b)
__a b
(a+b)*  (a+b)*
__ath
(a+b)*
__ 1
(a+b)

Prove that 3(sinx —cosx)* + 6 (sin x + cos x)
+ 4(sin6 x + cos® x) =13.

We have, 3 (sin x — cos x)4 + 6 (sin x + cos x)2 +4
(sin 6x + cos 6x)
2

=3 (sin® x — 4 sin’ x cos x + 6 sin x cos” x
— 4 sin x cos’ x + cos* x)
+ 6(sin® x + cos® x + 2 sin x cos x)
+ 4{(sin® x)* + (cos® x)3}

4

= 3(sin* x + cos® x — 4 sin x cos x

(sin” x + cos® x) + 6 sin” x cos” x)

Ex-18.

Soln.

Ex-19.

Soln.

The Ratios and Identities 9

+6(1 + 2 sin x cos x)
+ 4(sin2 x + cos? x)2
— 12 sin® x cos” x.
=3 -6 sin® x cos® x — 12 sin x cos x
+ 18 sin® x cos®> x + 6 + 12 sin x cos x
+4 12 sin® x cos® x
=3+6+4
=13.

If sin x + sin® x = 1, then find the value of

cos® x +2 cos® x + cos? x.

We have, sin x + sin®x=1
= sinx=1-sin’x=cos’ x
Now, cos® x +2 cos® x + cos* x

fx.cos’x+ (cos2 )c)2

= (cos4 )c)2 +2.cos
= (cos4 x + cos? )c)2
= (sin® x + sin x)*
=)’ =1.
If0<, <180° and 81" + 81 ¢ =30, then find
the value of 6.

We have, 8150 4815”0 — 30

gIsin’6 4 gqlsin®6 _ 3

=
S S R 8120=30
815111
81 .
=  a+—=30, a=81"°
a
= 4*-30a+81=0
= (a-27)(a-3)=0
= a=3,27
When a =3
= 8§10 =3
= 34sin29 =3
= 4sin’6=1
2
= sin26=(l)
2
=  sin’@=sin> (E)
6
= 9=(nﬂ:i£)
6
= 0== n
6’6
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When a =27 tanor+secoe—1  1+sina
3. Prove that =
— QIS0 97 tan o —secor +1 coso
. 4. Prove that sin®4 — cos®4

= 3hin’0 _33 2 2 2 2

- = (sin“4 — cos“A4) X (1 — 2sin” 4 cos”A4).
= 4sin’0=3 5. If U, =sin" 6 + cos” 6, prove that

e 2 2U,-3U,+1=0.
= Sin2 6 = (—] 1 1
2 6. Prove that

cosecH —cotf - sin @
=  sin® @ =sin’> (%) 1 1

sin@ cosec6 +cotO

P 2
= 0= (”775 T —) 7. Prove that the equation M =sin’ @ is
3 4ab
. T o possible only when a = b.
= T3’ 3 8. Prove that sin” @ + cosec’0 > 2 .

n o 2n 5; 9. Prove that sec’ 0 + cosec’6 > 4.

Hence, the values of Bare —, —, —, —.
6336 10. If secB +tan 6 =3, then find the value of cos 6.
Ex-20. Let f, (6) =sin* (6)+ cos* (), 1
1 1 11. If cosecO —cot8 = —, then find the value of sin 6.
then find the value of gf6 (6)- Zf4 ). 5
12. If x=acos@+bsinO and y=asinf—bcosO, then

Soln. We have 0) =sin® 0 + cos® 0
/5(6) prove that x> + y* = a* + b?,

=1-3sin’6Ocos> O 13. If 3sin 8+ 5 cos 8= 5, then prove that
5sin O —3cos 6= 13.
14. Ifx=7rcos Ocos ¢, y=rcos Osin ¢, z=r sin 6, then
prove that x* + 1 + 22 = .
15. If cos 0+ sin 6= V2 cos 6, than prove that
Now, lfé (9)_lf4 ) cos O—sin 8= /2 sin 6.
6 4 16. Iftan’ 4 = 1 + 2 tan® B, then
prove that cos® B =2 cos’4.

(1 —2sin” 6 cos’ 9) 17. Iftan® 6= 1 — &% then prove that
)3/2

Also, f,(6)=sin*@+cos*6

= 1-2sin’Ocos’ 0

1 1
—(1 —3sin” 6 cos> 9)— —
6 4
secB + tan> 0.cosech = (2 -

l—lsin2 6 cos? 9—l+lsin290052 0
6 2 4 2 18. If sin® O+ sin 6= 1, then
1 prove that cos* 6+ cos® 6= 1.
6 4 19. Ifsin® 6+ sin =1, then find
the value of cos'? 8+3 cos!® 6+ 3 cos® 6+ cos® 6.
=——. 20. Ifcos* 6+ cos® 0= 1, then
12 prove that tan* 6+ tan® 6= 1.

21. If sin*@+sin®0 = 1, then
prove that cos® @ +2cos® 8 +cos* 6 =1.

EXERCISE 2

_ . .2 -3
1. Prove that cotf —tan6 — sec 0 cosec 6. 22. If sin@+sin” 6 +sin” 6 =1, then prove that,

1-2sin’ 0 cos®0—4cos*@+8cos’0=1.

—sno 23. If sin 6, +sinB, +sinf; =3,
2. Prove that tan 6+ ,/1+ 0 =sec 0. then prove that, cos6, +cosf, +cos6; =0.
sin




24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

2sin 0@

If x=————  then
1+ cosO +sinf
1—cosO+sinf
prove that, —— = x
1+sin@
.2 .
Prove that 1— sin” @ 1+'cose 3 sin@
1+ cos@ sin @ 1—cos@
Prove that,

3(sinx —cosx)* + 6(sin x + cos x)*
+ 4(sin6 x + cos® x) =13
If @ =cosecO—sin® and

b® =secO — cos 0, then
prove that ¢*b> (a2 + bz) =1.

If xsin’® o + ycos3 a =sino cosor and

xsino = ycosa then prove that x* + y* =1.

If tan 6+ sin 6= m, tan 6 —sin 6= n,
then prove that m* — n> =4 Nmn .

4 . 4
cos"x  sin"x
If —— +—=1,
cos“y sin“y
costy sinty
then prove that —— + —— =1
cos“x  sin“x
. 4 4
sin"o¢  cos”a 1
If + = , then
a b a+b
sinfa costo 1
prove that —— + = 3
a b (a+b)
- 4 4
sin"@ cos' 6 1
If =—, then
2 5

sinf0 cos®O 1
prove that + =—.
8 27 125

Let £, (6)=sin* (8)+cos’ (8). Then prove
1 1 1

that — £, (0)—— f, (§) = ——.

15 (O)- 1 1,(0)= -

If £, (0)=sin" 8 +cos" 0, prove that
2/, (0)-3/,(0)+1=0.

sin A
If =
sin B p

cos A

, =gq , prove that
cos B

2_
tanA.tanB=£ q 21 .
g\l-p

=cos0.

The Ratios and Identities

1.9 MEASUREMENT OF THE ANGLES

OF DIFFERENT T-RATIOS

1.9.1 Recognization of the quadrants

We have introdcuced six #-ratios.
Signs of these f-ratios depend

upon the quadrant in which the r

terminal side of the angle lies.
We always take the length of OP
vector denoted by ‘7’, which is

always positive.

(o] X

1

M

Thus, sin8 = 2 has the sign ofy, cosf = X has the sign of x
r r

and tang =2 depends on the signs of both x and y.

X

Similarly, the signs of other trigonometric functions can

be obtained by the signs of x and y.
(A) In first quadrant, we have x >0,y >0

A P

Y

(1) sin@ =2 >0, cosecl =— >0

r y

(ii) cosf=2 >0, sech=_ >0
r y

(iii) tan@=2 >0, coth=2 >0
X X

Thus, in the first quadrant all trigonometric ratios are
positive. Due to this reason, first quadrant is represent-

ed by ‘ALL".
(B) In the second quadrant, we have
x<0andy>0
Y
P y
6
< > X
M (0]
Y
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1) sin@ =2 >0, cosec=2 >0
r r

(i1) cosf=2 <0, secf="1 <0
r X

(iii) tan@=2 <0, coth=2 <0
X X
Thus, in the second quadrant all #-raios are negative
other than sin and cosec. Due to this reason, second
quadrant is denoted by ‘SIN”.
(C) In the third quadrant, we have

x<0andy<0
14
X M o X
0
P
v

(1) sin@ =2 <0, cosecl = <0
r y

(i) cosf =2 <0, secd=_ <0
r X

(iii) tan@=2 >0, coth=2 >0
X x
Thus, in the third quadrant all -raios are negative other
than tan and cot. Due to this reason, third quadrant is
denoted by ‘TAN’.
(D) In the fourth quadrant, we have
x>0andy<0

Y’

(i) sin@=2 <0, cosec="— <0
r y

(ii) cos=2 >0, secd=_ >0
r X

(iii) tan@=2 <0, cotf=2 <0

X X
Thus, in the fourth quadrant all #raios are negative
other than cos and sec. Due to this reason, fourth
quadrant is denoted by ‘COS’.

(E) Rotation

90
180 0, 360
270
- 270
-180 0,-360
-90

1.9.2 T-ratios of the angle (-6), in terms of 6,

for all values of 6.
1. (i) sin(-6)=-sin 6

(i1) cos (-6) =cos 6
(iii) tan (-0) =—tan 0
(iv) cosec (—6) =—cosec 6
(v) sec (—0)=sec 0
(vi) cot(-6)=-—cot 9

1.9.3 T-ratios of the different angles in terms of 6,
for all values of 6.

2. (i) sin (90— 6) =sin (90°x1-6) = cosO
(ii) sin (90 + 6) =sin (90°x 1+ 6) = cosO
(iii) sin (180 — 6) = sin (90°x 2 —0) = sin @
(iv) sin (180 + 6) = sin (90°x2+6) =—sin6
(v) sin (270 — 6) = sin (90°x3—0) =—cos 6

(vi) sin (270 + 6) = sin (90°x 3+ 6) =—cosO
(vii) sin (360 — 0) = sin (90°x4—0) =—sin 0
(viii) sin (360 + ) = sin (90°x4+0) =sin @
3. (i) cos (90— 6)= cos (90°x1—0) =sinO

(ii) cos (90 + 6) = cos (90°x1+6) = —sinO
(iii) cos (180 —6) = cos (90°x2—6) =—cos6
(iv) cos (180 + 6) = cos (90°x2+6) =—cos6
(V) cos (270 — 0) = cos (90°%x3—6) = —sinO
(vi) cos (270 + 6) = cos (90°x3+6) =—sinb
(vii) cos (360 — 6) = cos (90°x4—0) = cosO
(viii) cos (360 + 0) = cos (90°x4+0) = cos6.



Ex-1.

4. (i) tan (90 — 6) = tan (90°x1—0) = cotO
(ii) tan (90 + @) = tan (90°x 1+ 6) =—cotf
(iii) tan (180 — 6) = tan (90°x2—0) =—tan 6
(iv) tan (180 + 0) = tan (90°x 2+ 60) = tan 6
(v) tan (270 — 6) = tan (90°x3—6) = cotO
(vi) tan (270 + 0) = tan (90°%x3+6) = —cotO
(vii) tan (360 — 6) = tan (90°x4—0) = —tan 6
(viii) tan (360 + 6) = tan (90°x 4 +6) = tan6 .

Note: All the above results can be remembered by the
following simple rule.

1. If 6 be measured with an even multiple of 90° by + or
— sign, then the 7-ratios remains unaltered (i.e. sine re-
mains sine and cosine remains cosine, etc.) and treating
Oas an acute angle, the quadrant in which the associated
angle lies, is determined and then the sign of the T-ratio
is determined by the All — Sin — Tan — Cos formula.

2. If @be associated with an odd multiple of 90 by +ve or
—ve sign, then the T-ratios is altered in the form (i.e. sine
becomes cosine and cosine becomes sine, tangent
becomes cotangent and conversely, etc.) and the sign
of the ratio is determined as in the previous paragraph.

3. If the multiple of 90 is more than 4, then divide it by
4 and find out remainder. If remainder is 0, then the
degree lies on the right of x-axis, if remainder is 1,
then the degree lies on the +ve y-axis, if remainder
is 2, then the degree lies on the —ve of x-axis and if
the remainder is 3, then the degree lies on the —ve of
y—axis, respectively.

For examples:

(i) sin (570°)

= sin (90 X 6 +30°)
=—sin 30° = —l
2

(i1) tan (1950°)
=tan (90 x 22 -30°)
1
=—tan (30°)=— —.
V3
(1) cos (2310°)
=cos (90 x 25 + 60°)

=sin(60°)=?.

1.10 SOME SOLVED EXAMPLES

Find the value of
(i) sin 120°
(ii) sin 150°

The Ratios and Identities

(iii) sin 210°
(iv) sin 225°
(v) sin 300°
(vi) sin 330°
(vii) sin 405°
(viii) sin 650°
(ix) sin 1500°
(x) sin 2013°
Soln.
(i) sin(120°)=sin (90 x 1+ 30°)
=cos(30°) = ﬁ
2
(if) sin(150°)=sin(90x2—30°)
1
=sin(30°)=—
(30°) =
(iii) sin(210°)=sin(90x2+30°)
1
=—-sin(30°)=——
(30°) =
(iv) sin(225°)=sin(90 X 2 +45°)
1
=—sin(45°)=——
(45°) 5
(v) sin(300°)=sin(90 % 3+30°)
=—cos(30°) = —ﬁ
2
(vi) sin(330°)=sin(90x3+60°)
1
=—cos(60°)=——
(60°) =
(vii) sin(405°)=sin(90 x4 +45°)
1
=sin(45°)=—
(45°) 5
(viii) sin(660°)=sin(90x 7+ 30°)

_ in(30°) =%

(ix) sin(1500°)=sin(90x 16 + 60°)
= sin (60°) = ?

(x) sin(2013°) = sin (90 x 22 +33°)

=—sin(33°).
Ex-2. Find the value of
cos(1°).cos(2°).cos(3°)......cos (189°).
We have,
cos(1°).cos(2°).cos(3°).......... cos(189°).
= c0s(1°).cos(2°).cos(3°)......... cos(89°)

Soln.

13
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Ex-3.

Soln.

Ex-4.

Soln.

Ex-5.

Soln.

c0s(90°)cos (91°)......... cos(189°).
= ¢c0s(1°).cos(2°).cos(3°).....cos(89°)
X 0 X cos(91°)...cuennne. cos(189°).

=0.
Find the value of
tan (1°).tan (2°).tan(3°).......tan (89°) .
We have,
tan (1°).tan (2°).tan (3°).....tan (89°)
tan (1°).tan (2°).tan (3°).......tan (44°)
tan (45°)tan (46°)...tan (87°) tan (88°) tan (89°)
{tan (1°) x tan (89°)}.{tan (2°) x tan (88°)}.
...... {tan (44°) x tan (46°)}.tan (45°)

Find the value of
tan 35°.tan 40°.tan 45°.tan 50°.tan 55°
We have,

tan35°.tan40°.tan 45°.tan 50°.tan 55°

= {tan35° X tan 55°}{tan 40° X tan 50°}
X tan 45°

= {tan35°x cot35°}.{tan 40° x cot 40°}
X tan45°

=1.
Find the value of sin(10°)+ sin(20°) + sin (30°)
50 (40°) 4 oo +5in (360°).
We have, sin(10°)+ sin (20°)+sin (30°)
+sin (40°) +........... +sin (360°)
= sin(10°) +sin (20°) + sin (30°)
+5in (40°) + oo +sin (150°)
+5in (340°) + sin (350°) + sin (360°)
sin (10°) + sin (20°) + sin (30°)
+sin (40°) +.......... +5in (80°)
+sin (90°) + sin (100°)
+5in (360° — 40°) + sin (360° — 30°)
+5in (360° - 20°) + sin (360° — 10°)
+sin (360°)
= sin(10°)+sin (20°) +sin (30°)
+sin (40°) +.......... +5in (80°)
+sin (90°) + sin (100°)
—sin (40°) —sin (30°)
—sin (20°)—sin (10°) + sin (180°)

Ex-6.

Soln.

Ex-7.

Soln.

Find the value of
cos(10°)+cos(20°) + cos(30°)

+¢0s(40°) +.......... +c0s(360°) .
We have, cos(10°)+ cos(20°)+ cos(30°)
+¢0s(40°) +.......... +c0s(360°)

= c0s 20° + cos 30° + cos 40° + .........
+ cos 140° + cos 150° + cos 160° + cos 170°
+ cos 180° + (cos 190° + cos 200° +
c0s 210° + cos 220° +.............. + cos 360°)
= cos 10° + cos 20° + cos 30° + cos 40° +......
—cos 40° — cos 50° — cos60
—cos70° + cos 180° + (cos 190°
+ cos 200° + cos 210° + cos 220° +
........... + cos 360°)
= cos 180° + cos 360°
=—1+1
=0.
Find the value of
sin® 5°+sin10° +sin? 15° +.......+ sin? 90°
We have,
sin? 5°+sin?10° +sin?15° +.... + sin? 90°
= sin®5°+sin?10°+sin?15°+
...... +sin? 40 + sin” 45
+sin? 50 +sin” 80 + sin’ 85 + sin? 90°
= (sin2 5°+sin? 85°)
+(sin2 10° + sin? 80°)
+ (sin2 15° + sin? 75°)
+ o + (sin2 40° + sin? 50")
+(sin® 45° + sin” 90°)
= (sin2 5°+ cos? 5°)
+ (sin2 10° + cos? 10°)
+(sin2 15°+ cos® 150) S

.......... + (sin2 40° + cos? 40°)

+(sin2 45° + gin? 90°)
=(1+1+ .. 8times)+(%+l)
= (8+1+l)
2
_ol
2



Ex-8.

Soln.

Ex-9.

Soln.

Ex-10.

Soln.

Find the value of

sin? (lj +sin? (E) +sin? (4—7[) +sin? (7—ﬂ) .

18 9 9 18
We have, sin’ (l) +sin? (E)

18 9
+sin? (4—77:) +sin? (7_%)
9 18

sin? (l) +sin® (2—7[)

18 18

Il Il
» »n
2 “.
= =
(3] (3]
— —
—
™ |
NG N
+ +
o »n
2 5
() (3]
IR |
~ -
© |y
N

5 ()
+cos”| — |+sin” | —
18 18

Il
——
w2
@,
5
(3]
VR
—
> |2
N—
+
o
S
w2
(3]
Y
—
ool'\‘|
N—
—

=2.

Find the value of
tan (20°)tan (25°) tan (45°) tan (65°) tan (70°) .

We have
tan (20°) tan (25°) tan (45°) tan (65°) tan (70°)

= tan(20°)tan(25°)tan (45°)
tan (90° — 25°)tan (90° — 20°)

tan (20°) tan (25°) tan (45°) cot (25°) cot (20°)
= tan(45°)
=1.

Find the value of cos(6,)+ cos(6, )+ cos(6;)
if sin(6,)+sin(6,)+sin(6;)=3.

Given sin(6,)+sin(6,)+sin(6;)=3
It is possible only when each term of the above
equation will provide the maximum value

The Ratios and Identities

Thus, sin(6;)=1,sin(6,)=1,sin(6;)=1

T T T
6, ==.,0,==,0,=—
1707727 973

Hence, the value of cos(6,)+ cos(6, )+ cos(65)

olgeleol

=0.

EXERCISE 3

1. Find the values of
(i) sin (135°)
(iii) tan (120°)
(v) sec (240°)
(vii) sin (330°)
(ix) cos (315°)
2. Find the values of
(i) sin (675°)
(iii) tan 1020°
(v) sec (—1035°)
(vii) sin (1410°)  (viii) cos (1450°)
(ix) tan (2010°) (x) sin (1950°)
3. Express in terms of ratios of smallest +ve angles.
(i) sin 240° (ii) cos 780°
(iii) sin (-1358°)  (iv) cosec (—1150°)
(v) tan (-1750°)

4. If 6= 23?”, then find the value of sec 08— tan 6.

(i1) cos (150°)
(iv) sin (225°)
(vi) tan (300°)
(viii) tan (315°)
(x) sin (405°)

(i1) cos (1230°)
(iv) cosec (1305°)
(vi) tan (—1755°)

sin(270 + A)cos(90 — A)
sin(180 — 4)cos(180— A)

5. Simplify:

6. Simplify: tan 25°.tan 35°.tan 45° tan 55°.tan 65°
7. Prove that

.2 . L,3m . ,5m ., 0w
sin® = +sin® == +sin® == +sin’ — = 2.
8 8
8. Prove that
.2 . L,3m . L,5m |, 0w
sin® = +sin®> == +sin®> == +sin’ — = 2.
4 4 4 4

9. Find the value of
sin? 5°+sin? 10°+....+sin? 90°.
10. Find the value of
sin? 6°+sin®12° +....+ sin> 90°
11. Find the value of
sin?10° +sin® 20° +.... + sin® 90°
12. Find the value of
sin® 9° +sin” 18°+....+sin” 90°
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13. Find the value of Characteristics of cosine function:
tan1°.tan 2°.tan 3°....tan 89°

14. Find the value of
cos1°.cos2°.cos3°......cos189°

1. Itis an even function, since
cos(—x) = cosx
2. Itis a periodic function with period 2.

15. Solve for 6; 2sin® 6 +3cosO =0 3 cosx=1=>x=2n1 nel
where 0< 6 <360°. -
16. Solve for 6; cos@+~/3sinf =2, 4. cosx=0=x= (2”+1)E, nel

where 0 <0 <360°.

5. =—1l=>x=2n+)rx, 1
17. If 4n o= m, then prove that cos ¥ ¥= @+, ne

tan ortan 2o tan 3cx ... tan(2n — o= 1. 3. Graph of f(x) = tan x.
Q. If 4, B, C, D be the angles of a cyclic quadrilateral Y
ABCD, then prove that 1

18. cosA+cosB+cosC+cosD=0
19. tan 4 +tan B+tan C +tan D = 0.
20. sin24 +sin2B+sin2C+sin2D =0

21. Find the value of X<
cos(18°) + cos(234°) + cos(162°) + cos(306°) .
22. Find the value of
c08(20°) + cos (40°) + cos (60°) +....+ cos (180°)
Y

23. Find the value of v’
sin (20°) + sin (40°) + sin (60°) +....+ sin (360°)

Characteristics of tangent function:
Graph of Trigonometric functions: 1. Tt is an odd function, since
— tan (—x) = —tan x
1. Graph of /(x) = sin x. 2. It is a periodic function with period

)E

3. tanx=1= x=(4n+1 2 nel

B D e »>Y=1
/\ 4. tanx=0=>x=nm, nel
X < 0 - > X T
\/ 5. tanx=-1=x= (4n—-1)—, nel
B b >Y=- 4

Y 4. Graph of f(x) = cot x

Y’ y
Characteristics of sine function: . 1 | |
1. Tt is an odd function, since sin (—x) = — sinx : : :
2. Itis a periodic function with period 27 | : :
. 7[ 1 1 1
3.sinx=1=x=Un+1)—, nel ) e | |
AR X NN
4. sinx=0= x=nm, nel ! ! !
5. sinx:—1:>x=(4n—l)§,nel i i i
Graph of f(x) = cos x: ' ; ' '

>

Characteristics of cotangent function:
/\ / \ /\ 1. Tt is an odd function, since
X . X cot (—x) =—cotx
\/ © \/ \/ 2. Itis a periodic function with period
/2

3. cotx=1= x=(4n+1)4, nel

-




4, cotx=0=>x= (2n+1)§, nel

5. cotx=-1=x= (4n—l)%, nel

Graph of f(x) = sec x

__.y=1
> X

Characteristics of secant function

It is an even function, sec(—x) = sec x
It is a periodic function with period 27
sec x can never be zero.
secx=1= x=2nnw,nel

5. secx=-1=x=2n+)wr, nel
Graph of f(x) = cosec x

B =

Loy =-1

Characteristics of cosecant function:

1. Itis an odd function, since
cosec(—x) = —cosec x
2. Itis a periodic function with period 27

3. cosecx=1= x=(4n+1)§, nel

4. cosec x can never be zero.

5. cosecx=—-1= x=(4n—1)%,ne]

EXERCISE 4

Q. Draw the graphs of
1. f(x)=sinx+1
2. f(x)=sinx—1

3
4

5.
6.

7.

8.
9.
10.

11.

12.
13.

The Ratios and Identities

. f(x)=-sinx

. f(x)=1-sinx
f(x)=—1-sinx
f(x)=sin2x,sin3x
/(x)=sin?x
/(x)=cos® x
f (x) =max {sinx,cos x}

f(x)=min{sinx,cosx}
f(x)=min {sinx,%, cosx}

f (x) = max {tan x,cot x}

f (x) =min{tan x,cot x}

Q. Find the number of solutions of

1.

2.

l.

. 1
sinx ==, Vv x€[0, 6]

COS x =

N|®

, V xe[0,10]

4sinx—1=0, V x [0, 10]
sin? x—3sinx+2=0, V x<[0, 10]

cos’ x—cosx—2=0, Vxe|0, 10]

11 T-RATIOS OF COMPOUND
ANGLES

1.11 Definition
The algebraic sum or difference of two or more angles is
called a compound angle such as

A+B,A-B,A+B+C,A+B—-Cetc.

1.11.1 The Addition Formula

1. sin (4 + B)=sin4 cos B+ cos 4 sin B
2. cos (4 + B)=cos A cos B—sin A sin B
tan 4+ tan B
3. tan(A+B):u
1—tan A.tan B
Proof:
Y
y Q
R P
B
A >
@) S M

17
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Let ZPOX =4 & LPOQ=B

Draw PM and QS perpendicular on OX and

PR is parallel to OX.
Clearly, ZPOR=A4.
1. sin (4 + B)
_ OS _SR+OR
0oQ 0oQ
PM + QR
0Q
_ PM  RQ
00 09
PM OP  OR PQ
OP 00 PQ 0Q

=sin 4 cos B + cos 4. sin B.

2. cos(A+B)

0S _OM - MsS
00 00
oM _MS

00 09

_ oM _MS

00 00
OM OP PR PQ

OP 00 PO 00

= cos A .cos B—sin A. sin B.

3. tan(4 + B)
_ 0SS _OR+RS
oS oS

OR+ RS
OM — SM
OR RS

- OM OM

|_SM
OM

OR RS

_ _OM OM
PR PO

PO OM
PM  PQ

7_{_7
_ _OM_oOP
PM PQ

00 OP

tan A+ tan B
1—tan A.tan B

Subtraction formulae:

1. sin (4 —B)=sin A cos B—cos A sin B
2. cos (4 —B)=cos A cos B+sinAsinB

tan 4 —tan B
3. tan (4 —B)= —0 A7 HAND
1+ tan Atan B
Proof:
Y
* P R
A
5 B
0 M S
Y

Let ZPOX =A and LZQ0OX =B
Clearly, ZPOQ=A-B

Draw PM, RS perpendicular on OX and PR is parallel

to OX.
From geometry, we can say that, ZPQOR = A
In AQOS ,
1. sin(4-B)
_OS RS—RQO _PM—-RQ
00 09 0Q
_PM RO
00 09

_ PM OP RQ PQ

OP 0Q PQ 00

sin 4.cos B —cos A4.sin B.

2. cos(A—B)
_ 00 _OM+MS _OM +PR
0Q 0Q 0Q
_ oM PR
00 00

_OM OP PR PQ
OP '0Q PQ 00
=cos A.cos B +sin A.sin B.

3. tan(4-B)



_0S_RS-QR _ RS-OR
OS OM+MS OM +PR
PL _OR

_OM oM

PR
1+
oM

PL  OR

_ _OM OM
L PR PM
PM OM

PM  PQ

_ _OM oM
LPM PO
OM OM

tan 4 —tan B

l+tan A.tan B

Note:
1. tan(£+A)=w
4 1-tan 4
4 1+tan 4

1.12 SOME IMPORTANT DEDUCTIONS

Deduction 1.
sin (4 + B) sin (4 — B)
= sin’ 4 — sin”> B = cos’ B — cos’ 4
Proof: We have sin(4 + B) sin(4— B)
= {sin Acos B + cos Asin B}
x{sin A cos B — cos Asin B}

= {sin2 Acos® B — cos? Asin® B}

= {sin2 A(l —sin’ B) - (1 —sin® A)sin2 B}

{sin2 A —sin® Asin® B—sin® B —sin? 4sin’ B}
= sin? A—sin’ B

= (1 —cos? A) — (1 —cos® B)

= cos’ B—cos’ 4
Deduction 2.
cos (4 + B) cos (4 - B)
= cos’ A — sin? B = cos® B — sin’ 4
Proof: We have, cos(A+ B)cos(4— B)

= {cos Acos B +sin Asin B}
x{cos Acos B —sin Asin B}
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= {cos2 Acos® B -sin? Asin? B}
= {0052 A(l —sin? B) - (1 —cos® A)sin2 B}

{cos2 A—cos® Asin® B —sin® B + cos’ Asin> B}

= cos> A—sin’ B

Deduction 3.
cot (4 + B) = cot AcotB—1
cotB+cotA
Proof: We have, cot(4+ B)
_ cos(A4+B)
- sin(4+ B)

cos Acos B —sin Asin B

sin Acos B + cos Asin B

cos AcosB sin Asin B

sin Asin B

cos Asin B
sinAsinB  sin Asin B
cotAcotB—1
cotB+cotA

sin Asin B
sin Acos B

Deduction 4.

cot (4 B) = cot Acot B+1
cot B—cot 4
Proof: We have, cot (4 — B)

cos(A— B)

sin(4— B)

cos Acos B +sin Asin B

sin Acos B —cos Asin B

cosAcosB sin Asin B
sin AsinB  sin Asin B
" SinAcosB  cosAsin B
sin Asin B - sin Asin B
_ cotAcotB+1
~ cotB—cotA
Deduction 5.
sin(A+B+C)
= cos Acos BcosC|[tan A + tan B + tan C
—tan Atan Btan C|

Proof: We have sin(A4+ B+ C)
= sin(A4+ B)cosC +cos(A4+ B)sinC
= {sin 4.cos B + cos 4.sin B}cos C

+{cos A cos B —sin 4sin B}sinC



Soln.

= sin A.cos B.cos C + sin B.cos A.cos C
+sin C.cos Acos B —sin A.sin B.sin C
= cos A.cos B.cosC [tan A+ tan B + tan C

—tan A.tan B.tan C |

Deduction 6.

cos (A+B+C)
= cos Acos BcosC
X[1—tan Atan B — tan Btan C — tan Ctan 4|

Proof: We have, cos(4+ B+ C)

= cos(A4+ B)cosC —sin(A4+ B)sinC
{cos Acos B - sin Asin B}cos C
—{sin Acos B + cos Asin B}sinC

= cos Acos BcosC —sin Asin BcosC
{-sin 4sin C cos B —cos Asin BsinC}
= cosAcosBcosC

X [1—tan Atan B — tan Btan C — tan C tan 4|

Deduction 7.

tan(4+ B+ C)
_ tan A+ tan B + tan C — tan 4 tan Btan C
1—tan Atan B —tan Btan C — tan C'tan 4

Proof: We have, tan(4+ B+ C)

sin(4A+B+C)
cos(A+B+C)
cos Acos BcosC {tan A+ tan B +tan C
—tan Atan Btan C}
cos Acos Bcos C{l —tan Atan B —
tan Btan C — tan C tan A}

tan A+ tan B + tan C — tan A tan Btan C
1—tan Atan B —tan Btan C — tan C'tan 4

1.13 SOME SOLVED EXAMPLES

Ex-1. Find the values of

(i) sin (15°),
(i) cos (15°),
(iii) tan (15°)
We have,
(i) sin(15°) = sin(45° —30°)
= sin(45°)cos(30°) — cos(45°)sin(30°)
13 1

_y3 1
2°2 2

S
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22

(i1) cos(15°) = cos(45° —30°)
= c0s(45°) cos(30°) + sin(45°) sin(30°)

L1
V272 272
_\/§+1
NG

(iii) tan (15°)=tan (45° — 30°)
_ tan45°—tan30°
1+ tan45°.tan 30°
1

&

1+L

e

_ 31
J3+1
NS
3-1

_3+1-243
2

_4-23

2

-2_ 03

—

Note:
(i) cot (15°) =
=2+.3
(ii) tan (105°) = —cot(15°) = —(2 + /3)
(iii) cot (105°) = —tan(15°) = —(2 — \/3)

=3-2.

1 1
tan(15°) 2-.3

Ex-2. Find the value of tan (75°) + cot (75°)
Soln. We have, tan(75°) + cot(75°)

= cot(15°) + tan(15°)

= 2+B)+@2-B)

=4,

Ex-3.
Soln.

Prove that cos(9°) + sin(9°) = 2 sin(54°)
We have, cos(9°) + sin(9°)
1 1
= ﬁ(—cos 9°) + —sin(9° ]
7 9°) 7 9°)



-2 (sin (45°) cos(9°) + cos (45°)sin (9°))
= 2 (sin (45°+9°))
= +/25sin(54°) .

Ex-4. Prove that tan(70°) = 2 tan(50°) + tan(20°)

Soln. We have, tan(70°) = tan(50° + 20°)
—  an(70°) = tan 50° + tan 20
1—tan 50°tan 20°
= tan (70°) — tan(70°) tan (50°) tan(20°)
= tan 50° + tan 20°
= tan(70°) — tan(70°) tan(50°) cot(70°)
= tan50° + tan 20°
= tan(70°) — tan(50°) = tan 50° + tan 20°
= tan(70°) = 2 tan 50° + tan 20°
Ex-5. If 4 + B =45°, then find the
value of (1 + tan 4)(1 + tan B)
Soln. We have, 4 + B=45°
= tan(4 + B) = tan(45°)
= tan(4 + B) =1
tan 4 +tan B
= —=1
1—tan A.tan B
= tan 4 + tan B=1 —tan4.tanB
= tanA4 +tan B+tanA.tan B=1
= l+tan4 +tan B+tand.tanB=1+1=2
= (1+tan A) +tan B(1 +tan 4) =2
= (1 +tan A)(1 +tan B) =2
Ex-6. Find the value of
(1 +tan 20°)(1 + tan 24°)
(1 +tan 25°)(1 + tan21°)
Soln. We have,
(1 +tan 20°) (1 +tan 24°) (1 +tan 25°) (1 +tan 21°)
= {(1 + tan 20°)(1 + tan 25°)}
x {(1 + tan24°)(1 + tan 21°)}
=2x2
=4,
Ex-7. Find the value of
(1 + tan 245°)(1 + tan 250°)
(1 +tan 260°)(1 — tan 200°)
(1 —tan 205°)(1 —tan 215°)
Soln. We have, (1 + tan 245°)(1 + tan 250°)

(1 + tan 260°)(1 — tan 200°)
(1 —tan 205°)(1 —tan 215°)
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= {(1 + tan 245°)(1 + tan (-200°))}
{(1 + tan 250°)(1 + tan (-205°))}
{(1 + tan 260°)(1 + tan (-215°))}

=2X2x2

=8.

Ex-8. Iftan o+ tan B=q, cot o+ cot f=b and tan(or +
B) = c then find a relation in a, b and ¢

Soln. We have, tan (o + ) =c¢
tana+tanf§
l-tanortan B
a
%  _
1-tano tan B
a a-c .
= tanotanf=—-1= (1)
¢ ¢
Now, cota+cotfB=5b
1 1
= =b
tano  tan
tan o + tan 8
ey _—
tano. tan 3
a .
= tano. tan B = 3 (i1)
. . a-c _a
From (i) and (i1), we get, —— =—
c
= ac+bc=ab
Which is the required relation.
nsin o cos o
Ex-9. If tnf="—"""—,
1-nsin” o

then prove that tan (az— ) = (1 — n) tan o Soln.

tano — tanﬁ
We have, tan (o — ) = m

sin o [nsinacosa)

_ _cosax 1—nsin’ o
sino nsino coso

1+ X —
cos o 1-nsin“ o

sin(x(l —nsin? (x) —n sino cos’ o

cosa(l — nsin? a) +nsin® a.cos o

sino—nsino (sin2 o + cos’ a)

cos — nsin’ o cos + n sin” o.cos &
sino —nsin o
cos o



22 Comprehensive Trigonometry with Challenging Problems & Solutions for Jee Main and Advanced

Ex-10.

Soln.
Then,

Ex-11.

Soln.

_ (I=mn)sine
cosa
=(1 -n)tan a.

If x +y + z= 0, then prove that,

cot(x +y—z). cot(y +z—x)

+cot(ytz—x).cot(z+x—y)

+cot(z+x—y)cot(x+y—z)=1

Letd=x+y-z,B=y+z—x,C=x+y—-z

A+B+C
=xty-+t@tz-x)+x+ty-2)

=(x+y+2=0
= A+B=-C
= cot(4 + B) = cot(—C)
COtACOtB_l:cot(—C)
— cotA+cotB
cot AcotB—1
— cotAd+cotB =eot€
= cot4 cotB — 1 =—cotA cotC — cotB cotC
= cot4 cotB + cot4 cotC + cotB cotC = 1
= cot(x +y—z).cot(y +z—x)

+cot(y+tz—x).cot(z+x—y)
+cot(z+x—y).cot(x+y—z)=1.
If 2 tan o = 3 tan B, then show that,

sin2f3
tan (o — )= ————
an(er = B) 5—cos2f
We have,
tan (ot B) = tan o — tan 8

 l+tanc. tan 8

%tanﬁ—tanﬁ
3
1+5tanﬁ tan 3

tan
2+3tan’ B

sin 8
cos B
sin® B
cos’ B

sin B cos B

2+3

 2cos’ B+3sin’ B

sin 8 cos 8
2+sin’ B

2sin f3 cos 3
4+2sin” B

sin2f3
4+1-cos2p

sin2f3
5—cos2f

EXERCISE 5

1.

2.
3.

Find the values of sin15°, cos15°,
sin 75°, cos 75°.

Find the values of tan 15°, cot 15°, tan 75°, cot 75°.

Prove that

(1) tan 15°+cot 15°=4

(i) tan75°+cot75°=4
(iii) cot15°—tan15°= 23

(iv) tan 75°—cot 75°= 243.

. Prove that cos 18° —sin 18° = ﬁ sin 27°.

5. Prove that sin(n + 1)x sin (n + 2) x

10.

11.

12.

13.
14.

15.

16.

+ cos (n+ 1)x cos(n + 2)x = cos x.

. Prove that 1+ tan x.tan [gj =secx.

. Prove that cot x — cot 2x = cosec2x.

tan69° + tan66°

. Provethat =7 T 7F _ 1.

1 - tan69°tan66°

. Prove that tan 70° = 2 tan 50° + tan 20°.

IfA+B= % , then prove that

(1 +tanA4)(1 + tanB) = 2.

c0s20° —sin 20°
c0s20°+sin 20°
cos7°+sin7°
cos7°—sin7°

Prove that = tan 25°.

Prove that = tan 52°.

Prove that tan20° + tan 25° + tan 20° tan 25° = 1.

Prove that tan 13 4 —tan 9 4 — tan 44
=tan 44 . tan94 . tan134.

Prove that tan 94 — tan 74 — tan 24
=tan 24 . tan 74. tan 94.

Prove that cot x cot 2x—cot2x cot 3 x
—cot3xcot2x=1.



17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

Iftan o = ——, tan f= ——
m+1 2m+1’

then prove that o0 + =

-blél

Find the value of
(i) sin® 75° —sin’ 15°
(i) cos®75° —sin? 15°.

Prove that cos’ (% + 9) —sin? (% - 9) =

Prove that sin® B

=sin® A + sin® (4 — B) — 2 sindcosB sin (4 — B).

Prove that cos(2x + 2y)
= cos2x cos2y + cos’ (x+y) - cos? (x—).
If sin B= y
x+y’
T 0 X
then prove thattan | —+—| =+ ,|—.
4 2 y
nsinQ coso
If tan f=———,
l—nsin” o

prove that tan (ot — ) = (1 —n) tan o

If tana:M’
P+Qcosf
prove that tan (ﬁ—a):ﬂ
O+ Pcosc
If cos(ar — ) + cos(B— ) + cos(y— o) = _%

prove that cosa + cosff+ cos y=0

and sino + sinf + siny = 0.

If tan (o — 6) = n tan (o — 6), show that
sin20 n-—1

n+l

sin2a

If sine + sinf3 = a and cosa + cosP = b,
then show that

. b —a?
(1) cos(a+pB)=—-—
( B) b +4?
.. 2ab
(i) sin(a+pB)=
( ﬁ) b +a®

If oc and B are the roots of
a cos 8+ b sin 6= c, then prove that

. a’ —b*
() cos(a+pB)= SRS
(i 20—(012 +b2)
ii B=— 7
cos(a— ) Y

The Ratios and Identities

29. If o and B are the roots of
atan 6+ b tan 6= ¢, then show that

2ac

2 2
a —c¢

tan (o + f8) =

30. Iftan (xcos 0) = cot(xsin 6), prove that

S

31. If tan@zﬂ

I-xcos¢

then prove that, x sin ¢ =y sin 6.
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1.14 TRANSFORMATION FORMULAE

1.14.1 Transformation of products into sums or differences

1. 2sin 4 cos B=sin (4 + B) +sin (4 — B)
2. 2cos Asin B=sin (4 + B)—sin (4 — B)
3. 2cosd cos B=cos (4+ B)+cos(4—B)
4. 2sin 4 sin B=cos (4—B)—cos (4 + B)
Proof: As we know that
sin (4 + B) = sin A. cos B + cos 4. sin B
sin (4 — B)=sin 4. cos B—cos 4. sin B
Adding (i) and (ii), we get
1. 2 sind. cosB =sin (4 + B) + sin (4 — B)
Subtracting (i) and (ii), we get,
2. 2 cosA. sin B=sin (4 + B) —sin (4 — B)
Also, we have,
cos (A4 + B) = cosA. cosB — sind. sinB
cos(A4 — B) = cosA. cosB + sinA. sinB

Adding, (iii) and (iv), we get,
3. 2 cosA. cosB=cos (4+ B)+cos(4—B)
Subtracting (iv) from (iii), we get,
4. 2 sinA4. sinB=cos (A —B)—cos (4 + B).
1.14.2 Transformations of sums or
differences into Products

1. sinC+sinD=2sin C+D cos c-D
2 2

C-D
2

+D -D
3. cosC+cosD=2cos Cz cos ¢

2. sin C—sin B=2 cos C;D sin

4. cos C—tan D=-2 sin CZD sin

Proof: As we know that,
sin (4 + B) +sin (4 —B)=2sin 4 cos B
sin(4d+B)—sin(4d—B)=2cosAsinB

@)
(i)

(iii)
(iv)

(@
(i)
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cos(A4+B)+tcos(4—B)=2cosAcosB (ii1)
cos (A +B)—cos(A—B)=-2sinA4 sin B (iv)
Put A+B=C&A-B=D
4= C+D&B:C—D
= 2 2
From (i), we get,
1. sinC+sinD=2sin(C+chos(C_D)
2 2
From (ii), we get,
2. sinC—sinD=2cos(C+D)sin(C;D)

From (iii), we get,

3 cosC+cosD=2cos(C;D)cos(C;D)

From (iv), we get,

4. cosC—cosDz—Zsin(C;D)sin(C;D)

1.14.3 Some solved examples

Ex-1. Prove that sin (47°) + cos (77°) = cos (17°)
Soln. We have, sin (47°) + cos(77°)
= sin (47°) + sin (13°)

) 47°+13°) (470—130)
= 2sin| —— |cos| ——
( 2 2
=2 sin (30°) cos (17°)
= ZX%X cos(17°)

=cos (17°)

Prove that

cos (80°) + cos (40°) — cos (20°) = 0.

We have, cos (80°) + cos (40°) — cos (20°)

= 2 cos (80 40 jcos(go —40 j —cos (20°)
2 2
=2 cos (60°) cos (20°) — cos (20°)
1
=2X 5 % c0s(20°) — cos(20°)

Ex-2.

Soln.

= cos (20°) — cos (20°)

=0.

Prove that

sin (10°) + sin (20°) + sin (40°) + sin (50°)

—sin (70°) — sin (80°) = 0.

We have, sin (10°) + sin (20°) + sin (40°)

+ sin (50°) — sin (70°) — sin (80°)

= {sin (50°) + sin (10°)} + {sin (40°) + sin (20°)}
—sin (70°) — sin (80°)

) (50°+10°j (500—100j
= 2sm — |COS| ——M8
2 2

Ex-3.

Soln.

Ex-4.

Soln.

Ex-5.

Soln.

. [ 40°+20° 40°—20°
+2sin 2 cos 5

—sin (70°) — sin (80°)
= 2 sin (30°) cos (20°) + 2 sin (30°) cos (10°)
—sin (70°) — sin (80°)
= ¢0s (20°) + cos (10°) — sin (70°) — sin (80°)
= ¢0s (20°) + cos (10°) — cos (20°) — cos (10°)
=0.

sin A+sin2A4+sin4A4+sin54

cos A+cos2A+cos4A+cos5A4
=tan3 4

Prove

sin 4+sin2A4+sin4A4+sin54
cos A+cos2A+cosdA+cos5A4
(sin5A4+sin A)+(sin4A4+sin24)
(cos5A4+cos A)+(cos4A4+cos2A4)

We have,

_ 2sin3A4cos2A4+2sin3Acos A

2co0s3A4cos2A4+2cos3Acos A
sin34(cos24 +cos A)

cos34(cos24+cos A)

sin34
cos3A4

=tan 34.

Hence, the result.

Prove that

cosar + cosf + cosy+ cos (a+ f+7)

RNpOM(NES

We have
cosa + cosf3+ cosy+ cos (o + B+7)

= (cos o+ cos B) + (cos (o + B+ +cos P

- e 228 e 222)
+2cos( ﬁ+y+y) (a+ﬁ;y—y)
el
w25l

- 2005 222 )
o5 ool 5




a—B+a+ﬁ+2y

= 2cos(a+ﬁ)x cos 2 2
2 2

a-p oa+P+2y
2 2
2

2o el

Ex-6. If sinA—sinBz% and cosA—cosBz%,

Ccos

then find tan(A b BJ
Soln. Given gin4—sinB= L (1)
1 ..
and cosA—cosB = 5 .............. (11)

Dividing (i) by (ii), we get,
sind—sinB _1/2

3
cosA—cosB_1/3_5

.
L)
45
o
- ftst)
EXERCISE 6

1. Express as a sum or difference:
(i) 2sin3ocos 23

1
(ii) " cos 100 cos 2003
(iii) 2 sin 56cosf
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(iv) sin 75° cos 15°
(v) cos 75°cos 15°
2. Express as a product:
(i) cosh —cos 5¢
(i) cos 45°+ sin 75°
(ii1) cos 66— cos 860
(iv) cos 460+ cos 860
(v) sin 66—sin 26
3. Prove that:
sin5A4 —sin34

(i) ————— =tand
cos5A4+cos34

(ii) sin A+sin3A4 — tan 24
cosA+cos34

.... sinA+sinB A+ B

(ill) ——— = =tan
cos A+ cosB 2

4. Prove that :
(1) sin 38° + sin 22° = sin 82°
(i) sin 105° + cos 105° = cos 45°
(iii) cos 55° + cos 65°+cos 175°=0
(iv) cos 20° + cos 100° + cos 140° =0
(v) sin 50° —sin 70 +sin 10°=0
5. Prove that : (cosa + cosf)2 + (siner + sinf3)2

=4cos’ (a—_ﬁ)
2
6. Prove that : (cosax — cosf3)2 + (sina — sinf3)2
= 4sin? (Ot_—ﬂj
2
7. Prove that: (sina — sinf3)2 + (cosor — cosf3)2
= 4sin’ (a_—ﬁ)
2

8. Prove that cos 20 co 40 cos 80 = %

9. Prove that sin 20 . sin 40 sin 80 =

| %

J3

10. Prove that sin 10 sin 50 . sin 60 . sin 70 = E
11. Prove that cos 10 . cos 30 . cos 50 . cos 70° = %

12. Ifcos A +cos B= %,sinA+sinB=

l

A=

A+B) 1
then prove that tan( er ) = 5

13. Prove that :
(i) sin4+sin34+sin54 _ tan 34

cos A+cos3A4+cos5A4
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(i) cos4x+cos3x+cosl2x ~ cot3x

sindx +sin3x +sin2x
(iif) sinA+sin34+sin54+sin74
cos A+cos3A4+cos54+cos7A

14. If cosec A + sec A = cosec B + sec B, then
A+Bj

tan4 A4

prove that tan Atan B = cot(

15. If sin 24 = A sin 2B, then prove that
tan(4+B) A+1

tan(A—B) A-1

16. Find the value of \/50012(200) —4c0s(20°).

17. If sin A +sin B=a and cos A + cos B= b,
then find cos (4 + B).

1
18. If 2cosA=x+l, 2cos B=y+—,
X y

then find cos (4 — B).
19. Prove that

sin(47°) + sin(61°) — sin(11°) — sin(25°) = cos(7°).

20. If tana = m ,and tanﬂz;,
m+1 2m+1
then find tan (o + B).

21. Find the number of integral values of k for which
7 cosx + 5 sinx = 2k + 1 has a solution.

1.15 MULTIPLE ANGLES
1.15.1 Definition

An angle of the form n4, n € Z is called a multiple angle
of A. Such as 24, 34, 44 etc. are each multiple angles of 4.

1.15.2 Trigonometrical ratios of 2A
in terms of t-ratio of A

1. sin24 =2 sin A cos A.
2. cos24=cos2 A—sin2 A
=2c0s2A—-1=1-2sin2 A.
2tan A

3. tan24= ———5—
1-tan” 4

Proof:
1. As we know that,
sin (4 + B) = sin4 cosB + cosA sinB
Put B = A4, we get,
sin2 4=sinA.cos A. +sin 4. cos 4
=2 sin 4. cos A4.
2. As we know that,
cos (4 + B) =cos A. cos B—sin 4. sin B

Put B =4, we get,

cos 2 A= cosA. cos A—sin A. sind

= cos® 4 —sin® 4.
=cos’ 4 — (1- cos’ A)

=2cos’1-1
=2 (1 -sinA)—1
=1 -2 sin* 4.
3. As we know that,
tan(A+B)= tan A+ tan B
1—tan A.tan B

Put B =4, we get,
tanA+tand  2tan 4

tan2 A = =
l—tanA4.tand4 1—tan 4

1.14.3 T-ratios of angle 2A

4.5 A= 2204
1+tan” 4
2

5.cos2A=w
1+tan“ A4

6. 1—cos 24 = 2sin2A4,
7.1+ cos 24 =2 cos24

8.tan 4 = ﬂ,

1+cos24

9.tan 4 = M
sin2 A4

Proof: 4. As we know that, sin 24
=2sinA4 cos A
_ 2sin Acos A

1
2sin Acos A
cos® A+sin’ 4
2sin Acos A
_ cos’ A4
sin® 4
cos® 4
2tan A
l+tan’ 4
5. Also, we have, cos 2 4
=c0s2 A—sin2 4
cos? A—sin* 4
1
cos® A—sin” 4

cos’ A+sin’ 4

1+




- sin’ 4
_ cos> 4
sin® 4
1+ 3
cos” A4
B 1—tan’ 4
l+tan® 4

we have, 1 — cos® 4
=1—(1-2sin’ 4)
=2 sin’ 4

. Also, we have, 1 + cos 2 4

=1+ (Q2cos’4-1)

=2 cos® A.

tan A

sind _2sinAcosA  sin24

cosd 2cos? A " 1+cos24
tan A4

sind 2sin’ 4 _lI—cos24
cosd 2sinAcosA  sin24

1.14.4 Trigonometrical ratios of 3A

in terms of t-ratio of A.
10. sin34=3sin 4 —4sin’ 4
11. cos34=4cos’ A —3 cos A4
3tan A —tan’ 4

12. tan34= >
1-3tan” 4

Proof: 10. We have, sin 34

11.

12.

=sin (24 + A)
=sin2AAcosA+cos24.sinA
=2sin 4 .cos A.cos A + (1 —2 sin® A) sin 4
=2sind.cos* 4+ (1 -2 sin’ 4) . sin 4
=2sinA4 (1 —sin® A) + (1 —2 sin® 4) . sin 4
=2sind—2sin’ A +sin 4 —2sin® 4
=3 sinA4 —4 sin’® 4.
We have, cos 3 4
=cos (24 + A)
=c0s2A4 .cos A—sin24 .sin 4
=(2cos’A—1)cos A—2sin* 4 . cos A
=(2cos’A4—1)cos A—2cos A (1l -cos’ 4)
=2cos’ 4 —cosd—2cosd+2cos’ A.
=4 cos® A—3 cos A.
we have, tan 3 4
tan (24 + A)

tan2A4+tan 4

l1—-tan24.tan 4

2tan A

1—tan> 4
1—%.'@1/1
1—tan” 4

+tan 4
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2tan A+ tan A — tan> A
1—tan> 4—2tan> 4

3tan 4 — tan® 4
1-3tan’ 4
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1.16 SOME IMPORTANT DEDUCTIONS

Deduction 1

. 1
sin 4= — (1 -cos” 4)
Proof: We have, 2

sin® 4 = 1(2 sin? A) = l(1 —cos24)
Deduction 2 2 2

1
cos’4 = 5 (1 + cos 24)
Proof: We have, cos 2 4
1 1
= E(2cos2 A)= 5(1+cos 24)

Deduction 3

sin3 4 = i (3 sin 4 —sin 3 A)
Proof: We have, sin 34 =3 sin 4 — 4 sin® 4
= 4 sin’ 4 =3 sin 4 —sin 34
= sin® 4 = i(3sinA—sin3A)

Deduction 4.

cos 34 = 1 (cos 34 + 3 cos A)
Proof: We have, cos34 4 4 cos34 — 3 cosA
= 4cos3 A=cos 34 + 3 cosA

1
= cos’ A= Z(COS 3A4+3cos A)

Deduction 5
sin 4 sin (60 — A4) . sin (60 + 4) = 1 sin3 4
Proof: We have, 4
sin 4. sin (60° — A) sin (60° + A4)
= sin 4. (sin2 60° —sin2 A)

= sin A(g —sin’? A)
4

= S“;A (3 — 4sin? A)

= %(3sinA —4sin® 4)

= l><sin3A
4
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Deduction 6
1
cos A. cos (60— A) . cos (60 + 4) = 7 cos 34
Proof: We have,

cosA. cos (60° — A). cos (60° + A)
cosA. (c0s260° — sin2A4)

= cosA(l—1+cos2 AJ
4
3 2
= cos 4 _Z+COS A

- cos4 .(—3 +4cos? A)

4
(—3 cos A + 4 cos’ A)

—_ A

= —(4cos3 A—3cos A)

BN el N

= —Xcos34.

Deduction 7
tan 4 . tan (60 — 4) . tan (60 + A) = tan 34

Proof: We have,
tanA . tan (60° — A). tan (60° + 4)
sin 4.sin(60° — A4).sin(60° + A)
co0s A.cos(60° — A).cos(60° + A)

lsinSA
4

lcos 34
4

sin34
cos34
= tan 34.

Deduction 8
sin 44 = 4 sin cos A — 8 cos A sin’4

Proof: We have, sin 44

2 sin 24 . cos 24

2 (2sin A cos A) (1 —2sin2 A)
=4sinAd.cos A (1 —-2sin2 A)
=4sinAd.cosA—8sin3 4.cos 4

Deduction 9
cos4A4=1-8sin’> A+ 8sin* 4

Proof: We have, cos 44
=cos2(24)

=1-2sin? (24)
=1-2(2sin4.cos 4)
=1-8sin* 4.cos* 4
=1-8sin’* 4 (1 —sin® 4)
= 1-8sin” 4+ 8sin* 4
Deduction 10
4tan A—4tan’ 4
1—6tan® A+ tan* 4
Proof: We have, tan 4 4
= tan2.(24)
2tan2 4
1+tan224
4tan A
1—tan* 4

- ( 2tan A )2
R
1—tan” 4
 4tanA(1-tan’ 4)
~ (1-tan® 4)* —4tan’ 4

tan4 4 =

_ 4tan A—4tan’ A
1—6tan® A+tan* 4

Deduction 11
sin 54 =16 sin® 4 — 20 sin® 4 + 5 sin 4
Proof: We have, sin 54
= sin (34 + 24)
= sin 34 cos 24 + cos 34. sin 24
= (3 sin A — 4sin’4) (1 — 2 sin 24)
+2(4 cos’4 — 3 cos A) sin 4 cos 4
= (3 sin 4 — 4sin’4) (1 — 2 sin’ A)
+2(4 cos’4 — 3)sin 4 cos’4
= (3 sin 4 — 4 sin’4) (1 — 2 sin’4)
+2(1 — 4 sin’4) (sin 4 — sin®4)
= (3 sin A4 — 4 sin’4 — 6 sin’4 + 8 sin’A)
+2 (sin 4 — 4 sin’4 — sin’A + 4 sin’4)
= 5sin 4 — 20 sin’ 4 + 16 sin°4
=16 sin® 4 — 20 sin® 4 + 5 sin 4.
Deduction 12
cos 54 =16cos’ 4 —20cos® A+ 5 cos A

Proof: We have, cos 5 4
=cos (34+24)
= c0s 34 cos 24 — sin 34 sin 24



=(4cos’4—-3cosAd)(2cos’4—1)
— (3 sind — 4 sin’4) (2 sin 4 cos A)
=8cos’ A —6cos’ 4—4cos’ 4

+3 cosA—(3—4sin® 4) 2 cos 4 (1— cos® A)

=8cos°A—10cos’ A+3 cos 4 —
(4 cos> 4—1) (2 cos A —2 cos® A)
=8cos’ 4— 10 cos® 4+ 3 cos 4 — 8 cos’ 4
+2cosA+8cos’ A—2 cos’ 4
=16 cos® A —20 cos® A+ 5 cos A.
Deduction 13
sin 6 4 = (6 sin A — 32 sin’® 4 + 32 sin’ A) cos 4.
Proof: We have sin 6 4
=sin 2 (34)
=2sin 34.cos 34
=2 (3sinAd—4Sin® 4) (4 cos® 4 — 3 cos A)
=2 (3 sinA4 —4sin’ 4) (1 — 4 sin’ 4) cos 4

=2 (3 sind—4sin’4— 12sin’4 + 16 sin 5 4) cosd

=2 (3sinAd—16sin® 4 + 16 sin’ 4) cos 4
= (6 sin A — 32 sin®4 + 32 sin’4) cos A.

Deduction 14
cos64=32cos®4—48 cos* 4+ 18 cos> 4 — 1

Proof: We have, cos 64
=cos 2 (34)
=2 cos? (34)-1
=2(4cos3A—3 cosA)2—1
=2(16 cos® 4-24 cos*4+9 coszA)f 1
=32 cos® 4 —48 cos* 4+ 18 cos> 4 — 1

1.16.1 Some solved examples

1—c0529]= tan 0

Ex-1. Prove that
sin 20

Soln. We have,

1—cos260 2sin’ 6
sin 260 2sin O cos6
sin@
= tan0

cosO

Ex-2. Prove that M =cotf
sin 260

Soln. We have,

1+cos20 2c0s> 0
sin 26 2 sinf cosO

cosO

= — = cot0.
sin@ cot®
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Ex-3. Prove that cotd— tan6 =2 cot(26)
Soln. We have, (cotf — tan6)

_ cos@_sin@
sin@ cos@

cos 20 —sin’

sin@ cosO
2 cos 206
2sin @ cosO

2cos 20
sin 20

=2cot2 6.

Ex-4. If tan@ = é ,
a

prove that , a cos (26) + b sin (20) = a
Soln. We have, a cos(26) + b sin (20)

1-tan’ 0 2tan @
2 +b 2
1+tan”“ 0 1+tan“ @

Il
<

b2
1-= 2b
_ a a
I
a2 a2

. a* - b’ +b( 2ab j
@ +p? a* +b?
_a(a® b’ +2b%)

a’+b?

a(a® +b%)

a’ +b?

=a.

Ex-5. Prove that /3 cosec (20°) —sec(20°) =4
Soln. We have, V3 cosec (20°) —sec(20°)

NE) 1

sin(20°)  cos(20°)
4[fcos (200)— %sin (20° ))
2sin(2oY )cos(zoo)

{ﬁ

By c0s(20°) — % sin(20°))

25sin (20°) cos(20°)
4(sin(60°) cos(20°) — cos(60°)sin(20°))
25sin (20°) cos(20°)
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_ 4(sin(60° — 20°))
sin (40°)

=4.
Prove that
tan(9°) — tan(27°) — tan(63°) + tan(81°) = 4
We have,
tan(9°) — tan(27°) — tan(63°) + tan(81°)
= {tan(9°) + tan(81°)} — {tan(27°) + tan(63°)}
= {tan(9°) + cot(9°)} — {tan(27°) + cot(27°)}
_ {sin(9°) N cos(9°)} ~ { sin(27°) cos(27°)}
cos(9°)  sin(9°) cos(27°)  sin(27°)

Ex-6.

Soln.

| sin?(9°) +cos’(9°) | | sin®(27°) +cos® (27°)
B sin(9°) cos(9°) sin(27°)cos(27°)

2 2
B { 251n(9°) cos(9°) } - { 25sin(27°) cos(27°) }

- 2 1 ] 2
~ |sin(18°) ] | sin(54°)

i
13

s
{S(JEH J5 +1)

tan8A4
tan2 A4

Ex-7. Prove that ( sec84 1) =

sec4A4—-1
secSA—lj

Soln. We have,
sec44—1

1

-1
— cos84
1

cos4A B
1—cos8A4

X
1—cos4A4
2sin’ 44
2sin“ 24

cos4A

cos84
cos4A
cos84

_ 2sin4A4cos44 = sin4A4
cos84 2sin’ 24
_ sin84 _2sin2Acos24
cos84  2sin’24
_ sin84 « cos24
cos84 sin2A4
= tan 84 <> cot 24
_ tan84
tan24

Ex-8. Prove that
tan@+ 2tan (26) + 4tan (460) + 8cot86 = cotd
We have,
tan 6 + 2 tan (20) + 4 tan (46) + 8 cot 860
= cotf —(cotO — tan 0) + 2 tan 20
+4tan 46 + 8cot 86
= cotf—2cot260 +2tan 26 + 4tan 46 + 8cot 8O
= cot@ —2(cot260 — tan 26) + 4 tan 46 + 8 cot 80
= cotf —4cot40 +4tan40 +8cot8O
= cotf —4(cot40 —tan46)+8cot 80
= cotf —8cot8O +8cot 8O
cot 6.
Ex-9. Prove that

cos’ (6)+ cos> (2_71: - 9) +cos? (2_% + 9) _3
3 3 2

We have,

cos’ (0) +cos’ (2—” — 9) +cos® (2—75 + 9)
3 3
l 2cos’ (0)+20052(2—”—9j+2c052 (2—ﬂ+0)
2 3 3
= l(1+cos(ze))+l 1+cos(4—ﬂ—29)
2 2 3
+ l 1+cos(4—ﬂ+29)
2 3
l 3+ cos20+cos(4—ﬂ—26)+cos(4—n+20)
2 3 3
%(3+(cos20+2cos(4?n)cos(20)n
1 1
—[3+(cos29+2(——)cos(29)n
2 2

Soln.

Soln.

|
N | W



Ex-10 Prove that
sin® @ +sin”(120° + 6) +sin* (120° + ) = %

Soln. We have,

sin0 + sin? (120° + 6) + sin” (240° + 6)

_ %(2sin2 0 + 2sin’ (%’HOD
4o (220)

- %[(1 —c0s20)+ (1 - COS(% " 20)]]
A (-l529))

=E—lcos20—l cos 4_7r+29 + cos 8—ﬂ:+29
2 2 2 3 3

3 1 1
= ———c0s260 ——(2co0s(120°) cos 20)
2 2 2

= ——lcos29+lcos(29)
2 2

[\ RVS]

|
N | W

Ex-11. Prove that
4sin (6) sin (60° + 0) sin (60° — 6) = sin 360

Soln. We have, 4 sin(6) sin (% - 9) sin(% + 0)
=4 sin(@) X sin(z—ej sin(z-k@)
3 3
= 4 sin (9) X [sin2 (g) —sin? 9)

4 sin(0) x (% —sin? 9)

4 x (z sin @ — sin® 6)
4
= (3 sinf— 4 sin°6)
= sin (36)
Ex-12. Prove that sin (20°) sin (40°) sin (80°) =
We have, sin (20°) sin (40°) sin (80°)

V3
8
Soln.

i(sin(3.20°))
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N

(sin(60°))

oo.|®

Ex-13. Prove that
4 cos(6).cos(60° — 6). cos(60° + 6)
= cos(36)
We have,
4 cos(60). cos(60° — 6). cos(60° + 6)
=4 cos(0). (cos(60° — 6). cos(60° + 0))
= 4 cos(6). (cos*(60°) — sin> 6)

= 4 cos(0). (i—1+cos2 9)

Soln.

= 4 cos(6). (—%+cos2 9)

cos(60).(-3 +4 cos26)
(4 cos®0— 3cos(H))

= cos(36).
Ex-14. Prove that

V3

cos(10°). cos(50°). cos(70°) = Y

Soln. We have, cos(10°).cos(50°).cos(70°)

= c08(10°) cos(60° — 10°) cos(60° + 10°)

1
= -, (4005(10°).c05(60° ~10°).05(60°+10°)

-

—~ (4c0s(3.10°))

&

8
Ex-15. Prove that
tan(0) + tan (60° + ) — tan (60° — 6)
= 3tan(36)
We have,
tan () — tan (60° — 6) + tan (60° + 6)
_ tan(6)- tan(60°) — tan (6)
1+ tan(60°).tan ()
tan(60°) + tan (9)
1- tan(60°).tan (6)
3—tan(6) /3 +tan(6)
+
1++/3.tan(6)  1—-+/3.tan ()

Soln.

= tan (9) -
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—V/3 +3tan () + tan (6) — /3 tan? ()
+V3 +3tan () + tan (6) + /3 tan? ()
(1-3tan’6)

= tan(60)

8tan(0)
1-3tan’ ()

tan (0)+

tan (0) —3tan’ (9) + 8tan (6)
1-3tan*(6)
3tan(0)- tan’ (6)

X
1-3tan? (9)
=3 X tan (30).

Ex-16. Prove that
cos(60) cos(26) cos(220) cos(23 0)... cos(Z"f1 0)

sin (2” 9)
2"sin@
We have,
cos(0) cos(26) cos(226) cos(2°6)... cos(2"' 6)

Soln.

5 siln P (2 sin O cos 0) (cos 260.cos (22 9) ...COS (22"_1 9))

2%sin 6

235in@

2%sin 6

1
= (2sin 2"'9cos 2”_19)
2" sin O

1 . An
- 2" sinG(Slnz 9)

sin(2" 0)
2"sin @

Ex-17. Prove that cos (27”] cos (4%) cos(STn) =

Soln. We have cos(z—n cos 4—” cos 8—”
7 7 7
(2717) (471 ( n)
cos| — |[cos| — |cos| w+—
7 7 7
—cos| — |cos| — |cos| —
7 7 7

1
8

2sin

e )
|

a(m] G 5)

|
|
—_
—
~
—
o
w2
@,
=
VR
\1|§
~
[}
o
w2
—
<&
~

0 | =

Ex-18. Prove that cos (2771-) + 005(477[) + cos (67”) = —l

Soln. Let z= cos(z—ﬂ) +cos (4_%) + 005(6—n)
7 7 7
= 22sin(£)
7
= Zsin(zjcos(z—n)+2sin(£jcos(4—nj
7 7 7 7
. (ﬂ') (67:)
+2sin| — |cos| —
7 7
. (37r) ) [n) . (5717) ) [3n)
= sin| — |—sin| — |+sin| — |—sin| —
7 7 7 7
. (T Y
+sin| — |—sin| —
()l

Thus,



2r ar 6r 1
= cos| — |[+cos| — |+cos| — |=——.
7 7 7 2

Ex-19. If M =+’ cos? 0+ sin® 0
+ \/a2 sin® @+ b* cos* 0
such that max (M*) = m' and min (M?) = m?,

then find the value of m' — m?.
Given

M=\/azc0s20+b2sin20+\/azsin29+b2 cos’ 6

=M= a? cos’0+ b* sin20 + o’ sin*0 + b” cos*0 +

Soln.

2\/(a2 cos” 0 + b sin” 9)((12 sin® @ + b” cos® 0)

= M= > +b* + 2\/(a2 cos> 0+ b* sin® 9)

J(@*sin2 0 + b2 cos? )
= M= a*+0+ 2|(a* +b*)sin’ Ocos’ 0
= a*b? (sin* 6 + cos* 9)]1/2
M= @ +5?+2|(a* +b")sin® cos? 6
= +a?b? (1-2sin® O cos® 9)]1/2

1/2
= M= 2+ + 2((a4 +b* ~2a%h)sin 0 cos 6 + azbz)

= M= +b*+ \/(4((14 +b* =24 )sin’ 6 cos’ 0 +4a2b2)
Thus,max (M) = a* + b*> + (a* + b*) = 2(a* + b?)

and min (M) =da” + b* + 2ab = (a + b)?

Hence, the value of m' — m?

= max (M) — min (M)
= 2(a* + b?) — (a + b)*

EXERCISE 7

Q. Prove that:
sin 26
1+cos26

cos 260 (” 9)
—= =tan | —
1+sin 260 4
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1+sin260 + cos20 _
1+sin260 —cos26
4. cot@—tanO@=2 cot 260

5. \/2+\/2+200s46 =2cos0

6. Prove that:
cosec 10° — \/5 sec 10°=4.

cot O

7. Iftan0= é , then prove that
a

acos20+bsin20=a
Q. Prove that:

8. cos’ (zj +cos? (3—”) +cos? (5_71] + cos’ (7—E) =2
8 8 8 8

9. sin’ (Ej +sin? (S—EJ +sin? (5—71-) +sin? (7—7[) =2
8 8 8 8

sec84—1 _ tan 8 4
sec4A4—1 tan 2 4

10. Prove that:

11. If cosec 24 + cosec 2 B + cosec 2 C = 0, then prove
that
tan4 +tan B+tan C+cot4 +cotB+cotC=0

12. If tan 25° = g, then prove that:

tan155°—tan115°  1-a?

1+tan155°.tan115° 2a

13. Iftan’6 =2 tan’¢ + 1, then prove that
cos 20+ sin*p =0
14. If 2 tano = 3 tan B, then prove that:
sin2f
tan (- f) = 5—cos2f

1
15. Ifa+ — =2 cos6, then prove that :
a

4 1
a + — =2cos46.
a

16. Prove that:

tan o + 2 tan 20 + 4 tan 4o + 8cot8or = cot
17. Prove that 3(sin x — cos x)4 +

6(sin x + cos x)* + 4(sin® x + cos® x) = 13.
18. If awand B are the roots of

3 cosx + 4 sin x = 5, then find cot (o + )
19. If o and S are the solutions of the equation

atan®+bcotd =c, then find tan (o + f3).

20. If tan 8 = 3tan c, then prove that
2sin2f
1+2cos2f

21. Find the value of
cot(91°)cot(92°) cot(93°)....cot(179°) |

tan (o + )=



34 Comprehensive Trigonometry with Challenging Problems & Solutions for Jee Main and Advanced

22.

e sl 5 Jorreol )

23.

24.

25.

26.

27.
28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

Find the value of

If o+ B =90°, then find the maximum
value of cosa cosf3
Prove that:

cos? 6 + cos’ 2—”—9 +cos’ 2_7r+0 =§
3 3 2

Prove that:
cos® 6 + cos’ (% - 9] +cos’ (% + 9) =

Prove that: \/5 cosec20°—sec20°=4

3
2

Prove that: sinf cos>6 — sin’>6 cos6 = —sin 30
Prove that: 4

tan O + tan (% + 9) + tan (% - Gj =3tan (39)
Prove that:
cotO + cot(§+ 9] + cot(%r + 9) =3cot30

4tan6—4tan’ 0

Prove that: tan460 = .
1-6tan® 0 + tan* 0

. .32 .34
Prove that: sin’® o + sin’ (TT[ + aj +sin’ (Tﬂ + a)

=— 3 sin3q -
4
Prove that:
2" cos (9) cos(26).cos (22 9).005 (23 9)...c0s (2"_1 0)
sin (2"6)

sin @

If = O , then prove that
2" +1
2" c0s0.c0s20. c0s2%0....cos2"10 =1.
If cos66 = Acos® 0+ Bcos* 0 +Ccos’> 6+ D ,
then find the vale of 4 + B+ C+ D + 2.

If sin560 = Asin6+ Bsin’ 6 + Csin’ 0 , then find the
value of 4 + B+ C + 10.
Prove that:

sin x
+
cos3x

Prove that cos( ) ( 7”

sin3x  sin9x

) = (tan 27x —tan x)

N

cos9x cos27x

38. Prove that:

(1+sec2,)(1+se022,)(1+sec23,)...(l+sec2n,)_
39. Prove that:
(l+sec29)(1+se0229)(1+se0236)...(1+se02"6)
tan>" 0
" tan@

1.17 THE MAXIMUM AND MINIMUM
VALUES OF f(x) = a cos x
+hsinx+c

We have f(x)=acosx+bsinx+c
Let a=rsin0 & b=rcos0

Then »=+a® +b* and tan (9) =

Now, f(x) =acosx+bsinx+c

a
b

=r (sinBcosx+cosHsinx)

= rsin(9+x)

As we know that, =1 < sin(6+x) <1

= —-r+c < rsin(9+x)+c <r+c

= -r+4c < f(x) <r+c

= —Ja*+b* +¢ < f(x) < Va? +b* +¢
Thus, the maximum value of

S is \a? +b% +¢

and the minimum values of f(x) is — Va? +b* +c.

Ex-1. Find the max and min values of
f(x) =3 sinx + 4 cos x + 10.

Soln. Here,a=3,b=4andc=10
Thus, the minimum values of f(x)
= N+ +c=-5+10=5
and the maximum values of
@)= Jai®+bp?+c=5+10=15.
Ex-2. Find the range of f(x) =sinx + cos x + 3
Soln. R, =[min f(x), max f(x)]
= [V2+3, V2+3]
Ex-3. Let A=sin*0+cos*0 , then find 4
Soln. We have, 4= sin* @ +cos* 0

= (sin2 0)2 + (cos2 0)2



- (sin2)2
2
(sin29)2
-
_ 1+{—sin2(29)}
2

As we know that, —1< {—sin *(26) } <0

1 {—sin *(26) }

= —<——<0
2

{—sin 2(26)}

= —%+1£ <0+1

= lSASl.
2

Ex-4. Find the max and min values of
£(8)=sin®6+cos® 6

Soln. We have, f(6)=sin®6+cos®@

= (sin2 0)3 + (cos2 0)3

= (sin2 6 + cos? 9)2 —3sin?Ocos? 6 (sin2 6 + cos? 0)

— 1-3sin’@cos> 0

= 1—%(4sin2 6 cos’ 9)

1—%(sin2 26)
= 1+%(—sin2 29)

As we know that, ~1< ( —sin’ 29) <0

3( —sin® 20
B D G
4 4
3( —sin%26
3 3(osin%20)
4 4
= i < f(0) <1

Hence, the maximum value = 1 and

.. 1
the minimum value = Z .

Ex-5. If A=cos’6+sin*6 and

B =cos* 0 +sin’ 0 such that
m; = Max of 4 and m, = Min of B

then find the value of m +mj + mm,

Soln.

Ex-9.

The Ratios and Identities 35

Now, 4

= cos’ @ +sin* 0

(2 cos? 9) + i(2 sin? 6)2

BlW O~ N~ N~ |~

(1+cos(26))+ %(1 —cos(26))°

(1 +cos (29)) + i(l —2c0s(26) + cos’ (29))

11 1 »
+—cos(20)+ i ECOS (20)+ 7 (cos (20))

e S N

2
+Z(COS (29))
3.1
Max value of A =m; = —+—.1=1
Also, B 4 4

= sin’ O +cos* O

= l (2 sin? 0) + %(4 cos* 9)

(2 sin’ 9) + i(2 cos? 9)2

BlwW N= N—= = =

(1—cos(26))+ %(1 +cos(26))°

(1 —cos (29)) + %(1 +2c0s(26) + cos’ (26))

+ %cos2 (20)

+

+
Bl— A=

cos’ (29)

Thus, the minimum value of B

31 3
=my=—+-0=—
4 4 4

Now, the value of

mi +m3 + mym,
3
= 1 + 2 + —
_3
16
Find the minimum value of
2sin® x + 4

flx)==

X sinx

where x € (O, E)
2
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2.2

+4
Soln. We have, f(x)= X om rre
x sinx

= xsinx+ >4

xsinx
Hence, the minimum values of f(x) is 4.

Ex-10. Find the minimum value of
(a® +1)(6? +1)(c? +1)(a +1)

/ (a,b,c,d) - abed

where a,b,c,d>0

Soln. We have f(a,b,c,d)

) (a2 +1)(b2 +1)(c2 +1)(d2 +1)

_ (a2+1)X(b2+1)x(c2+l)x(d2+l)

(et

>2.222=16

Hence, the minmimum value is 16.

EXERCISE 8

1. Find the maximum and minimum values of
(1) f(x)=3sinx+4cosx+5
(i) f(x)=3 sin (100)x + 4 cos (100)x + 10
(ii1) f(x)=3sinx+4
(iv) f(x)=2cosx+5
(v) f(x)=sinx + cosx
(vi) f(x) = sinx — cosx
(vil) f(x) = sin (sin x)
(viii) f(x) = cos (cos x)
(ix) f(x) = sin (sin x) + cos (sinx)
(x) f(x) = cos (sin x) + sin (cos x).
2. Find the max and min value of
3 sin2x + 4cos 2x + 3

3. Prove that

—4<5 cosB+3 cos (e+§j +3<10.

4. Find the max and min values
of f(x) =3sinx+5

5. Find the greatest and the least values of
2 sin’0+ 3 cos?#.
6. Find the least value of

cosec” x + 25 sec? x.

7. Find the ratio of the greatest value of
2 — cos x + sin® x to its least value.

8. If y =4 sin® 6— cos2 6, then y lies in the
interval.............

9. If m is the minimum value of g(x)=3-2sinx
and » is the maximum value of (7 +7+2)
then find the value of (m + n + 2).

10. Find the maximum and minimum values of
fx)= sin*x + cos® x.

11. Find the maximum and minimum values of
fx) = sin® x + cos® x.

12. Find the max and min values of

S (x)=(sinx+cosx +cos ech)3

T
where X € (0, E)

13. Find the max and min values of
f(x)=log, y+log, x.

14. Find the max and min values of

7 (x)= >

- sin® @ — 6sin 0 cos O + 3cos> O

15. Find the maximum and the minimum values of

f(x)=sin® x+cos* x

16. Find the maximum and the minimum values of

f(x)=cos® x+sin* x

17. Find the minimum value of

2 2
f)=—L 2 ’xe(O,gj

cos“x sin“x

18. Find the minimum values of
f(x) =2log,, x—log, (0.01), x>1

19. Find the minimum value of
(x2 +1)(y2 +1)(z2 +1)

xyz

f(x,y,z)z ,0,1,2>0

20. Find the minimum value of
(x3 +2)(y3 + 2)(23 +2)

xXyz

f(xy,z)=

,X,9,2>0



1.18 SUB-MULTIPLE ANGLES
1.18.1 Definition

) A .
An angle is of the form —, n € Z (# 0), is called a sub-

n

multiple angle of A. Thus,
sub-multiple angle of 4.

b

A A A 4
2737475

. A A
1.18.2 T-ratios of angle (E) and (5)

2tan(A)
1. sinA=ZSin(é)cos(é - \2)
2 2

1+ tan? (A)
2

2. cosA= cos? (éj — sin? (é)
2 2

y 1— tan® (g)
= 1—28i1’12 (E) = —A
1+ tan? ()
2
2 tan(ﬁ)
3. tanAd=
2

3
A A
5. cosAd= 4cos’ (g) —3cos (Ej

3tan (134] —tan’ (1:)
6. tanAd= y
1—3tan® ()
3

1.18.3 Values of sin 18°, cos 18° and tan 18°
J5-1
4

1. sin(18°%) = [

Proof: Let 4 = 18°

= 54=90°

=  24=90°-34

=  sin24 =sin(90°—-34) =cos34

etc. are each a
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2sin 4 cos A=4cos’ A—3cos 4

=
= 2sind =4cos’ 4-3
= 2sind=4-4sin> A-3=1-4sin’ 4
=  4sin’ A+2sinA—1=0
2+ 2+
=  sind= 2‘*/%: 24245
8 8
-1+
= sind= 1_\/5
4
. 5-1 —/5-1
= sind=——,
4 4
-1
= sin(18°)=\/§T,

since 18° lies on the first quadrant.

1
. cosl °=Z \110+2\/§

Proof: We have, cos(18°)

1 -sin?(18°)
1— \/g__ 2
4

1_(5+1_2\/§]

16

—

16

(16—5—1+2ﬁ]

=

J10+245
J5-1

N

3. tan 18° = ——

10+2v5
Proof: We have, tan(18°)
sin (18°)
cos(18°)

J5-1
A4 )
V104245

4

ted
N 10+245



Notes:
(i) sin 72°=cos 18° = i V10425
(i) cos 72°=sin 18° = @
1.18.4 Values of sin 36°, cos 36° and tan 36°
1. cos 36° = \/§4+1
Proof: We have,
= cos(36°)

1-2sin’(18°)

:1_2[@]

4

:1_2(MJ

16

8—5—1+2J§j
- 8

_ 2+2\/§]

8

_ \/§+1J

4

2. sin 36° = % 1/10—2\/5
Proof: We have, sin(36°) = /1 - cos”(36°)
2
1_(J§+1j

4
| 5+1+2\/§
16-5-1-245

- 16

)

16

i\ho—zJE
3. tan 36° = i x (J5-1)x V10-25 .
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Proof: We have tan(36°)
_ 8in(36°)
~ cos(36°)

10-25

\/§+1

4

J10-25

(V5+1)
~(5-1)x(\10-245)

4

I

Notes:

1) sin 54° =cos 36° =

J5+1
4

J10-245 .

1.18.5 Some Important Deductions

1) cos 54° =sin 36° = %

Deduction 1:
tan(ﬂz]:@_ﬁ_ﬁm

1-cos (20)
Proof: As we know that, tan = —————
sin(20)

o

Put 0=71—,then
2
1°)  1-cos(15°)
mn(7EJ" sin (15°)
_\/§+1
22
V-1
242
22 -\3-1
B-1
(2J5—J§—1XJ§+Q
- (ﬁ—l)(ﬁﬂ)
(2J5—J§—1XJ§+Q
2

2W6-3-3+242-3-1

2

1




(VB A3 +43)
2

(VB ~A-5+47)

Deduction 2:

co{ j NN I

3 1+ cos (26)
"~ sin (20)

Proof: As we know that, cot(6)

10
Put 0=7—,

1o

cot(7?)
1+ cos(15°)

~ sin(15°)

\/§+1

) 1+ 2\/5
V3l
22

22 +3+1
J3-1

) (2\/§+x/§+1)(ﬁ+1)

- (\/5—1)(\/5+1)

(2v6+3+3+2v2+3+1)
- 2
B 2(\/3+x/2+\/§+\/§)
2
= (Vo +Va+3+42)

Now,

Deduction 3:

sin(22l—)=l 2—\/5
2 2

Proof: As we know that

2 sin? (9) =1-cos20

[e]

Put, 6= 221—,

2 sin2(22%) =1-cos(45°)

Il
—_

%)

_ 21

2
= sin(ZZg)zif—\él
V2 -1

N 5111(22 )

lies in the first quadrant.

N sm(?_Z ) LNCENE

Deduction 4:

cos(22%)— ;\/24-\/5

Proof: As we know that, 2 cos” (6)=1—cos 26

o

Put, 6 = 221— ,
10
— 2 cos’ (225j =1+ cos (45°)

(]

2+l
2

= 008(22 ) =

= cos(221 ) \/_+
2 22

1
Since 225 lies in the first quadrant

thus, 005(22 1—) = l
2 2

Deduction 5:

tan(22 j V2 -1

1-cos(26)
Proof: As we know that, tanf = ——

/x/_ 1
22

2+42 .

Put

sin (20)
2’ 2 sin (45°)
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10

2\/5 since, 225
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Deduction 6:

cot(22%) = \/§+1

Proof: As we know that,

1+ 20
cot(8) = —,COS( )
sin (26)
Put 6= 221— ,
2
2 sin (45°)
1
1+—
= 1‘/5 =\2+1
2

Deduction 7:

sin(1121 ):l 2442

® |
&}

) 1°
Proof: We have, sin (1 123]

= 005(221—)
2
= %\/2+\/§

Deduction 8:

cos(llzﬁj:%m

2

o

1
Proof: We have, COS(l 123

N—

= cos(90°><1+221—

= —sin(221—)
2

—%\/2+ﬁ

g

= sin(90° X1+ 22%)

Deduction 9:
tan(l 121—j =-(v2+1)
2

10
Proof: We have, tan (1 12—]

2
= tan(90°><1+22%j
= —cot(ZZ%)
- —(V2+1)
1.19 SOME SOLVED EXAMPLES
) ) (\/g_l)
Ex-1. Prove that: sin”(24°) —sin”(6°) = 2

Soln. We have, sin®(24°) —sin?(6°)
= sin(24°+ 6°)x sin(24° — 6°)

= 5in(30°)x sin(18°)

1
—x sin(18°
5 (18°)

1 5-1
= _X—
2 4

\B—l)

8

5+1
Ex-2. Prove that sin”(48°) - cos®(12°) = ( 2 )

Soln. We have, sin?(48°) — cos”(12°)
= c0s(48°+12°) X cos(48° —12°)

c0s(60°) x cos(36°)

1 J5+1

= —x
4

kll\)

5+1
8

. . . 1
Ex-3. Prove that sin(12°).sin(48°).sin(54°) = 3

Soln. We have, sin(12°).sin(48°).sin(54°)

~ sin(72°)

(sin(12°).sin(48°).sin(72°))(sin(54°))



1
4 sin(72°)
(4 sin(60°—12°).sin(12°).sin(60° +12°))

(cos(36))

1 M o o]
= m(.sm(% ).cos(36 ))

= 235;(720) (2sin(36°).cos(36°))

(720) (sin(72°%))

8s
1
3
Ex-4. Prove that:

. . . . 1
sin(6°).sin(42°).sin(66°).sin(78°) = E

Soln. We have,
sin(6°).sin(42°).sin(66°).sin(78°)

1
 45in(54°)

(4 sin(6°).sin(60° — 6°).sin(60° + 6°).)

x(sin(78°).sin(42°))

1 e
m(sm(IS )sin(72°).sin(42°))

1
16 cos(36°)

(4 sin(18°)sin (60° + 18°).sin(60° — 18))

I o
= 16 cos(36%) (sin(54%)

1 (o)
= 16 cos(36%) (cos(36°))

-1
16
Ex-5. Prove that:

4(sin(24°) + cos(6°)) = (1++/5)
Soln. We have, 4(sin(24°) + cos(6°))

— 4(sin(24°) +sin(84°))
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4(2 “in 24 +84 OS(24 ;84 D

8( sin(54°) cos(30°))
(

8(cos(36°) cos(30°))

_ 8[\/§+1X1]
4 72

= (V5+1)

Ex-6. Prove that:

Soln.

tan(6°).tan(42°).tan(66°).tan (78°) =1
We have,
tan(6°).tan(42°).tan(66°).tan(78°)

(tan(6°). tan(66°)) X (tan(42°). tan(78°))

1
tan(54°) (tan(6°).tan(54°).tan(66°))

X (tan(42°).tan(78°))

1
tan(54°)(tan(6°). tan(60° — 6°). tan(60° + 6°))

X (tan(42°).tan(78°))

i) (tan(18°)) X (tan(42°). tan(78°))

1
tan(54°)

(tan(60° —18°).tan(18°). tan(60° + 18°))

an(54°) X (.tan(54°))

=1

Ex-8. Prove that:

o))
ol

Soln. We have, (1 + COS(ZD (1 + cos(?ﬂn
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o)

Il
/N
w2
@.

S

[3S)
N\
I

Ex-9. Prove that:

sin* (E) +sin? (3—71'-) +sin? (5—” +sin? 7—”) = 3
8 8 8 8 2

Soln. We have,

Il
2]
Z.
=
B
TN

(o202 w02
(e[ (2) 2e(2)

Ex-10. Prove that:

cos*| Z |+ cos* 3 +cos® oz +cos? L =§
8 8 8 8 2

Soln.

We have,




EXERCISE 9

Q Prove that:

1.

11.

12.

13.

14.
15.

16.

tan Q + cot Q =72 cosec 6
2 2

0
. cosecO— cotf=tan E

1+sin@ —cosO _
1+sin@ +cos@

tan —

T 0
. se09+tan0=tan(—+ )

4 2
(cos A + cos B)* + (sin A + sin B)?

— 4cos? (ﬂ)
2

. Prove that:

J5-1

8

sin® 24 —sin® 6 =

. Prove that:

\/§+1
—8 .

sin” 48° — cos” 12° = —

Prove that:

[1eoosf v eos f1eo
l1+cos— || 1+cos— || 1+cos— || 1+ cos— |=
8 8 8 8

Prove that: sin12° sin 48° sin 54° = %

. Prove that:

sin(47°) +sin(61°) — sin(11°) — sin(25°) = cos(7°)
Prove that:

cos’ z +cos* z +cos* z +cos’ z =§
8 8 8 &) 2

Prove that:

sin*| = |+ sin 3z +sin* oz +sin* m =E
8 8 8 8 2

Prove that: tan20°tan 80° = x/§ tan 50°

Prove that: tan10°tan 70° = +/3 tan 40°
If m=tan12°tan48° and » = tan 6°tan 66°,

m
then find the value of (; + 10) .

If m =sin10°sin 50°sin 70° and
n =c0s20°cos60°cos80°,

m
then find the value of (; + 2012-)

1
8
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17. If m=sin6°sin42° and »n =sin 66°sin72°,

then find the value of 16 mn +10.
If m =sin8°sin 52°sin 66°sin 68° and
8n = cos42°, then prove that m = n.

If sin17°sin43°sin 77° = mcos49°,
then find the value of m.

. (an . (471] . (87r)
If m=sin| == |+sin| — | +sin| —
7 7 7

then find the value of (2711 +2- \/7) .

If m=cosl13°cos47°cos73°

18.

19.

20.

21.
1.
and n :ZSIHSIO , then prove that m = n.

22. Prove that:

sin55°—sin19°+sin 53° —sin17° = cos1°

23. Prove that: cosz—n. cos 4_71: . COS 6—” = l
7 7 7 8
2r 4r 6r 1
Prove that: cos— +cos — +cos —= ——
7 7 7 2

24,

25. Find the value of tan(7%j + cot(7%j .

26. If cos(%} - \/§ sin (%) takes its minimum value

then find its x.

27. If arand B be two different roots

a cosf+ b sinf = ¢, then prove that
2ab
a? +b*

1.20 CONDITIONAL TRIGONOMETRICAL
IDENTITIES

Here, we shall deal with trigonometrical identities involving
two or more angles. In establishing such identities we
will be frequently using properties of supplementary and
complementary angles and hence students are advised
to go through all the above formulae from Ist topics to
previous topic.

We have certain trigonometrical identities like, sin20
+cos260=1 and sec20=1 + tan26, etc. Such identities are
identities in the sense that they hold for all values of the
angles which satisfy the given condition amongst them and
they are called Conditional Identities.

If 4, B, C denote the angles of a triangle ABC, then the
relation 4 + B+ C = mwenables us to establish many important
identities involving trigonometric ratio of these angles.

sin (o + fB) =
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(i) f4+B+C=mthend+B=n-C,
B+C=n-AandC+A=n-B

(ii) If4 + B+ C= r, then

sin (4 + B) = sin (7— C) = sinC

similarly, sin (B — C) =sin (r—A) =sin 4

and sin (C+ 4) =sin (x— B) =sin B

If 4+ B+ C=m, then

cos (4+ B)=cos (mr— C)=-cos C

Similarly, cos (B + C) =cos (m— A) =—cos 4

and cos (C + 4) =cos (x— B) =—cos B

If A+ B+ C=r, then

tan(4 + B) =tan (r— C) =—tan C

Similarly, tan (B + C) =tan (1 — A4) = —tan 4

and tan (C + 4) =tan (r— B) =—tan B

v) If 4+ B+ C=r, then Avs _m €

(iii)

(iv)

2 2 2

B+C m A C+4 = B

= — — — and =— - —

2 2 2 2 2 2
Therefore,

. (A+B) . (n Cj (Q]
Sin =Ssm,|———| =cCoS
2 2 2 2
A+ B n C . (Cj
COS =COS|——— | =SIn | +
2 2 2 2
(A+B) (n’ C) (Cj
tan =tan | ——— | =cot | = |.
2 2 2 2

Note: Dear students, please recollect the following formulae
from basic trigonometry
Step I:
(i) sin24=2sin Acos A
(i) cos24=cos® 4-sin’ 4
(iii) cos24=2cos? A—1
(iv) cos24=1-2sin’ 4

Step 1I:
(i) 1+cos24=2cos* 4
(i) 1-cos24=2sin* 4

A
(iii) 1+cosd= 2cos” (E)

. A
(iv) 1—cosA =2sin’ (E)
Step 11I:
(1) cos (A4+B) + cos (4—B) =2 cos 4 cosB
(i) cos (A4 — B)—cos (A+B) =2 sin 4 sin B.

Step 1V:

. C+D CcC-D
(i) cos C+cos D= 2cos( —; jcos( 5 )
. . D). (D-

(i1)) cos C—cos D= 2sm(c-’2- )sm[ ZC)

(iii) sin C+sin D= 2Sin(C;DJCOS(C;D)

(iv) sin C—sin D= 2cos(C;Djsin(C;Dj.

1.21 SOME SOLVED EXAMPLES

Ex-1. If 4+ B+ C= &, then prove that,

sin 24 + sin2B + sin 2C = 4sin 4 sin B sinC
We have, sin 24 + sin2B + sin 2C
= (sin 2A4+sin 2B) +sin2C

= Z(Sin(A+B)cos(A—B))+sin2C
= 2(sin(7r—C).cos(A—B))+2sinCcosC
= Z(SinC.cos(A—B))+2sinCcosC

Soln.

2sin C(cos(A - B)+ cos C)
= 2sinC(cos(A—B)+cos(7r—

(4+B)))

2 sin C(cos(A — B)—cos(A4+ B))

2 sinC(2sin 4sin B)
4 sin A.sin B.sinC

Ex-2. If 4+ B+ C = r, then prove that,
cos 24 + cos 2B + cos 2C
=-1-4cos A cos Bcos C
We have cos 24 + cos 2B + cos 2C
= (cos2A4+cos2B)+cos2C
= 2cos(A4+ B)cos(4— B)+cos2C

2cos{7t—C}cos(A—B)+cos2C

Soln.

—2cochos(A—B)+200s2C—1
= —1-2cosC cos A B cosC)

— —1-2cosC( cos(4 - B)+cos(4+B))
= —1—2cos C(2cos 4.cos B)
= —1-4cos A.cos B.cosC

Ex-3. If A+ B+ C=r,then prove that
sin? A +sin® B—sin® C = 2sin Asin BcosC
Soln. We have, sin® A+sin’ B—sin* C
= sin* 4 +(sin2 B —sin? C)
= sin® 4 +sin(B + C)sin(B - C)

= sin’ A+sin(7‘c—A)sin(B—C)

sin® A +sin Asin(B— C)



= sinA(sinA+ sin(B—C))

= sinA(sin(B + C)+ sin(B - C))
sin A(2sin B cosC)
2sin A.sin B.cosC

Ex-4. If A+ B+ C=nr,then prove that,
sin® A+sin® B+sin®> C =2+ 2cos Acos BcosC

Soln. We have, sin? 4 +sin? B+sin’ C
= 1-cos® A+sin® B+sin* C
=1- <0052 A —sin? B) + (l—cos2 C)
= 2—(cos® A—sin® B) —cos* C

= 2—(cos(4 + B).cos(4— B)) —cos> C

= 2—(cos(rr — C).cos(4 — B)) —cos> C
2+cosC(.cos(4— B)—cosC)
2+cosC(.cos(4A— B)+cos(A+ B))
2+cosC(2cos A.cos B)

= 2+2cos A.cos B.cosC

Ex-5. In atriangle AABC, prove that,

tan A+ tan B + tan C = tan 4.tan B.tan C
We have, A+B+C=r1

= A+B=n-C
= tan(4+B)=tan(x - C)

Soln.

tan A+ tan B
= ——=—tanC
1—tan A.tan B

=  tanA+tan B=—tanC(1- tan 4.tan B)
= tanA4+tanB=—tanC +tan 4.tan B.tan C

=  tan A+ tan B+ tan C = tan 4.tan B.tan C

Ex-6. In atriangle AABC, prove that,
cot A.cot B+ cot B.cotC +cotC.cot4=1
Soln. As we know that,

tan 4 + tan B + tan C = tan 4.tan B.tan C

Dividing both the sides by
‘tand. tanB. tanC’, we get,

tan 4
~ tan A.tan B.tanC

+ tan B
tan A.tan B.tan C

+ tan C _
tan A.tan B.tan C

Ex-7.

Soln.
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! + ! + ! =1
tanB.tanC tan A.tanC tan A.tan B

= cotB.cotC+cot A.cotC +cot AcotB=1

If 4, B, C and D be the angles of a quadrilateral, then
prove that,

tan A +tan B+ tanC + tan D

cotA+cotB+cotC+cotD
=tan A.tan B.tan C.tan D

We have, A+B+C+D=2rx

= A+B+C+D=2rm

= A+B=2n-(C+D)

- tan(A+B)=tan{27t—(C+D)}

= tan(4+B)=—tan(C+D)
tan4d+tanB  tanC+tanD

l—tan A.tan B _l—tanC.tanD
= (tanA + tanB)(l —tan C.tanD)

U

= —(tanC+tanD)(1—tan A.tanB)
= tan A+ tan B —tan 4A.tan C.tan D
—tan B.tan C.tan D

=—tan C —tan D + tan 4. tan B tan C
+tan 4. tan B. tan D

= tanAd+tanB+tanC +tan D

=tan 4 . tan C. tan D + tan B. tan C. tan D
+tan 4. tan B. tan D + tan A4. tan B. tan D

tan A+tan B +tanC + tan D
tan A.tan B.tan C.tan D

tan A.tan B.tan C
tan A.tan B.tan C.tan D
tan A.tan C.tan D
tan A.tan B.tan C.tan D
tan A.tan B.tan D
tan A.tan B.tan C.tan D
tan B.tan C.tan D
tan A.tan B.tan C.tan D
tan A+ tan B+tan C + tan D
tan A.tan B.tan C.tan D
1 1 1 1
+ + +
tan4d tanB tanC tanD
tan A +tan B+tan C +tan D
tan A.tan B.tan C.tan D
= cot A+cotB+cotC+cotD
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tan A+ tan B+ tan C + tan D
cot A+cotB+cotC+cotD

tan A.tan B.tan C.tan D

Ex-8. In atriangle ABC, prove that,
(cot A+ cot B) (cot B +cot C)

(cotC+cot 4) = cosec 4 cosec B cosec C.

cosA cosB

Soln. We have, (cot 4+ cotB ) =

sind sinB

cos Asin B +sin A. cosB

sin Asin B

sin(4 + B)
"~ sinAdsinB  sinAsinB’

sinC

sin 4
s cotB+cotC)=———
Similarly, ( ) sin Bsin C

sin B
cotC+cotd)=——
and ( ) sin AsinC

Thus, (cot A+ cot B)(cot B +cot C)

(cotC+cotA)
sinC sin B sin 4
" sinAdsinB  sin AsinC  sinBsinC
N S
" sinAsin B sinC
X z Axyz
- >t . 2t 2 2 yz 2
1-x" 1-yp° 1-z (l—x )(l—y )(l—z )
Ex-9. Ifxy+yz+zx=1,then prove that,
X z dxyz
7t - 7t 2= 2 yz 2
1-x= 1-y° 1-z A=x)A-y)1-z)
Soln. Putx=tan 4, y=tan B and z=tan C

Given,xy+yz+zx=1

= tanA.tanB+tanB.tanC +tanC.tan 4 =1
= tanB.tanC+tanC.tan 4 =1-tan A.tan B
= tanC(tanB+tan 4)=1—tan A.tan B

tan4d+tanB 1
l-tanA.tanB tanC

- tan(A+B)=cotC=tan(§—C)

- (A+B)=(§—C)

= (4+B+C) =§
Now,
X y z
LHS= + +
1-x* 1-y* 1-2°
tan A tan B tanC

+ +
l-tan’4 1-tan’B 1-tan’C

2tan B
1—tan’ B

_ 1( 2tan 4
1

2tanC j
2\1-tan’ 4

+
1-tan’C

1
= E(tan 24+ tan2B + tan 2C)

= l tan2A4.tan2B.tan 2C
2

l( 2tan 4 2tan B 2tanC )
21-tan’ 4 1-tan’ B 1—tan®C

4tan A.tan B.tan C
(1—tan® A)(1— tan> B)(1— tan’ C)
B 4xyz
(1-x)1-y*)(1-z2%)

Hence, the result.
Ex-10. If xy + yz + zx = 1, then prove that,

2
X LY z

I+x* 1+)° +1+22 ) \/(1+x2)(1+y2)(1+z2)

Soln. Putx=tan 4, y=tan Bandz=tan C

Given,xy+yz+zx=1
=tanA.tanB+tan B.tanC+tanC.tan 4 =1

- A+B+C=§

Now, L.H.S

1{ 2x 2y 2z
Y 2t 2t 2
2{1+x" 1+y° 1+z

2tan 4

1( 2tan B
2\1+tan” 4

+
1+ tan’ B

2tanC ]
1+tan’C

= %(sin2A +sin2B + sinZC)



l 4cos A.cos B.cosC
2

2cos A.cos B.cosC

2
sec A.sec B.secC

2
\/(1 +tan® A)(1+ tan” B)(1 + tan® C)

2

\/(1+x2)(l+y2)(1+22)

Hence, the result.

EXERCISE 10

10.

. If 4+ B+ C = m, then prove that:

sin24 +sin2 B +sin 2C =4 sin A sin B sin C.

. If A+ B + C = &, then prove that:

sin24 +sin2 B—sin2C =4 cos A cos B sin C.

. If 4+ B + C = r, then prove that:

c0s2A4+cos2B+cos2C
=1-4cos Acos BcosC

If 4 + B+ C = &, then prove that:
c0s2A4+cos2B —cos2C
=1—4sin 4 sin B cos C.

. If A+ B+ C = m, then prove that:

A B
cosA+cosB+cosC=1+4sin 5 sin 5 sin%

. If 4+ B + C = r, then prove that:

cos® A+ cos®> B+cos> C+2cos Acos BeosC =1

. If A+ B+ C = r, then prove that:

cos2 A+ cos2 B+ cos2 C=1-2sin A4 sin B cos C.
If 4 + B+ C = r, then prove that

sin2 4 + sin2 B+ sin2 C=2 (1 + cos 4 cos B cos C)
If 4 + B+ C = m, then prove that:

sin2A4+sin2B +sin2C

cosA+cosB+cosC—1

A B C
=8 cos — cos — cos —
2 2 2

If 4 + B+ C = r, then prove that:

sin? (éj +sin? (Ej —sin? (g)
2 2 2
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- 1A 2o )

QIfA+B+C= % , then prove that:

11. sin2 A+ sin2 B+sin2 C=1-2sin 4 sin Bsin C

12. cos2 A+ cos2B+cos2C=2+2sinA sinBsin C
Q. If 4 + B+ C = &, then prove that:

13. tan 4 +tan B + tan C =tan 4 tan B tan C.

14. tan 24 + tan2B + tan 2C = tan 24 tan 2B tan 2C.

15. cotAcotB+cotBcotC+cotCcotd=1

16. cot (4/2) cot (B/2)+cot (B/2) cot (C/2)

+ cot (C/2) cot (4/2) = 1.

Q If4+B+C= % , then prove that:

17. cotA+ cot B+ cot C=cotA cot BcotC
18. tan 4 tan B+tan Btan C+tan Ctan 4 = 1
19. If xy + yz +zx = 1, then prove that:
X y z 4xyz
+ + =

1-x* 1-y* 1-7 (1—x2)(1—y2)(1—22)
20. Prove that:

tan (o — )+ tan(f - y)+tan(y — @)

= tan (ot — fB)tan(B - y)tan(y — @)
21. Ina AABC, ifcot A +cot B+ cot C= \/g,

then prove that the triangle is an equilateral.
22. Ifx +y+z=uxy z, then prove that:
3 3

3x— 3y—yp> 3z-—
xx+yy+zz

1-3x2  1-3y% 1-37?

_ 3x—x" 3y—y® 3z-2°
1-3x2 ' 1-3y% 1-322

23. Prove that 1 + cos 56° + cos 58° — cos 66°
= 4cos 28° cos 29° sin 33°.

1.22 TRIGONOMETRICAL SERIES

1.21.1 Introduction

In this section, we are mainly connected with different
procedures to find out the summation of trigonometrical
series.

To find out the sum of diffrent trigonometrical
series, first we observe the nature of the angles of the
trigonometrical terms. We must observe whether the angles
form any sequence or not? If they form any sequences, then
we must check, what kind of sequence it is? We also bserve
the sequence formed ( if any ) by the coefficients of erms of
the series.
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So, our main attempt will be
(i) to express each term as a diffrence of the two terms
directly or by manupulation and then add or
(i1) to arrange the series in such a way that it follows some
standard trigonometrical expansion.

1.23 DIFFERENT TYPES OF
THE SUMMATION OF A
TRIGONOMETRICAL SERIES

1. A trigonometrical series involved with the terms of sines
or cosines.
Rule: Whenever angles are in A.P. and the trigonometrical
terms involved with sines or cosines having power 1.
1. We must multiply each term by
. ( common diffrence of angles j
2sin

2
2. and then express each term as a diffrenec of two terms.

3. Finally add them.
Ex.-1 Prove that:

sine +sin (o + ) + sin (o + 28)

+sin(@+38)+ ... +sin (o +(n-1)p)

in[ 28
- ;rl((—%))min[aﬂnl)g}
Proof: Let §= sina +sin(a + f8)+sin (o +2p)

+sin(@+38)+ ... +sin (o +(n-1)p)

Now,

2
2sin(a+2ﬁ).sin(§j - COS(OC+—)—COS((X+%)

Adding, we get

2sin(oc+(n—l)ﬁ).sin(§)

= 2sin(a + wj X sin(ﬁ)
2 2

sin(nﬂ) !
Thus S = _\2) X sin(a + u)

g z

EXERCISE 11

. Prove that: sin” & +sin’ (Ot + —)

_ Prove that: sino +sin2¢ +sin3a +.......... + sinno

sin(n;) o
= ——Zxsin(n+1)| =
O )

. Prove that:

sin’ no

sin@+sin30 +.....+sin(2n —1)6 = —
sin @

. Prove that: sin” o +sin” (ot + B)+ sin® (o + 2B)+...

...... +sin? (OH-(n_l)ﬁ)

L s
= ﬁ——><Su.l—nﬂ><cos[205+(n—1)ﬁ]
2 2 sinf
2

n

.2 2 n
+sm” | oe+— |+..... to—n—terms=5
n

. If 4n6 = m , then prove that:

sin® 0 +sin® 30 +sin’ 50 +....to — n — terms = n

. Prove that:

sin® 0 +sin° 30 +sin> 50 + ....to — n — terms

4| sin@ sin 30

~ 1{3sin2n9 _ 3sin’ 3n9}
y .

. Prove that: sino + cos(o + )

—sin(ar +2)B —cos(ax +2f3)
+sin(a + 4B) +...t0 — n — terms
sin n(2[3+7z:))

. (2ﬂ+7r) 4

sin| =—~—

4



8. Prove that:

. 3 .3 2r .3 4
sm"o+sm | +— |+sm | X+ —
n n

Foee to—n—terms =0
9. Prove that:

sin 6.sin 20 + sin 26 .sin 30

+sin360 .sin40 +.....to — n — terms

1 sin n6@
= —cos6——><
2 2 sin@

xcos(n+2)6

2r
. 4 . 4
10. Prove that: SIn" X +sin (JC+7J

.4 2 RV
+sin” | x+— [+..... to—n—terms=?
n

2. A Trigonometrical series involved with the terms of
cosines:

coso + cos(o + ) + cos(o + B)

+cos(0 + B) +....+cos(a + (n—1)B)

sinf "B
_ Sin((é))xcos(a+(nl)§j

Proof: Let S = coso + cos(a + B) + cos(a + B)
+cos(a+ B) +....+cos(ax+ (n—1)3)

Now, 2cos sin (gj

= Sin(a‘*‘g)—sin(a—gj

2cos(ar+ ﬁ)sin@)

= Sin(OH%)—sin(oﬁg)

2cos( +3ﬂ)sin(§)

= Sin(a+%)—sin(a+%)

2cos(a+ (n— 1)ﬁ)sin(§)
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= sin(a+w)—sin(a+w)
2 2

Adding all, we get,

2sin[§jx S = sin(a+ 2"2_1ﬁj—sin(a—ﬁ)

= 2sin(£)xS
2

—2co{a+ 2= g s 2]
)
ufl)

EXERCISE 12

\%

><2005(a+n7_1ﬁ)

N\mt\)

. Prove that, COSX +COS| OX +—

. Prove that, cosa + cos2o +cos3a +.......

...tcosno =

sin(m]

2 XCOS[(n+1)aJ
(o 2
sin| —

(ZJ

n

2r
+cos| & +— [+....t0o — n — terms
n

=0

. If B be the exist for angles of a regular polygon of

n-sides and 4 is any constant, then prove that
cos A+ cos (A+B) + cos (A+2B)
Fovreeeenns to n terms = 0.

. Show that, if n> 2,

3 5
cos’ (Ej +cos’ (—n) +cos’ (—nj
n n n

n
Feereees to—n—terms:z

. Prove that, v/1—sin26 ++/1—sin 46

++/1—8in66 +......to — n — terms

no
- %X[cos(n+l)gsin(n+l)g]

2
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6. Prove that, cos> x +cos? 3x +cos? Sx +...

........ to — n —terms

1 sin 4nx
= —X|n+-— .
2 2sin2x
7. Prove that, cos x + sin 3x + cos 5x
+sin 7x + ..o + sin 2n+1)x

sin 2nx

- X [cos(2n —1)x+sin(2n + l)x] .
sin2x

2n
8. Prove that, cos’ 6+ cos’ (9 - 7)

+cos’ (0 - 4—ﬂ) +cos® (9 - 6—”)
n n

+...to—n—terms =0

9. Prove that, cos” o +cos’ (a+p)

+cos’ (¢ +2pB)+......to — n — terms
n 1 sinnf
= —+—X—+-Xxcos|20+(n—-1
2 2 sinf [ ( )ﬂ]
10. Prove that, cos@cos260 +cos360 cos46

+c0s560 cos60 +...... to — n — terms

1 sin 2n6
= EX ncosf +—

X cos(2n + 1)9} .
sin 260

3. A Trigonomeytrical Series Based Method of difference:
Rules: 1. Express each term of the series as a diffreence of

two expressions.

2. Finally added them and we shall get the required

result.

Ex-1. Find the sum of n-terms of the series
sin x sin x

sin2x.sin3x sin3x.sin4x
sin x
—+...to—n—terms
sin4x.sin5x

sin x

Soln. Let ¢, =— -
sin(n +1)x.sin(n + 2)x

_sin[(n+2)x— (n+1)x]
B sin(n +1)x.sin(n + 2)x

n

sin(n +2)x cos(n+1)x
sin(n +1)x. sin(n +2)x

_cos(n+2)x sin(n+1)x
sin(n +1)x. sin(n+2)x

= cot(n+1)x —cot(n +2)x

Thus, 71 = cot 2x — cot 3x
12 =cot3x —cot4 x
3=cotdx—cotS5x

tn = cot(n + 1)x — cot(n + 2)x.
Adding all,
we get, S = cot 2x — cot (n + 2) x.

EXERCISE 13

. Prove that,

cosecB.cosec2 0+ cosec20.cosec30
+cosec36.cosec40 +....to — n — terms
= cosecB [cotf —cot(n+1)0]

1

. Prove that, +
cosO@+cos20 cosf +cos50
1
+—+....t0—n—terms
cosO +cos70

= cosec@ [tan (n+1)6 - tan 9]

sinx sin x
. Prove that, +
cosx+cos2x cosx+cosdx
sin x
————— +....t0— n—terms.
CcOS X + cos 6x

= l><cosec L sec(2n+l)£—sec X .
4 2 2 2

. Prove that, cosec6 + cosec 260 + cosec 220

+cosec2*0 +....to — n — terms

= cot(gj —cot (2"_1 9) .

0 0
. Prove that, cosec6 + cosec 5 + cosec 2—2

0
+cosec (Z_SJ +to — n — terms

= cot(i) —cotf
2)1

. Prove that,

tan x . tan 2x + tan 2x. tan 3x



+o +tan nx . tan (n + 1)x
=cotx[tan(n+ 1)x—tanx]—n.

7. Prove that, tarl_l( X 2j+tan—1( X 2)
1+2x 1+6x

+tan_1( ol 2)+ ...............
1+12x

.......... + 1+n(n+l)x2

= tan”! (n+1x— tan”' x

1 1 1
8. Prove that, tan”'| = |+tan”'| — |+tan”'| —
’ 7 13 19

+..... + tan_l (2;)
n°+3n+3

= tan”! (n+2)- tan™' 2.

9. Prove that, sin™! (L)+sin‘1 @
V2 2

T
2
10. Prove that, tan™ (%) +tan™! (%)

PROBLEMS FOR JEE ADVANCED EXAM
Ex-1 Prove that,
tanor + 2 tan 2 + 4 tan 4o + 8cot 8 = cot
Soln. We have
tan o + 2 tan 2 + 4 tan 4o + 8cot 8
— cota—(cotor — tan o) + 2 tan 20
+4tan4o +8cot 8o

= cota—2(cot2a—tan2a)+4tan4a+8c0t8a
= cota —2.2cot4o +4tan 4o + 8cot 8o

= cota —4(cot4e - tan4ar) + 8 cot 8ax

= cotax—4.2cot8c +8cot8ax

= cota —8cot8a +8cot8cr

= coto
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Ex-2 Prove that,
tan9° —tan 27° — tan 63° + tan §1° =
We have tan9°—tan27° —tan 63°+ tan81°

= (tan9°+ tan81°) — (tan27° + tan 63°)

tan 9° + cot 9°) (tan 27°+ cot 27°)

sin 9° cos 9°) ( sin27°cos27°

sin18° sin 54°)

sinl8° cos 360)

2sin27°cos27°

-
(e
(&
(&

8(\/§+1—\/§+1)

(V5-1)(v5+1)

8(V5+1-+5+1)

(V5-1)(v5+1)

Ex-3 Prove that:

sinx sin3x  sin9x
+ +

cos3x cos9x cos27x
We have

sinx sin3x  sin9x
+ +

N | —

N | =

cos3x cos9x cos27x

2sinxcosx 2sin3xcos3x

( cos3xcosx  cos3xcos9x

2sin9xcos9x
cos27xcos9x

sin2x sin 6x

)

=— (tan 27x —tan x)

cos3xcosx cos3xcos9x

sin (3x - x) N sin (9x - 3x)

sin18x
cos9xcos27x

cos3xcosx cos3xcos9x

sin3xcosx —cos3xsinx

cos3xcosx

N sin9xcos3x— cos9xsin3x

cos3xcos9x

sin (27x - 9x)
cos9xcos27x
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N sin27xcos9x - cos 27xsin9x
cos9xcos27x

1
= —(tan3x — tan x + tan9x — tan 3x
+tan 27x — tan 9x)

_ 1 (tan27x — tan x)
2

cosx 3

siny_E’cosy_E’Where X,y€R

then find the value of tan (x + y) .

sinx 1

Ex-4. If

sinx 1 cosx 3
Soln. Wehave, T—=7> ==
siny 2 cosy 2
tanx l
tany 3
Now tan(x+ y)
tanx + tan y

l—-tanxtany
tanx +3tanx

l—tanx.3tanx
4tan x

1-3tan’ x

Also, siny = ZSinx,cosyzgcosx

sin’ y +cos® y

. 4
4sin® x+ gcos2 X

36sin® x +4cos’ x
9

32sin’ x+4
==
32sin’ x+4
=
32sin’x+4=9

32sin’x=5

1

sin? x = —
32
. 5
sinx =

tanx =

2
5
33

Ex-5

Soln.

Ex-6

Soln.

Il
[\®]
|
)
@,
° :SN B}
I~ N —
—
~la 3
N—

From (i) and (i1), we get,

45
33 _4‘EXZ7_\/E

tan(x+y)= = =
(x+) 1215 12343
27
Prove that,
sin? z +sin? 3z +sin? oz +sin? i =é
16 16 16 16 ) 2
We have,

sin? i +sin® 3_7r +sin* 5—7[ +sin* 7—ﬂ
16 16 16 16

I

2]
Z
=
~
I/
.
NE
Ne—
+
w2
[
==
S~
I/
— | W
N
~

= sin? (i) +sin* (3_717) +cos? (3_717) +cos* (lj
16 16 16 16
+cos” (lj +| sin* (3_71) +cos? (3—”j
16 16 16
.cos? (£ —2sin? (B—EJ.COSZ (3_7:)
16 16 16
.(3ﬂj (3%)2
+| 2sin| — |cos| —
16 16

o, M ofm
8

= 2—l sin?[ Z |+ cos?| Z
2 8 8

P
2

_3

5

Ifcos((x—ﬁ)+cos(ﬁ—y)+cos(y—a)z—%,then

prove that, cos ot + cos B+ cosy =0
and sino +sin S +siny =0
We have,

cos((x—ﬁ)+cos(ﬂ—}/)+cos(y—a)=—%



Ex-7.

Soln.

Ex-8:

Soln.

N 2(cos(a—ﬁ)+cos(ﬂ—}/)+cos(}/—a))+3 =0

= 2(cosa cos B +cos B cosy +cosy cosa)
+ 2(sinarsin B +sin Bsiny +sinysina)+3=0
= (cos2 o + sin? OC) + (cos2 B +sin? ﬁ)
+(cos2 ¥ +sin? y)

2(cos ot cos B+ cos  cosy +cosy cos )

+ 2(sinarsin B +sin Bsiny +sinysine) =0
= cos® a +cos® B+cos’y
+2cosacos B +2cosfcosy

2cosycosa + sin® a+sin® B +sin’y
+2sinosin B+ 2sin Bsiny

+2siny sino =0

= (cosa+cosﬁ+cosy)2

+ (sinoH—sinﬁ+sinj/)2 =0

= (cosa+cosfB+cosy)=

and (sina+sinﬂ+sin}/)=

If sinorsin B —cosorcos f+1=0, then prove
that 1+ cotortan B=0

We have, sinosin 8 —cosocos f+1=0
= cosacosfB —sinasinff=1

= cos(o+f)=

Therefore,

sin (ot + B)= y1-cos® (a+ ) =1-1=0
Now, 1+cota .tan 3

cosa .sin f3
sing .cos 8

1+

sino .cos B+ coso . sin B

sinor .cos 3
sin(or + )
sina .cos B
=0.
If ¢+ B=90° and B+ 7y =a, then prove that
tano = tan B+ 2tany
Given f+y =0
= tan(f+y)=tanc

Ex-9

Soln.

U

U

U

LUl
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tan(f + )= tan(90°— o)
tan(f+7y)=cota

tan 3 + tan
—ﬁ Y =coto
1—tan Btany

tan p + tan

1—tan Btany

tan 3+ tan y = cot B — tan 8.cot B.tan y
tan B +tany = cot f —tany

tan 3 + tany = cot(90° — &) — tan 'y
tan B +tany = tan —tan y

tano =tan S+ 2tany

1 an( 2% |~ (Va VB (V& - @), where

a, b, ¢, d are positive integers, then find the

value of (a+b+c+d+2)

We have tan (ij =
24

_ 2sin(m/24)cos(m / 24)

sin (7 / 24)
cos(m/24)

2cos’ (72'/24)
_ sin(ﬂ/12)
1+ cos(m /12)

J3-1
22 +3+1
Gior o [V2(5))

) (2\/§+(\@+1))X(2\5—(\6+1))
(V3-1)(242-(V3+1))

(8—(\/§+1)j
3 2\/3—3—\/5—2\/5+\/§+1
- (4-243)
_26-2-22
- (4-243)
_N6-1-2
(2-+5)
= (\/6—\/5—1)(2+\/§)
= 26242 -2 +/18 =6 -3
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6+32 43 (\@HJ
=J6-2-3+2 “ 82

= (V3-v2)(v2-1) (\/5+1J
~(Vizs

Thus,a=3,b=2,c=2andd=1

Hence, the value of (a+b+c+d +2). Thus, a=3,b=1and c =128

Hence, the value of (a+b+c—2)

=34+2+2+1+2
=3+1+128-2

= 10.
= 130.

Ex-10 If — = b4 = z then find
X cos ) o) e NG px 12 Find the value of NE) cot(20°) — 4cos(20°)..
cos| 60 +— cos| 6 ——
3 3 Soln. We have, v/3 cot(20°) - 4cos(20°)

the value of x +y +z.
evalueof x+y+z _ V3 c0s(20°) — 45in(20°) cos(20°)

Soln. Given

sin(20°)
X y z
- - = m (say)
cosf 9 + ) cosl - 2 2 [\/g c0s(20°) — 2 sin(20°) cos(20°)]
Now, x +y 3 3 = 2
sin(20°)
_ 2r 2r
= mX| cos@+cos| 0+ ? +cos| 6 — T B 2(sin(60°) COS(20°) _ sin(40°))
o sin(20°)
= mX| cos@+2cosb. COS(TJJ - (2 sin(60°) COS(2OO) _ 2Si1’1(400))
| sin(20°)
= mX| cos@+2cosh.| —— . oN L o . o
2 _ ( sin(80°)+ sin(40°) — 2sin(40 ))
= mx(cos6 —cos0) sin(20°)
o ~ (sin(80°)—sin(40°))
. sin(20°)
Hence, the value of x +y + z is zero. )
2 cos(60°)sin(20°)
. . . \/; + \/Z a in(20°
Ex-11 If sin(25°)sin(35°)sin(85°) = ——=— sin(20°)
Je =1
. .
where a,b,c € I, find the value of Ex-13. Prove that,
(a+b+c-2) $in(2°) + sin(4°) + sin(6°) +
Soln. We have, sin (25°) ( ) in (85°) Sin(8°) +....oeueen. +5in(180°) = cot(1°)
= sin(35° )sm( ) n(8 50) Soln. We have, sin(2°) + sin(4°) + sin(6°)
+sin (8°) +............. +sin (180°
= (4 sin (60° — 25)sin (25°)sin (60° + 250)) (5) (1807
= sin(2°)+sin(2°+2°) +sin (2° + 2.2°)
| o
= 4 xsin (3x25°) +5in (2°43.2°) +....+sin (2°+(90-1)2°)
= ix sin(75°) Sin(90°.2°)
| - —20><sin(2° +(90°- )2j
= ZXCOS(lSO) sin(z) 2
2

1, J3+1
47| 2v2



= in1(1°) X sin (91°)
os(1°)
sin(1°)
= cot(1°)
Ex-14. Find the value of

. ( T ) . ( 3m . ( 5m
Sin +Ssm| —— |+ sin| ——
2013 2013 2013

7]

[}

+sin I +...upto (2013)trems
2013
+sin —+—2'ZA
Soln. We have, 2013 2013
. b4 2.2n
+sin +
2013 2013
. T 1006.27
+..ooo.+sin| ——
2013 2013
2w
sin| 2013, 2013
2
B 2
sin| 2013
2
2
xsin| —— +(2012) %
=0.

+1+y
+ '
then prove that sin (4y) =y
Put y = sin(46)

Ex-15. If tany = (

Soln.

1+ /1+sin(46)
1+,/1-sin(40)

Then, tan ( y) =

= tan(y)=

S ()= 1+ cos(26)+sin(2 9;

1+ (cos (20)—sin (26 )

1+ \/(cos (20)+sin (29))2
(26

1+ \/(cos (20)—sin ))2

Ex-16

Soln.

Ex-17

The Ratios and Identities 55

(6)+sin(26)
= tan (y) - 2cos’ (9) —sin (20)
_ 2cos’ (6)+2sin(8) cos(6)
= tan(y)= 2cos? (6) - 2sin (8) cos(6)
)

= y=—-0
= 4y=n-40
= sin(4y)= sin(n—40) = sin(49)= y

Hence, the result.

If tan £+Z = tan’ £+f ,
4 2 4 2

3+sin® x
1+3sin’ x

sin y

prove that —
sin x

We have,

T
tan| —+a |=
(5+2]
5+
= tan —=+0 |=
4
Thus, tan LA PR | R )
4 2 4 2

(1+sin x)3
(1 -sin x)3

l+tano  cosor+sina

l—tano

coso —sin o

1+sin2a
1-sin2a

I+siny

1—siny
Applying componendo and dividendo, we get,

2 (3 sin x + sin’ x)

2siny
- 2 2(1+3sin2x)
. (3 sin x + sin’ x)
=siny=

(1 +3sin? x)
Hence, the result.

tano + tany

If tan B = then

l+tanotany ’
sin(2r) +sin (2y)
1+sin(2a).sin(2y)

prove that sin(2f8) =
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Soln. Given, tanf§ = fanattany = 4sin(27°) = (\/(5 + \/g) - \/(3 - \/g))

I+tan o tany

sin o cosy + cosasiny Thus,a=35,b=5,c=3andd =5

~ cosacosy +sinosiny Now, a+b+c+d+2
_sin((x+y) =3T3
" cos(a—y) =20.
. 5
Thus, sin(25) = Ztanzﬁ Ex-19 If (1+sm9)(1+cos€)=z,ﬁnd the
1+tan” 8 .
value of (1 —sin 0)(1 —CoS 9) .
sin(a+y) 5
~ “Leos(a-7) Soln. We have, (1+sin9)(1+cos9)=z
. sin® (o +7) 5
+cos2(0¢—}/) = l+sin9+cos9+sin90059:1
2sin(a+y)cos(o—7) 2-1) 5
= 2 2 = I+7+ =—
cos” (a—y)+sin’ (o +7) 4
sin((c+7)+(c=7))+sin((a+7) - (o —7)) (sin@+cos@ =1, say)
- 1+sin’ (o +y)—sin® (e - y) 21\ 1
=+ =—
- sin(2r) +sin (2y) [ j 4
 l+sin(o+y +o—y)sin(o+y —o+y) |
=2 42-1=~
3 sin(2a)+sin(2}/) 2
1+ sin(2a)sin(2y) =22 +41-3=0
Hence, the result.
> -4+t
| 02 02 o 2EVIOH 2
Ex-18 If 451n(27°)=(a+\/3) —(C—\/E) 4
where a,b,c,d € N, find the value _ —4+210 =_1+lm
of (a+b+c+d+2). 4 2
1
Soln. We have, 16sin?(27°) :>z=—1+5\/ﬁ
= a2 o
8 2sin”(27°) :>sin9+cos0=—l+l\/ﬁ
= 8% (1—cos(54°)) 2
N 1—-sin@)(1—-cosO
= o (1-5in6)(1 cos6)
=8x|1- 4 = 1-sinf —cosf +sinHcosO
= 1—(sin6 +cosB)+sinHcos O
= (8—2 10—2\6)
- 1—{—1+@j+1(9—\/ﬁj
=(8—2 (5+\/§)(3—\E)) 2 ) 214
5
N e R e v ) R O

- ()65 - (5-m)



Ex-20 If 3sinx+4cosx=5, where xe(O,%j

then find the value of 2sinx +cosx +4tanx
Soln. We have,3sinx+4cosx=35
Lety=3cosx—4sinx
Now, y2 +5°
=B cosx—4sinx)2+(B3sinx+4 cosx)2
=9 cos’x + 16 sin’x — 24 sin x cos x

+ 9 sin’x + 16 cos>x + 24 sin x cos x

y+25=25
¥y =0
y=0

3cosx—4sinx=0

LU el

3cosx=4sinx
tan x = 3/4.

Hence, the value of 2 sin x + cos x + 4 tan x

(e

Ex-21 If cos A =tan B,cos B=tanC,cos C = tan 4 , prove
that sin 4=sinB=sinC = 2sin(180)
Soln. We have, cos 4 =tan B

= cos’> A=tan’ B

= cos® A=sec* B—1

= 1+ cos®> A =sec’ B

= 1+ cos? 4 =sec’ B=cot’ C
= 1+cos> A=cot’ C

cos’ C _ cos> C

=2 —sin’ A= > = >
sin“C 1-cos"C
2
=>2—sin2A=%
1—tan“ 4
)
=>2—sin2A=ZSL42
cos“ A—sin“ 4
.2
=>2—sin2A=L_/i
1-2sin“ 4

= 2—4sin® A—sin’ A+ 2sin* 4=sin*> 4
= 2sin* A—6sin> 4+2=0
= sin* 4-3sin> 4+1=0

3£V9-4
2

=sin’ A=
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+
:>sin2A=¥

_6+2V5
4

2
—sin? A= (%}

=sind= [E]

= sin’ 4

2

J5-1

=sind= 2[TJ =2sin(18°)

Similarly, we can prove that,
sin B =2sin(18°) =sinC.

Ex-22. Find the value of

Soln.

[ T 2 Ry 2 Sﬂ') 2(77[
tan”| — [+tan” | — [+ tan" | — |+ tan”" | —
16 16 16 16

We have,
tan2 (l) + tan2 (3_71:) + tan2 (S—n-j + ‘[an2 (7—ﬂj
16 16 16 16
tan? (l) + tan? (3_7:)
16 16

(1 Jo oo e (S o oo (35
an"| — |[+cot” | — |[+tan” | — |+ cot” | —
16 16 16 16
2 2
tan(£)+cot(£j + tan(3—nj+cot(3—n) -4
16 16 16 16
( 4

1 1

+ —
sin? ”) cos? (”) sin® (M) cos’ (3”)
16 16 16 16

4 4

o o5 ()]
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Il
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|
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Ex-23 If sin(1°).sin(3°).sin(5°)....sin(89°) = 2%
then find the value of n.
Soln. We have, sin(1°).sin(3°).sin(5°)....sin(89°)
= sin(1°).sin(3°).sin(5°)....sin(44°) sin(45°)
sin(46°).sin(47°).sin(48°)....sin(89°)
= sin(1°).sin(2°).sin(3°)....sin(44°) sin(45°)
c0s(44°)cos(43°) cos(42°)....cos(1°)
= sin(1°)sin(2°)sin(3°)...sin(44°)sin(45°)
cos(1°)cos(2°) cos(3°)...cos(44°)

_ L X 2% (sin(2°)sin(4°)sin(6°)...sin(88°))

J2
= f%(sin (2°)sin (4°)sin(6°)...sin(88°))
Thus, sin(2°)sin(4°)sin(6°)...sin(88°)
L
- 7

Therefore, n = % .

Ex-24. If (1 + tan(1 °))(1 + tan(2°))(1 + tan(3°))
......... (1+ tan(45°)) = 2", then find n.
Soln. We have, (1 + tan(l °)) (1 + tan(2°)) (1 + tan(3 °))

......... (1+ tan(45°)) = 2"

= (1+tan(1°)(1+ tan(44°))(1+ tan(2°)) (1 + tan(43°))
...... (1+ tan(22°))(1 + tan(23°)) x (1 + tan(24°)) = 2"

=  22x(1+1)=2"

= on _ 923

= n=23.

Hence, the value of » is 23.
Ex-25. Prove that:

Soln. We have,

T RY/4 3r
cos| — |=cos| m—— |=—cos| —
0 10 1
V4 /4
cos| — [=cos| 1 —— |=—cos| —
j ( 10) (10)
Therefore,

el

Il Il
g2
%) |
I/ o
—_— o
o | ] @,
;/m .
i p—
B S
e N—
I/~
—_—
oy
~

I
A/
o[
—
%
M/
-7
R
—

_(5-1Y 1
16 ) 16
Ex-27 Prove that:

c0s(60°) cos(36°) cos(42°) cos(78°) = %



Soln. We have,

c0s(60°) cos(36°) cos(42°)cos(78°)

! V5 +1 .l(2cos78°cos42°)
20 4 )2

1 V5 +1 (c0s120°+ cos36°)
4 4

1541 1, V5+1

4 4 2 4
1{V5+1)(V5-1

4 4 4

(5-1) 4 1

64 64 16

4
Ex-28. Let f; (8)=sin* (8)+cos* (6).

Then

find the value of éfé (6)- %f4 ()

Soln. We have, f;(0)=sin®8@+cos’@

Also,

Now,

1-3sin’® Bcos’ O
f1(8)=sin*@+cos* @

1—2sin’Ocos’ O

1 1
— 1 (0)——=71, (0
SAOREIAC)
= l(1—3sin29cos2 9)—1(1—2sin29cos2 0)
6 4
l—lsin2900529—l+lsin29005249
6 2 4
11
6 4
1
12

Ex-29. Find the max and min values of

/(0)

=sin’ (sin@)+ cos’ (cosB)

Soln. We have, sin’ (sin@)+ cos’ (cos6)

sin’ (cosB)+ cos’ (cos)
+sin? (sin@)— sin® (cos6)
( sin’ (cosO)+ cos” (cos 0))

+sin” (sin8) —sin” (cos @)

The Ratios and Identities

=1+ (sin2 (sin@)- sin’ (cos 9))

Max value of f (9)

)

= 1+sin? (1)
Min value of f(6)
1+ (sin2 (sin (0)) —sin® (cos (0)))
1—sin® (1)
Ex-30. Find the minimum value of
f(6)=(3sin(6)—4cos(6)-10)
(3sin(6)+4cos(0)-10)

Soln. We have, f(0)=(3sin(6)-4cos(0)-10)
(3sin(8)+4cos(6)-10)

= (9 sin? (6)- 16cos’ (9))

59

—10(3sin6 +4cos0) —10(3sin O — 4cos6)

= (9 sin’ (6)- 16cos’ (9))
—10(3sin 0+ 4cos6 +3sin 6 - 4cos )
= (9 sin’ (9) —16cos> (9)) -60 sin(@)

= 25sin” 6 — 60 sin(0) - 16

(5sin6—6)° —36—16
= (5sin6-6)* -52
Hence, the minimum value of
f(6) = 121-52=169
Ex-31. Find the range of 4 =sin*"'" 6+ cos*'* 6
0< sin®'’@<sin’ @

Soln. Now,
and 0< cos?'*9 < cos’ 0

Adding (i) and (i), we get,

0< sin?2 9 +cos?*' 0 < sin® @ +cos’ O

= 0<4<1

Thus, the range of A= (0’ 1 ]
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32.

Soln.

If s%nA: ,COSA:q,provethat
sin B cos B
p(q’ -1
tan A.tan B = — 3
g\1-p
A A
We have, sin p,COS =q
sin B cosB
sind sinB _p
= / ==
cosd cosB ¢
tanA_B
= tanB ¢
tan4 tanB
- an4 _ tan —2
p q
Also, s%nA:p’cosAz
sin B cos B
sin Acos A
=  —
sin Bcos B
2sinAcos A
= 2sin Bcos B pd
- sin24
sin2B pd
2tan 4 2tan B
= > —=
l1+tan“ 4 1+tan“ B
2pA 2gA
= / =
1+ p* A% 1+¢°A7 P
p (1+q2).2)
= ) =pq
(1+p A ) q
(1+q2/12)
=
(1+p2/'Lz)
= (1+q2}»2)=q (1+p212)

= lz(l—pz)qzzqz—l

= A= (qz_l)
(1-p?)¢?
o A=+l (o~
g\(1-1?)

Ex-33.

Soln.

Ex-34.

Soln.

(4 -1)
and tanB =% 5
(1-2°)
_ 202
If tan(a A) Ly =1, then prove
tan o sin &

that tan’ y = tan o.tan 8

We have,
— 02
tan (o — f8) . sm2 Y
tan o sin” o

- sinjyzl_tan(a—ﬁ)

sin” o tan o

sin® y
= — = (tana—tan(oc—ﬁ))

sino  tanor
sin® o tan ¢ - tan 3
tanqg —-——

1+ tan o tan 3

= sin?y =

., sinfa tanﬂ(1+tan2a)
= sin“y=

tana | (1+ tano tan f3)

.2
. of t
= sin® y (1+tanortan §) = 0 ( ar12[3 j
tano \ cos” o
-2
. sin” o ( tan
=  sin’y(l+tanotan B)= > (—'B)
cos“ o\ tanx
.2 2 (tanf
=  sin’y(l+tanotan §)=tan’ o o

=  sin’y(I+tanortan B) = tan e tan 8
= sin?y = tanoctan/i’(l -sin? y)

)
Sin

= —27/ = tan o tan B
cos” y

= tan® y = tan o tan 3

Hence, the result.

If tan (9) = /1_—8 tan (2) , then
2 l+e 2

cosf —e
cosQ =

prove that 1-ecosd

I+e 2

= tan2 (g) = (I—_e] tan2 (f)
2 l+e 2

We have, tan (gj =
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1 1-e 1 1 (a+b)
= 1 0 = o) 2
tanz((p) *¢/ tan? (J tan?| — (a—b)tan”(¢/2)
2 2 2
2
l—tanz((p) l—e—tanz()—etanz(ej = tan (go/2):(a+b)
= 2)_ 2 tan’(0/2) (a—b)
0 0
1+tan2((p) 1—e+tan2(j+etan2(j +b
2 2 2 = tan2(0/2)=(a )tan2(<p/2)
(a—b)
0
1 - tan? (D - e(l +tan’ (D +b
= coso ( 2 2 = tan(6/2)= (a )tan((p/z)
[ ()} -(3)) .
I+tan”| — | |—e| 1 —tan"| —
2 2 Hence, the result.
(1_ tan2 (QD Ex-36. If sinx+siny=a,cosx+cosy=>b
2
—e _ 232
(I_Hanz(e)j then prove that tan(x y]zi %
2
= cosQ=
¢ ( Z(GD Soln. We have, a” +b°
I-tan”| —
l—e z = (sin)c+siny)2 +(cosx+cosy)2
(I-Han2 (2D = 2+2(cosxcos y+sinxsin y)
o 036 —e = 2+2cos(x—y)
= ecoso = cos(x—y)z(a2+b2—2)/2
Hence, the result. As we know that,
A) 1-cos4
Ex-35. If cos@ = acostb , then prove that tan” (—) =
a+bcosg 2) l+cos4d
_ x— I—cos(x—y
tan - |4 btan k4 = tanz( yj: r=>)
b a+b B 2 1+ cos(x—y)
2,42
Soln. We have, cosezw tan?| =2 _1—(a +b _2)/2
a+bcos = an = 7 2
2 ) 1+ +b*-2)/2
2
I—tan2( @) @ 1-tan”(p/2) b o 2—(a2+b2 2)
—tan 2 2 Y_
2 1+tan” (¢ /2) =  tan ( ]_ —
= 55~ 1 o3 2 2+(a +b 2)
2 -t
1+ tan (2) a+b anz((p ) B 4?2
1+ tan” (¢ / 2) N tanz(x yj: a
0 2 a*+b’
1—tan®| = P 2 2
2)_(a+b)=(a=t)an’ (o O revy
N - - = tan = >
1+tan2(9) a+b)+(a—b)tan” (¢ /2) 2 a +b
2 Hence, the result.
1/2
= 2 = 2(a+b) Ex-37. If tan(l)z(a+bx/§) —(\/E+d),where
a2 @ ~2(a—b)tan*(¢p/2) 16 .
2 a, b, ¢, d are +ve integers, then find the value
of (a+b+c+d+1),
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Soln.

Ex-38.

As we know that

_ 1—cos45°
sin 45°
U2 5
1/2
Let A=11—

=  24=22—
2
=  tan(24)= tan[ZZl—j =2-1

= ﬂ_\/__l

l—tanA
= =J2-1
1-y°
= b 2y
(vV2-1)

= 1—y2=2(\/§+1)y

=y +2(V2+1)y-1=0

—2(\/§+1)i\/m

= y=

2
= (\/§+1)+ (\/5+1)2+1
= (\/§+1)+ 4422

= y=va+242-(V2+1)

= tan(lllzjzx/ 2-(V2+1)
Thus,a=4,b=2,c=2,d=1
Hence, the value of (a+b+c+d +1)
=4+2+2+1+1

= 10.

If or and B are two values of 0 satisfying
cos6 . sinf 1

%c+[3)b:

prove that COt(

the equation

. . . cos@ sinf 1
Soln. Given equation is + 5 ==
a c

= bccosO+acsinO = ab

[1—tan2(9/2)] [ 2tan(0/2)
= bc +ac

1+tan®(6/2) 1+tan®(0/2)

= bc(l—tan2 (0/2))+2actan(6/2)

+(ab—bc) =0

=ab(1+tan’(0/2))
=  (ab+bc)tan®(6/2)-2actan(6/2)
Let its roots are tan(c/2) and tan(3/2)
tan (o /2)+tan(B/2) = b(fzafc)
and tan(cr/2).tan(f/2)= (a-c)
' (a+c)
Now, tan(a—-i-ﬁ)
2
tan (o /2)+tan(S/2)
1-tan(a/2).tan(B/2)
B 2ac/b(a+c)
- 1-(a=c)/(a+c)
_ 2aclb
at+c—a+c
_ 2ac _a
2k b
+ b
Thus, COt(a ﬁ)z—.
2 a

Ex-39. Prove that Sin (%j is a root of
8x° —4x* —dx+1=0

Soln. Let % =0
= T0=

= 40=—-30

SIEEE

=  sin(46)=sin (g - 30) = cos(36)

=  sin(46)=cos(36)

|-



Ex-40.

Ex-41

Soln.

= 2sin(26)cos(26)=4cos’ 6 —3cos
= 4sin9cos0(l - 2sin? 9)

= cos@(4cos2 0- 3)
= 4sin(9(1—2sin2 6)=(1—4sin29)
= 4sin0—8sin’ 0 =(1—4sin’ 0)
=  8sin’0-4sin’0-4sin0+1=0
put sinf =x

Hence, the required equation is
8x° —4x* —4x+1=0
Prove that:

(tan2 6 + tan’ 26 + tan> 30) ,

><(cot2 6 + cot? 20 + cot’ 39) =105
where 9 = T
7

If x+y+z=xyz, prove that

2x 2y 2z

2 T 2T 2

I-x* 1=y 1-z
2x 2y 2z

=12 1=

[Roorkee — 1983]
Let x=tan4,y=tanB,z=tanC
Given tan 4 + tan B +tan C = tan A4.tan B.tan C

=  tanA+tanB=-tanC +tan 4.tan B.tanC
=  tanA+tanB=—tanC(l - tan 4.tan B)
- tan 4 +tan B - —tanC
(l—tan A.tanB)
= tan(4+B)=—tanC
= tan(4+B)=tan(n-C)
= (4+B)=(n-0C)
= A+B+C=rm
= 2A+2B+2C=2rx
= 24+2B=2x-2C
= tan(2A+2B)= tan(27'c —2C)
= tan(2A+ZB)=—tan2C

=

Ex-42.

Soln.

The Ratios and Identities 63

tan2A4+tan2B

—— = —tan2C
l1-tan2A4.tan2B

tan2A4+tan2B +tan2C =tan2A4.tan2B.tan 2C
2tan A 2tan B 2tan C
2, T P 2
l-tan“4 1—-tan"B 1-—tan"C
2tan 4 2tan B 2tan C
1-tan’ 4 1-tan’ B 1—tan’> C
2x 2 2z
= 7T yz 2
I-x* 1=y 1-z
2x 2y 2z
1—)62'1—)/2'1—22
2x 2y 2z

l—xz'l—yz'l—z2

Note: No questions asked in 1984.
If cosor+cosfB+cosy =0
and sino +sin 8 +siny =0, then prove that

cos(3cr)+cos(38)+cos(3y) =3cos(a+ B +7)
and sin (3a)+sin(3f) +sin(3y) =3sin(a + f+7)
[Roorkee — 1985]

Let a=cosa+isina, b=cosfB+isinf3

and c=cosy +isiny

Then a+b+c

= (cosor+cos B +cosy)+i(sine +sin f+siny)

=0+i0=0

Therefore, 4* +p* + ¢ =3abe

= (cos.oz+is.in0¢)3 +(cos[3+isinﬁ)3

3

+(cosy +isiny)

= 3(coso +isina)(cos B +isin B)(cosy +isiny)

— 3(cos(o+B+y)+isin(a+B+7))

= (cos3ar +isin30)+(cos3B +isin3f)
+(cos3y +isin3y)

- 3(cos(a+ﬁ+y)+isin(a+ﬁ+y))

= (cos3a+cos3f3 +cos3y)

+i(sin 30 +sin3f +sin3y)
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Ex-43.

Soln.

Ex-44.

Soln.

= 3(cos(a+ B+7)+isin(a+B+7))

Comparing the real and imaginary parts, we get,
cos(3cr)+cos(38)+cos(3y)=3cos(a+ B +7)
and sin (3a) +sin(3f) +sin(3y) =3sin(a + f+7)

Hence, the result.

Note: No questions asked in 1986, 1987, 1988.
Show that (without using tables)

tan9° —tan 27° —tan 63°+ tan81°=4
[Roorkee — 1989]
We have tan9° —tan 27° — tan 63° + tan 81°
= (tan 9°+tan 81 °) - (tan 27° + tan 63°)

= (tan9°+cot 9°)—(tan27°+ cot27°)
_ ( sin9° N cos9°) 3 ( sin27°
cos9° cos27°

1 1

- sin 9°cos 9° - sin27°cos27°
1x2

1x2
2sin27°cos27°

cos27°)

sin 9° sin27°

2sin9°cos 9°
2 2
sin18°  sin54°

2 2

Gle

8 8

REENE
_ 8(\/§+1—\E+1J

5-1

16
4
=4
Find ‘@’ and b’ such that the inequality

. T
a < cosx + 5sin (x - g) <b holds good for all x.

[Roorkee — 1989]

We have, cosx+5 sin(x - %)

. T . (T
= cosx+5 (Sll’l XCOS (g] — COS X SIm (g)j

Ex-45.

Soln.

Ex-46.

Soln.

3. 1
cosx+5| —sinx——cosx
2 2
_( 5) 53
=|1-—|cosx+——sinx
2 2

= ——cosx+——sinx

2 2
Max value = /2+E= /%24/21
4 4 4
9 175 84
i = - [o+ === =21
Main value 22 1

Thus, az—m, h=+21

Note. No questions asked in 1990, 1991.

If A=cos®0+sin*0 , then for all values of 6, find
the range of 4. [Roorkee — 1992]

A=cos>0+sin* 0

_ 1 2 1/, 5,32
E(Zcos 9)+Z(sm 9)

= %(l+cos20)+i(1—00529)2

= l(1+cos2t9)+l(1—200529+c0s2 28)
2 4

1 1 1
= —+—+—cos’20
4 4

2
=§+lcosz26
4 4
Max value = E+l.1=1
4 4
Min value = é+l,0:é
4 4

.13
Hence, the range of A is [Z’l} .

Given the product p of sines of the angles of a triangle
and the product g of their cosines, find the cubic
equation, whose co-efficients are functions of p and
q and whose roots are the tangents of the angles of
the triangle.
Ans. gx’ — px’ +(1+g)x—p=0

[Roorkee Main — 1992]
Given, sin4 sinB sinC=p

cos A cosB cosC=gq



Ex-48

Soln.

Ex-49.

Soln.

Thus, tan 4 tan B tanC = s
q

Also, A+B+C=rm
tanA+tanB+tanC =tan 4 tan B tanC
tanA+tanB+tanC=£

q
Also, tan Atan B + tan Btan C + tan C'tan 4

1+g¢

q
Hence, the required equation is

e

qx3 —px2 +(1+q)x—p=0,
Note. No questions asked in 1993, 1994.

If x=co0s10°co0s20°cos40°,
then find the value of x

[Roorkee — 1995]
Given, x =co0s10°cos20°cos40°

1 .
= — (25in10°cos10°) cos 20° cos 40°
2sin10°

1
= — (25in 20°c0s20°) cos 40°
4sin10°

1 .
= — (2sin40°cos 40°)
8sin10°

Lo
= Ssinios O"E)

L
= Ssmtos o10)

= lcothO
8

Note. No questions asked in 1996, 1997, 1998, 1999.

Find the real values of x for which 27°%%2* 815"2¥
is minimum and also find its minimum value
[Roorkee Main — 2000]

Let y — 27005 2x'815in 2x

— 33 cos 2x+4sin2x

Max value of y = 3° = 243

Min value of y = 37 = L
243

The expression y = 27°°2*81">* is min when

Let f(x)=3cos2x+4sin2x

The Ratios and Identities 65
f’(x)=—6sin2x+8cos2x
, . 8 3
Now, f”(x)=0 gives, tan2x=——=—=
6 4
3
tan2x =——=tano
4

3
2x=nm+a, where a = tan~! (—Z)

Ex-50. If ¢'97°¢<0“?) _ | then find the values of x and %
in terms of 6.
[Roorkee Main — 2001]
Soln. Given, ¢/ 0logeosl—r)
= e'? = cos(x—iy)
=  (cosO+isin0)
= cosxcos(iy)+sinxsin (iy)
= COS XCOS (hy) +isin xsin (hy)
Thus, cos® = cosxcos(hy)
and sin6 =sinx sin(hy)
cos’0 sin’ 6
ow, ——————=1
cos“x sin“x
cos’0 sin’ 6 .
= >~ —— =Lsinx=p
I-p~ p
2 ( 2) 2 2 2 .2
= p (1-p7)=p~ cos 9+(p —l)sm 0
= p> —sin’ @
= p* =sin’0
= p=x(sin 9)1/2
= sinx = £(sin 9)1/2
= x =2nm £ (sin 0)1/2
. sin@ .12
Also, Sin (hy)= — 5 = +(sin)
t(sin0)
= y=h ! (sm (i(sin 0)1/2 ))
LEVEL I

(PROBLEMS BASED ON FUNDAMENTALS)

1. Find the values of the expression

3(sinx —cos x)4 +6(sinx + cos x)2

+4(sin6 x + cos® x)

2. If m=sin® x +cos® x , then find m.

3. If cosecO —cotf = ¢q, then find cosec 6.
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4.

10.

11.

12.
13.

14.
15.
16.

17.

18.

19.

20.
21.

Find the value of

T 3r hY/4 1 174
tan— .tan — .tan— .tan— .tan—
20 20 20 20 20
2sin 6@ )
CIfx = , then find the values of

1+cos@ +sin@
1—cosf@ +sin0
1+sin@

. If sinx + sin’x = 1, then find the value of

cos® x +2cos® x +cos? x

If sin@, + sin6, + sin@; = 3, then find the
value of cos@, + cosf, + cosb;.

. If sin x + sin®x + sin’x = 1, then find the

value of cos® x —4cos* x +8cos? x

If cosx+cosy+cosa=0=sinx+siny+sina

X+y
then find the value of cot T .

If f(x) =sin® x +sin? (x—i— %) + cosxcos(x + %j

4

If sin x + sin’x = 1, then find the
value of cos’x + cos*x.

If A = cos’0 + sin*6, then find the range of A.

5
and & (—) =1 then find the value of (gof)(x)

Find the maximum or minimum values of:
(i) 3cosx+4sinx+8

(i1) 5005x+3cos(x+§j+3

If cos 25° + sin 25° = p, then find cos 50°.
Find the maximum value of 12 sin@— 9 sin’6.

If cosecO— sin 8= a° and secO— cos@ = b°, then find
the value of a’b” (a” +57).

If x = secO — tanf and y = cosec + cot6, then prove
thatxy+x—-y+1=0.

If acosO@ —bsinO = ¢, then find the

value of asinf+bcos0O

T Y - z

cos 6 cos(e - 2”) cos(@ + 2”)
3 3
then find the value of x + y + z.
Find the value of tan 70° — tan20°.

Iftan 8= é , then find a sin26 + b cos26.
a

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

Find the value of
tan9° —tan 27° — tan 63° + tan 81° -

/4 2
If tan o + tan a+g + tan a+?

= Atan3o, then find A.
NE)

Find the value of ! - .
cos10°

sin10°

1
If2cosf=x+ l,2cos o=y+ ; , then find the value
X
of cos (B —¢).

sec80 —1
sec46 —1

Prove that = tan 80. cot 20.

If o and B are the solutions of the equation
atan @+ bsecH = ¢, then find tan (o + B).

If a cos 20+ b sin 20= ¢, has aand f3 as its solution,
then find

(i) tan o+ tan 8

(ii) tan o . tan S.

Ifsin4 +sinB=aand cos 4+ cosB=b,

then find cos (4 + B)

If (1+ 1+y)tany=(1+\/g),then

prove that sin 4 y = y.
Prove that, (2cos@—1)(2cos26 1) (2 c0s226 — 1)

2cos(2"0)+1
"'.(20082}1—19_1) — #
2co0s6+1
Prove that, cos(9°) +sin (90) = [\/3;7\/5]

If sinx+cosx=

SISy

, Where xe [0,%} then prove

that tan(§j= [ﬁ; 2]

cosx 3
=—, where

If SX and

1
siny 2 cosy
X,y € (0,%] , then prove that tan (x + y) = \/E .

If sec(x+ y)+sec(x— y)=2secx, where

X,y € (0’§j , then prove that cosx = J2 cos (%) .



LEVEL II
(MIXED PROBLEMS)
1. If secx=p+l , then sec x + tan x is
1 4
(@ p (b) 2p () — (d —.
4p p
2. If cosec x —sin x = a3, SEC X — COS X = b3, then o® b?
(®+b%)is
(a 0 b 1 (c) -1 (d) ab.
3. Ifsec x + cos x = 2, then the value of
sec’ x (1+ sec® x) + cos® x (1 + cos® x) is
(a) 2 (b) 4 (c) 6 (d) 8.
4. The value of cos(z—n + cos(ﬂ)+ cos o is
7 7 7
(a) 172 (b) —-1/2 () 0 (d) None.
5. Which of the following is smallest ?
(a) sin1 (b) sin2  (c) sin3  (d) sin4.
6. Which of the following is greatest ?
(a) sin 1 () cos1 (c) tan1 (d) cotl
7. If A= cos (cos x) + sin (cos x), then the least and greatest
value of 4 are
(a) 0,2 () -1,1
() -v2,2 d 0, 2.
8. If A+B= % , A, B > 0 then the maximum value of
tan 4. tan B is
(a) 1/3 b 1 (c) 12 (d) 2/3
9. The maximum value of a sin 2 x + b cos 2 x for all real
xis
(@ a+b (b) Va*+b>
(¢) Max {lal, b]} (d) Max {a, b}.
10. Which of the following is / are true ?
(a) sin1>sin° (b) tan1>tan®
(c) sin4>sin ° (d) tan4 >tan °.
11. Ifcos5x=acossx+b0053x+ccosx+d,then
(@ a=16 (b) b-20 (c) c=5 () d=2.
12. If sin’ x sin 3 x = ¢, + ¢, €os X + ¢,c08 2 X + ¢; cos 3x
o + ¢, cos n,, then
(a) Highest value of n1is 6
(b) ¢,=1/8
(©) ey=—¢4
(d) cr=c3=cs.
13. If f(x)=cos[x]x+sin[7|x, where[,] is the greatest

. . 7[ .
integer function, then /' (5) is

(@ 0 (b) cos3 (c) cos4 (d) None.

14.

15.

16.

17.

18.

19.

20.

21.

22.
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l+sin’x  cos’x 4sin2x
Let f(x) = sinx  1+cos’x  4sin2x |,
sin? x cos’x  1+4sin2x
then the maximum value of f(x) is
(a 0 (b) 2 (c) 6 (d) None.

For any real x, the maximum value of
cos” (cosx)+sin’ (sinx) is
(a) 1 (b) 1+sin®1
(c) 1+ cos? 1 (d) None.
. (m). (5. (T« . .
If a= sin| — |sin| — |sin| — | and x is the solution
18 18 18
of the equation y = 2 [x] + 2 and y = 3[x — 2], where
[,] = G.LF, then a is

(@) [x] () UIx] (o) 2[x]  (d) [xI*

The minimum value of sin® x + cos® x is

(a 0 (b) 1 (c) 1/8 (d) 2.

If sin* 6 N cos* 0 1 then sin®@ cos®O is
a b a+b’ a b

(a) — (b) —

a
&+ (a+by’

(c) @by (d) None.

The value of tan (E) tan (2—”: tan 3 is
7 7 7
1
(a) 1 b —= (© 7
J7
If acand B are the solutions of sin’c + a sin x + b =0 as

well as that of cos*x + ¢ cosx + d = 0, then sin (a + )
is

(d) None.

2 2
(a) bff‘; . o) ©E¢
ac
2 2
(© 2 td d) 24
2bd a’ +c?

If sec 6 + tan 6 =1, then one of the roots of the equation
a(b—c)x2 +b(c—a)x+c(a—b) =0 is

(a) tan® (b) sec® (c) cosO (d) sin 6.

If o is the common +ve root of the equation

x> —ax+12=0 x*—bx+15=0

and x* —(a+b)x+36=0 and

cos x+cos 2x+cos 3x =0, then

sin x +sin 2x+sin 3x is
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23.

24,

25.

26.

27.

28.

29.

30.

31.

(@) 3 (b) -3 (©) 0

For any real 6, the maximum value of

(d) 2

cos” (cos @) +sin” (sin 8) is

(@) 1 (b) 1+sin?1
(¢) 1+cos’1 (d) 1-cos’1
Ifa+B=n/2 and B+y =0, then o is
(a) 2(tanf+tany)

(b) (tanfB+tany)

(c) (tanB+2tany)

(d) (2tanfB+tany)

The maximum value of

COS (l.COS Ly .COS Ly ... cos, under the
restriction 0 < oy, @y, 0ly,.cveevenen.. Lo, <Z and
n 2
cota. cotr,.cot 0. cotey, =1, is
(a) 1 (b) : (c) : d 1
Q) — — c) —
2n/2 2n 2n
If4A>0andB>0and A+ B = r , then the maximum
value of tan A. tan B is
@@L ®mE 9 @
a) — - c) ——= —_—
2 3 NG) J2

If tan B =2sine .siny.cosec(ot+y),
then cote, cot B, coty are in

(a) AP (b) G.P (c) H.P (d) A.GP
The minimum value of the expression

sino +sin S +siny , where o, 3, v

are real +ve angles

satisfying ¢+ f+y =7, is

(a) +ve (b) —ve () O (d) -3
The value of 4c0s20°—+/3 cot20° is

(a) 1 (b) -1 (¢) -12  (d) 1/4

The maximum value of

4sin® x +3cos® x + sin(g) + cos(%j is

(@) 4442 (b) 3442
©) 4-\2 (d) 4

The value of the expression

(\/5 sin 75° —cos 75°) is

1
(@) 5

© 2

1
b)
()JE
@ 2

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

The value of (4 +sec 200) sin 20° is
(a) 1 ® V2
© 3 d 243

If (1+ tan1°)(1+ tan 2°)...(1+ tan 45°) = 2"
then the value of n is
(a) 20
(c) 22

(b) 21
(d) 23

The number of all possible triplets (al,az,a3)
such that a, + a, cos(2x)+a; sin>x=0 is

(@ 0 (b) 1

(c) 2 (d) infinite

If sin(7cos@) = cos(msin @), then the value
of sin (29)is

(a) -172 (b) -1/3

(c) 273 (d) -3/4

A real root of the equation 8§x* —gx—1=0 is

(a) cos(%) (b) cos (g)

(©) cos(%) (d) cos (%j

The value of (\/5 cot (20°) —4cos (20°)) is
(a) 1 (b) -1
(©) - 3 (d) %

If tan? (E—kg) =<2 then sin(6) is

4 2 b

a->b
b) —
®) (a+b]

a+b
(d) _(a—b)

The least value of cosec’x + 25sec’ x is

(a) 26 (b) 36

(c) 16 (d) 12
sin’x cos® x b4

Let y= - . > O<x<—
cosx  sinx 2

Then the minimum value of y

(@ 0 (a) 1

(c) 372 (d) 2

The expression tan (55°)tan (65°)tan (75°)

simplifies to cot(x°), 0< x <90, then x is
@@ 5 (b) 8
© 9 ) 10



42.

43.

44,

If x, and x, are the roots of

X2+ (1 —sin O)x - %Cosz 0 =0, then the maximum

value of x{ + x5 is

(@ 2 (b) 3 (c) 9/4

The value of the expression

cos’ (Ej +cos’ (3_71) +cos’ (S—EJ +cos’ (7_%) is
8 8 8 8

(a) rational (b) integral
(c) prime (d) composite

(d) 4

If tan x = a, then the value of cot (% — a) is

a—l (12—1
(a) (m) ®) | =
a+1 a+l1
(c) (az—lj (d) (Ej

45, If sin@+cos6 =%, 0<60<m,thentanf
(a) 3/4 (b) 4/3
(c) -3/4 (d) —4/3
LEVEL III

(TOUGHER PROBLEMS FOR JEE ADVANCED)

1.

L If 0=

Prove that the sum of
tan xtan 2x + tan 2x tan 3x +... + tan x tan (n + l)x

= cotxtan(n+1)x—(n+1)

Prove that
cosec x+cosec2 x+ cosecd x +....ton terms

= cot(%) —cot (2"_1x) )

Prove that, cot(16°)cot(44°)+ cot(44°)cot(76°)
—cot(76°)cot(16°) =3

prove that 2" cos0

Vl_l’

cos (26) .Cos (40) .cos (89)....005 (2"_1 6) =-1
Prove that

. (Zn) . (4n) . (8n) J7
sin| — |+Ssmm| — |+Ssin| — |=—
7 7 7 2

Prove that

tan’ i +tan2(2—” +...+tan? 7—ﬂ)=35
16 16 16

10.

11.

12.

13.

14. If

15.

16.

17.

18.

19.
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Prove that, | tan’ (Ej + tan? (2—7[) + tan? (3_n)
7 7 7
x | cot? (Ej +cot? (2—7[) + cot? (3_7:) =105
7 7 7

Prove that, 3+ cot(76°) cot(16°) _ cot(44°)
cot(76°) + cot(16°)
If cosx+cosy+cosz=0, then prove

that cos (Bx) +cos (By) +cos (32) =12cosxcos ycosz

Prove that, tan® (gj —33tan? (g) +27tan? (gj =3

If cosA+cosB+cosC=0=sinA4+sinB+sinC
then prove that sin”> 4 + sin® B + sin® C

3
=cos’ A + cos’> B+ cos’ C= E

Let 4, B, Cbe three angles such that 4 = % and tan B.

tan C = p. Find all possible values of p such that 4, B,
C are three angles of a triangle.

tan34
=k, show that —
tan A sin 4

sin3A4 _ 2k and k
k-1

cannot lie between 1/3 and 3.

If 4 + B+ C = r, then prove that
cot A+ cot B+ cot C — cosec A cosec B cosec C

=cot A.cot B.cotC

1 Jx

(x2 +x+ 1)
then prove that o+ =y

x/x

If tanax =

tany =

3cos2fB -1

If or and S are acute angles and cos2o = s
3—cos2f

prove that tano: tan f=+/2:1.

If tan® g+£ = tan é+z h h
> a7 22 , then prove that

(3 +sin? a)sin o
sinf=——~-——

1+ 3sin’ o

) 1.
If sin B = 3Sin (20t + B), then prove that

tan(a+ﬂ)=%tana
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20. If sinx+siny=3(cosx—cosy) then prove that

21.

22.

23.

24.

25.

26. If

27.

28. If

29.

30.

31.

32.

sin(3x)+sin(3y)=0
If sec(p— ) ,sec, sec(@+ ) are in A.P

then prove that cos (go) =2 cos (%)

+ x—
y),tanz,tan(

then prove that cos(x)=cos(y )cos(2z)

If tan(x y) are in G.P

sec> 0 —tan @
sec” 0 +tan@
all real 6.

Prove that lies between 1/3 and 3 for

T
2" +1
2" cos(8)cos(26)cos (22 9)...cos (2”_1 9)

Ifg= , then find the value of

Find the value of
tan (6°) tan (42°) tan (66°) tan (780)

tan(a+fB—y) tany
tan(a—B+7) ~tanf
sin(B—7)=0 or sin20 +sin2f +sin2y =0.

, then prove that

If A+ B+ C =, then prove that

sin 4 sin B
cotA+——=cotB+———

sin BsinC sin AsinC

= cotC+$
sin Asin B
sin(6+ A) _[sin (24)
sin(0+ B)

~\lsin (2B) » then

prove that tan” @ = tan Atan B .

If cos(x— y)=—1, then prove that
cos x +cosy=0andsinx+siny=0.

If \/EcosAzcosB+cos3B and \/EsinA =sin B

— sin® B then prove that sin (4- B) ==

W | —

Prove that sin(9°)= (\/3+\/§—\/5—\/§)

1
4

2
Find the range of f (x)=sin 36 X

33.

34.

35.

6
Find the value of ) | sin (%_nj —icos (ﬂc_n)
k=1 7 7

where i = \/j

If cos@+cos@=a and sin@+sinp=>~

then find the value of tan (gj + tan (%)

If % = l , then find the value of
tanf —tan36 3
cot@

cot(6)—cot(30)

INTEGER TYPE QUESTIONS

1.

x y z

cos 6 cos(e — 2”) cos(@ + 2”)
3 3

then find the value of (x+y+z+4)

Find the numerical value of

If

9
.2 Tr
sin“| —
s 55)
. Ifs,lﬂzland cosx =§,where x,ye(O,z).
siny 2 cosy 2 2
2
then find the value of w.

5
If cos(x—y),cosx,cos(x+y) are in H.P such that

sec x.cos(%)‘ =m , then find the value of (m2 + 2) .

V3 2
If tan x + tan §+x + tan ?+x

=k tan3x, then find %.

Let f(@) =sin’ 6 + sin* (ZTE + 0] +sin’ (4{ + 9) .
Then find the value of 2 f (%) .

If m=+/3 cosec (20°) —sec(20°) and
n = sin (12°)sin (48°)sin (54°) where
m,n € N , then find the value

of (m+8n+2)_



8. Let tan (15°)and tan (300) are the roots of

x* + px+¢ =0, then find the value of

(2+q-p).
44
Y cos(n°)
9. Let x= ";41— , then find the value
Y sin(n°)
n=1

[x+3], where [,] = G.LF

10. Ifthe value of the expression sin(25°)sin(35°)sin(85°)
can be expressed as

Ja++/b

where a,b,c € N and are in their

lowest form, find the value of ( ¢ + 2)
a+b

17 kT
11. Let m=), cos(;) , then find the value of
k=1

(m2 +m+ 2) )
12. Ifthe expression tan(55°)tan(65°)tan(75°) simplifies
to cot (x°) and m is the numerical value of the expres-

sion tan (27°) + tan (18°) + tan (27°) tan (18°) ,thenfind
the value of (m+x+1).

LINK COMPREHENSION TYPE
(FOR JEE ADVANCED EXAM ONLY)

PASSAGE I

Increasing product with angles are in G. P

cosa.cos2a.cos2’a....cos2" o

sin2" o

—if e #nmw

2"sino

1 . /4

=— ifo=

2" 4 2" +1
T

2" -1

B

1
—-——ifa=
2"

where # is an integer.
On the basis of above information, answer the following
questions:

1. The value of cos(z—ﬂjcos[‘t—njcos(@j is
7 7 7

@@ -12 () 12 () /4  (d) 18
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6
2. Ifa= %, then the value of H(cos (r(x)) is

r=1

(a) 1/64
3. The value of sin K sin 3—” sin 5—” sin 7—”
14 14 14 14
(9 . (11 . (13m) .
sin| — |[sin| — |[sin| — | is
14 14 14

(b) —1/64 (c) 1/32 () -1/8

(@ 1 (b) 1/8 (c) 1/32 (d) 1/64.
4. The value of sin(i)sin(s—ﬂ)sin(ﬂ) is
18 18 18
(a) 1/16 (b) 1/8 (c) —1/8 (d) -1

5. The value of

ool (a2

is
(a) 8

PASSAGE 11

(b) 6

(c) 4 @) 1.

3 5 .
If cos (%) ,COS (777:) ,COS (TEJ are the roots of the equation

8x* —4x? —4x+1=0-

On the basis of the above information, answer the
following questions.

1. The value of sec(£]+sec(3—ﬂ)+sec(5—ﬂ) is
7 7 7
(a) 2 (b) 4 (c) 8 (d) None.
2. The value of sin(ljsin(ﬁjsin(s—ﬂ) is
14 14 14

f

7
(© T

3. The value of cos K cos 3—” cos 5—” is
14 14 14

(a) 1/4

(b) 1/8 (d g .

@@ 14 () 18 (o) g (d

|4

4. The equation whose roots are

tan? (Ej,tan2 (3—77: ,tan2 (5_7:) is
7 7 7

(@) x°=35x2+7x-21=0
(b) x*=35x+21x—=7=0
(¢) x*=35x2+35x-7=0
(d) x*-21x*+7x-35=0



72 Comprehensive Trigonometry with Challenging Problems & Solutions for Jee Main and Advanced

5. The value of

3 _ 3 _
Y {tan2 (Zr 1)7‘[} XY {cot2 (2r 1)%} is
r=1 r=1 7
(a) 15 (b) 105 (c) 21 (d) 147
PASSAGE III
Let x* + y* =1 for every x, y in R.
Then
1. The value of P = (3x—4x3)2 +(3y—4y3)2 is
(a) 2 (b) 1 (¢) 0 (d) -1
2. The minimum value of O =x% + )% is
(a1 (b) 172 (c) 1/4 (d) -1
3. The maximum value of R =x?+ »* is
(@ o0 (b) 1 (c) 12 (d) 3/4
PASSAGE IV

Consider the polynomial
P(x)=(x—c0s36°)(x — cos84°)(x — cos156°)
Then

1. The co-efficient of x? is

(@ 0 (b) 1
J5-1
(c) -112 d | —F—
2
2. The co-efficient of x is
(a) 372 (b) =372
(c) -3/4 (d 2
3. The constant term in P(x) is
J5-1 J5-1
@ |~5— (b) |~
J5+1 1
PASSAGE V
If asin x + bcos x = 1 such that a* + b* =1 for all a,b € (0,1)
Then
1. The value of sinx is
(@ a () b
(¢) alb (d) bla
2. The value of cosx is
(@ a (b) b
(c) alb (d) bla
3. The value of tanx is
(@ a () b
(c) alb (d) bla

PASSAGE VI

22
Let sec x+tanx=—

Then

n
, Where 0<x<5

X
1. The value of taﬂ(z) is

(a) 15/29 (b) 13725
(c) 14/29 (d) -15/29
2, The value of [1 — 1= cosx] is
1+cosx
(a) 15/29 (b) 14/29
() 0 (d) 12725
3. The value of (cosecx +cotx) is
(a) 29/14 (b) 15/28
(c) 29/15 (d) 15/29
MATCH MATRIX
1. Match the following columns:
Column I Column II
(A) If 6+(p=§,where gand ¢

are positive, then
(sin 6 + sin (p) sin (%)

is always less than

(P)

Q)
(B)

If sin@—singp =a and

cosf@+cosp=>b, then

R)
S

a? + b? can not exceed

(C) If 3sinf+5cos0=5,(6#0),

then the value

of 5sin@ —3cos0 is
2. Match the following columns:

Column I

(A) The value of
¢0s(20°).cos(40°).cos(80°) is

(B) The value of
¢0s(20°).cos(40°).cos(60°)
.cos(80°) is

(C) The value of
sin(20°).sin(40°).sin(80°) is

(D) The value of
sin(20°).sin(40°).sin(60°)

.sin(80°) is

(T)

ColumnII
(P) V318

(Q) /3716

(R) /3/32

(S) 1/16

(T) 1/8



3. Match the following columns:

Column I Column II

(A) If maximum and minimum
7+6tan O —tan’ 6

values of 5
1+tan“ @

P) A+u=2

For all real values of 9(7& %j

are A and U, respectively,

then Q A-u=6
(B) If maximum and minimum

values of

5c0s9+300s(9+§j+3

For all real values of 6 are R) A+u=6
Aand u resp., then (S)

(C) If maximum and minimum
values of

1+sin(£+9)+2005(£—9)
4 4

For all real values of 6 are

A resp., then (T) A-u=14

4. Match the following columns:

Column I Column II
In a triangle ABC
(A) sin 24 +sin 2B +sin 2C is
(P) 4sind.sinB
.sin C
(B) cos2A4 +cos 2B+ cos2Cis
(Q) -1—4cos4
.cos B.cos C
(©) sin®> A+sin®> B+sin’C s
(R) 2+2cos 4
.cos B.cos C
(D) cos? 4+ cos®> B+cos® C is
(S) 1-2cos4
.cosB.cosC

5. Match the following columns:

Column I ColumnIl
(A) The value of (P) 1/8

cos* r +cos* 3 +cos* oz

8 8 8
+cos? (zj
8

is Q) 32
(B) The value of sin(12°).sin(48°).sin(54°)

is (R) 372

(C) The value of
sin(6°).sin(42°).sin(66°).sin(78°)
is (S) 1/16
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(D) The value of
tan(6°).tan(42°).tan(66°).tan(78°)

is

6. Match the following columns:

Column I

(T) 1

ColumnlII

If A+B= % , then the value of (1+tan 4)(1+ tan B)

is 2
(A) The value of P) 2
(1+ tan21°).(1+ tan 22°).(1 + tan 23°)
.(1 + tan 24°) is
Q) 4
(B) The value of R) 8
(1+ tan 2058°).(1 - tan 2013°)
is
(C) The value of S) -8

(H(g)j(u(gjj i

(D) The value of

tan (40°) + 2tan (10°) is
(C) The value of

(1+ tan 235°).(1— tan190°). (T) 4
is
. Match the following columns:
Column I Column II
(A) The value of P) 3
2tan(50°)+ tan (20°) is
(B) The value of Q) 5

(R) tan(70°)

tan(20°).tan(40°).tan(60°). tan(80°)

is

(D) If3sinx+4cosx=35,
then the value of
2 sin x + cos x + 4 tan x 1S

. Match the following columns:

(S) tan(50°)

Column I Column II
(A) The minimum value of P 1
2sin? @ +3cos’ 0 is
(B) The maximum value of Q) 3/4
sin® @ +cos* 0 is
(C) The least value of R) 2
sin* @ +cos” 0 is
(D) The greatest value of S) 4
sin?*!* 0 +c0s?°'° 9 is
. Match the following columns:
Column I Column II
If or and B are the solutions of
acos@+bsinf =c, then
A -b?
(A) the value of sina +sinf3 is P) Ry
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(B) the value of sino.sin f is Q) %
a”+b
A -d?
(C) the value of cosax+cosf3 is  (R) 3
a +b
(D) the value of cosa.cosf is (S) %
a +b
10. Match the following columns:
Column I ColumnlI
(A) The value of P) 0
cos(12°) + cos(84°) + cos(156°)
+ cos(132°)
is Q 1
(B) The value of R) 2
2tan i +3S€C(£ —4cos 1)
10 10 10
is
(C) The value of S) -12
V3 cot(20°) — 4cos(20°) is
(D) The value of () -1

tan(20°) + 2 tan(50°) — tan(70°)
is

ASSERTION & REASON
CODES

(A) Both 4 and R are individually true and R is the
correct explanation of 4.

(B) Both 4 and R are individually true and R is not
the correct explanation of 4.

(C) A is true but R is false.

(D) A4 is false but R is true.

1. Assertion (4):sin6 = x + 1 is impossible if x € R — {0}.
X
Reason (R): AM >G.M
(a) 4 (b) B (c) C (d D

2. Assertion (A4): A is an obtuse angle in A4BC , then
tan B . tan C> 1

Reason (R): In ABC , tan 4 = 0B +1anc
tan BtanC —1
(@) 4 ®B  (©C @D

3. Assertion (4): sin(z—n) +sin (4—7[) +sin (6—7[) = 1
7 7 7 2

Reason (R): cos (2—ﬂ) +isin (2—7[) is complex 7™ root
of unity. 7 7
(a) 4 (b) B (c) C (d D

4.

Assertion (4): tano + 2 tan (2¢)
+4tan (4a)+8tan (8cr) —16cot(16a) = cotax

Reason (R): cotor—tano = 2cot2a
(a) 4 (b) B (c) C (d D
Assertion (A4):

2 2 T 2 ar
COS™ O + coS OH—; + cos OC+T

21 ar
= 3cosa cos 05+T cos a+T

Reason (R): If a+b+c=0,then a® +b° + ¢ =3abe
(a) 4 (b) B (c) C (d D
Assertion (4): tan(56)— tan(360)— tan (6)

= tan (59).tan (39) .tan (0)

Reason (R): If x =y + z, then

tanx—tany—tanz=tanx. tany . tan z

(a) 4 (b) B ) C (d) D

. Assertion (4): The maximum value of sin @ + cos 0 is 2

Reason (R): The maximum value of
sin@ is 1 and that of cos@ is also 1.
(a) 4 (b) B (c) C (d) D

Assertion (A4): The maximum value of Hcos(oc[)
under the restriction =1

. |1
0<o,0,,05,..,0, SE 18 /2
Reason (R): []cot (O‘i)zl
i=1
(a) 4 (b) B (c) C (d D

Assertion (4): If A + B + C = &, then the maximum
value of
tan A. tan B . tan C is 3,/3

Reason (R): AM=G.M

(a) 4 (b) B (c) C (d) D
2 4xy
10. Assertion (4): se¢” 0= +—)2 is positive for all real
y
values of x and y only when x =y
Reason (R): sec’ 0 >1.
(a) 4 (b) B (c) C (d D
(QUESTIONS ASKED IN
PAST IIT-JEE EXAMS)
1. Prove that:

sinxsinysin(x— y)+ sinysinzsin(y - z)
+ sinz sinxsin(z—x)
+ sin(x— y)sin(y— z)sin(z -x)=0
[LIT-JEE — 1978]



10.
11.

12.

If cos(a+ﬂ)=%, sin(a—ﬂ)z% and o, f3 lie

between 0 and % , find tan2cx.
[IIT-JEE — 1979]

. Given A=sin’?60+cos*0 for all values of 6, then

() 1<A4<2
(c) 13/6<4<1

(b) 3/4<4<1

(d) 3/4<4<13/6.
[IIT-JEE — 1980]

1—cosB

sin B

Iftan 4 =

,then tan 24 =tan B. Is it true/false?
[IIT-JEE — 1980]

n
. Suppose sin® xsin3x= Y C,, cos(m x) is an identity

m=0
inx, when C,,C,, ,C, areconstantsand C, # 0

[IIT-JEE — 1981]

the value of n="....
Without using the tables, prove that

1
sin12°sin 54°sin 48° = re [IIT-JEE — 1982]

. If oo+ B+y =m, then prove that,

sin® o +sin” B —sin’ y = 2sinar .sin B .siny
[IIT-JEE — 1983]
Prove that

(271 41 8 lén)
16cos| — |cos| — [cos| — [cos| — | =
15 15 15 15

[IIT-JEE — 1983]

. The value of

(O e
(L3 P

b4
b z
(b) cos8

1+ \/5

d .
@ 22

[IIT-JEE — 1984]

(@) 12 (c) 1/8

No questions asked in 1985.
The expression

3[sin4 (37” - oc) +sin* (37 + a)}
- 2[sin6 (% + oc) +sin® (57 — a)} is equal to

(a) 0
(c) 3

(b) 1

(d) sin4o+coso .
[IIT-JEE — 1986]

No questions asked in 1987.

13.

14.

15.
16.

17.

18.

19.

20.

21.
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The value of the expression J3 cosec(20°) —sec(20°)
is equal to

2sin 20°
a) 2 b
(@) ®) sin 40°

4sin 20°
c) 4 d .
© @ sin 40°

[IIT-JEE — 1988]

Prove that:

tano +2tan 20 + 4 tan 4o +8cot 8 = cot o .
[IIT-JEE — 1988]
No questions asked in between 1989 — 1990.

Find the value of

. (nj (371) . (5717). (771)
sin| — (Sin| — |Ssin| — |S1n| —
14 14 14 14
. (9%) . (lln) i (13717)
sin| — [sin| —= [sin| —
14 14 14
[IIT-JEE — 1991]

If f(x)=cos [ﬂz}c +cos [—nz}x , where
[,] = G.LF, then

(@) f(%j ~1

© f(-m)=0

(b) f(m)=1

@ f@ﬂ

[IIT-JEE-1991]
Match the following columns:

Column I Column II

(w_n M_n)
48 ° 48

147 187
(B) (——)
48 7 48

(w_n B_n)
48 ° 48

%)

[IIT-JEE — 1992]

Iszsin(l)sin(s—” sin 7—”),then
18 18 18

the numerical value of k is...

(i) Positive (A)

(i1) Negative
©)

(D)

[MIT-JEE — 1993]

If4>0,B>0and A+B=£, then the maximum
value of tan 4 tan B is ......
[IIT-JEE — 1993]

Let o<x< % , then (sec2x —tan2x) equals
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22.

23.

24.

25

26.

27.

28

(a) tan(x - %)

(c) tan (% + x)

(b) tan(% - x]
(d) tan? (% + x)

[LIT-JEE — 1994]
The value of the expression
3(sinx —cos x)* + 6(sin x + cos x)* + 4(sin’ x + cos® x) is
(a 11 (b) 12 (c) 13 (d) 14
[LIT-JEE — 1995]
The minimum value of the expression
sino +sin B +siny , where o, 8,y are real numbers

satisfying o+ B+y=m is
() 0
(d) -3.
[IIT-JEE — 1995]

(a) positive
(c) negative

sec? 6 = Lyz is true if and only if
(x+y)
(a) x+y=0 ®) x=y,x#0
(c) x=y (d x#0,y=0.
[IIT-JEE — 1996]
The graph of the function cos x cos(x +2) — cos? x—1)is

(a) a straight line passing through (0, — sin’ 1) with
slope 2.

(b) a straigh line passing through (0, 0)

(c) a parabola with vertex (1, — sin’ 1)

(d) a straight line passing through the point

%,— sin’ 1) and parallel to x-axis.
[IIT-JEE-1997]
Which of the following numbers is/are rational?
(a) sinl5° (b) cosl15°
(c) sinl5°cosl5° (d) sinl5°cos75°
[LIT-JEE-1998]
For a positive integer n, let

/£, (0)= tan(g)(l +secH)(1+sec20)......

(1+sec40)........ (1 +sec 2”6) , then

n n

() f2(ﬁj=1 (b) fs(g]ﬂ
n n

(© f4(aj= (d) '}(5(_128):1

[OT-JEE-1998]
Let f(6)=sin0(sin6+sin30), then f(6)
(a) 20 when 620
(b) <0 forallreal 20
(¢) <0 forallreal 6<0

29.

30.
31.

32.

33

34.

35.

(d) <£0 only when 6<0

[IIT-JEE-2000]
The maximum value of cos¢;.cos ¢, ......cos ¢, under
the restriction

1 1
(a) 2n/2 (b) 2_,,
1
(© o (d 1

[TIIT-JEE-2001]
No questions asked in 2002.

If a+ﬁ=§ and o=+, then tan o is

(a) 2(tanfB+tany)
(c) (tanB+2tany)

(b) tanfB+tany
(d) 2tanfB+tany
[IIT-JEE - 2003]

If ae (O,%) , then the expression

2 tanzoc
X" +x+

y= is always greater
X" +x

than or equal to

(a) 2tana (b) 2

(©) 1 (d) sec’ o

[IIT-JEE-2003]

Given that both Oand ¢ are acute angles and sin 6 = % ,

cos @ =% , then the value of (6 +¢) belongs to the

w2
o (55

T T
a) | —,—

@ (2.2)

2w 5S¢ S

—_—,— d) |—.,7
© (2.2 @ (]

[IT-JEE —2004]

Find the range of values of ¢ for which

1—2x+5x2 (_E Ej
32 —2x—1 2°2

interval

2sint =
[IIT-JEE —2005]

cos(a— fB)=1and cos(a+ ) = 1 , Where
e

a,B e[-m,7]. Values of o, B which satisfy the
equations is/are
(@ 0 (b) 1

(c) 2 (d) 4.

[IIT-JEE — 2005]



36. Let O (0,%) and 1, = (tan0)™" , 1, = (tan )™ °

ty = (cot0)™? , 1, = (cot6)™ ?, then

@ {>t,>t>1 b) ty>t>14 >,

(©) L>4>5>1t d) t,>>4 >t
[LIT-JEE —2006]

. 4 4
37 If St X COS x:l,then
2 3 5

(b) sin® x cossx_ 1

8 27 125

(@) tan’x= 2
3 125

-8 8
© SIS @ antx—g

[LIT-JEE - 2009]
38 The maximum value of the expression
1

i
sin’ @ + 3sin O cos O + Scos> O

[ITT-JEE-2010]
39. Let p= {9 :sin@ —cos O = \/Ecose} and

Q={9:sin9+cos@=\/§Sin9} be two sets.Then
(&) PcQ and Q—P#¢
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(b) QzP
() PzQ
(d P=Q [IIT-JEE - 2011]
40. The positive integral value of n > 3 satisfying the
equation
1 1 1 .
= + | I
. (n) . (275) . (37r)
sin| —| sin| — | sin|—
n n n [IIT-JEE - 2011]
41. Let f:(=1,1) > R besuchthat f(cos48)= _2
2—sec’

for 6 e O,E U E,E . Then the values
4 4° 2

of f(%) is /are

(@ 1- /E
2

2

d /_

d 1+ 3

2
[IIT-JEE - 2012]

42. No questions asked in between 2013 to 2015.

(b) 1+\ﬁ
2

ANSWERS
EXERCISE 1 EXERCISE 2
L5 10. 3/5.
S em 11. 5/13.
2. —22” om. EXERCISE 3
3.5:4 4. \3
4. 70 meters 5. -1
5. 3247.62 kms. 6. 1
6. 81°,9° 1
9. 9—
7. L 4% 3% 2T 2
379797 3
10. 8
g L I % 1. 5
973’ 9 1
12. 5—
9. 61 2
10 2217 m. 15 9212007 2400
11. No. of sides = 9.
12. 72 5
13. 1080 ft 16. 9‘?
14. 14.32 miles 21. 0
15 AT 22. -1
3 23. 0
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EXERCISE 4 8. [-15]
1. 6 9. 9
2. 10 10 Max V=1, Min V= 1/2
3.20 11. Max V=1, Min V= 1/4
4. 5 12. Min V' =27/2, Max V is not defined
5. 10 13. Min V=2, Max value is not defined
5 5
EXERCISE 6 14. Max V= —>—  Min V' =
6 1 2+4/10 2-410
P 15. Max V=1, Min ¥/ = 3/4
U 16. Max V=1, Min V' = 3/4
b* +d* 2
17. Min V= (a+b)
| L 18. Min V=4
-y ) 19 Min V=8
20 Min V'=27.
20. 1
21. 7. EXERCISE 9
15. 11
18. 5/12 17. 10
2¢ 19. 1/4
19 172 25. 2
4r
21 0 26. xz?
22. 1/8 Level 1
eve
23. 12 13
34. 3 {
2. | =1
35. 11. [4 }
EXERCISE 8 1 1
. . 3. — |g+—
1. (1) Max V=10, Min V=0 2 q
(i) Max V=15, Min V=5 4.1
(iii)) Max V=7,Min V' =1 5. x
(iv) Max V=7, Min V=2 6. 1
7.0
(v) Max V'=+/2,Min V= -2 g 4
(vi) Max V= +/2, Min V' =—2 9. cot o
(vii)) Max V' =sin 1, Min V' = —sinl i(l) i
(viii) Max V'=cos 1, Min V=0 I3
(ix) Max V= 2, Min V' =—2 12. [Z’l}
(x) Max V"= ~/2 —sinl, Min V"= —/2 +sin1 13. @) 3,13 (ii) —4, 10
2. Max V=8, Min V'=-2 14. P\2-p*
4. Max V= 4++/10, Min V= 4-10 15. 4
5 Max V=4, Min V=2 16. 1
6 Least V=10 18. + (@*+b* = c?)
7. 13:12 19. 0
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1
32. R, ={0,—
r=[o5]

33. i

4p
34, | —
(a2 +2a+b2)

20. 2tan 50°

21. b

22. 4

23. 3

24. 4

s L (42

2\y x
2ac

27, =

7 az—cz

28, (i) -2 T —

cta cta
b* —a®

Calye )
Level 11

1. (b) 2. (b) 3. (b) 4. (b)
5. (d) 6. (c) 7. () 8. (a,b)
9. (d) 10. (a,b,d) 11. (a,c)  12. (a,c,d)
13. (c) 14. (c) 15. (b) 16. (b)
17. (a) 18. (b) 19. (c) 20. (d)
21. (b,c)  22. (¢ 23. (b) 24. (c)
25. (a) 26. (b) 27. (c) 28. (a)
29. (b) 30. (a) 31. (c) 32. (c)
33. (d) 34. (d) 35. (d) 36. (b)
37. (a) 38. (a) 39. (b) 40. (b)
41. (a) 42. (d) 43. (a,b,c) 44. (d)
45. (d)
Level 111

13. pe(—o0,3-22] U[3+2V2,0).

16. qx3 —px2 +(1+q)x—p=0

HINTS AND SOLUTIONS

LEVELIII

1.

We have, tan x
= tan (2x - x)
tan 2x — tan x

- 1+ tan xtan 2x
tan x(1+ tan x tan 2x) = tan 2x — tan x
(1+ tan x tan 2x) = cot x(tan 2x — tan x)
tan x tan 2x = cot x (tan 2x —tan x) -1
Similarly,
tan 2x tan 3x = cot x (tan 3x — tan 2x)

-1
tan3xtan4x = cotx(tan 4x — tan 3x) -1

35. 23
Integer Type Questions
1. 4 2.5 3.3 4. 4
5.3 6. 3 7.7 8 3
9.5 10. 4 11. 2 12. 7
Comprehensive Link Passages
P-I: I.(d 2.(@ 3.(d 4.(d) 5.(0)
P-1I: I.(b) 2.(b) 3.(d 4.(c) 5.(b
P-IIl: 1.(b) 2.(c) 3.(b)
P-IV: 1.(a) 2.(c) 2.(b)
P-V: l.a) 2.(b) 3.(c)
P-VI: 1.(a 2.(b) 3.(c)
(Match Matrix)
1. (A) > (P,QR,S,T): (B) = (S, T); (C) > (R)
2. A)>T,(B)—»S;(C)—=P; (D)= Q
3. (A)= R, S5);(B) = R, T); (C) = (P, Q)
4. (A)->P;B)->Q;(C)—=R,(D)—>S
5. (A) = (R); (B) = (P); (C) = (S), (D) = (T)
6. (A) = (Q); (B) = (P); (C) = (P), (D) — (P)
7. (A) = (R); (B) = (5); (C) = (P), (D) = (Q)
8. (A) = (R); (B) = (P); (C) = (Q); (D) = (P)
9. (A) = (S); (B) = (R); (C) = (Q), (D) = (P)
10. (A) = (S); (B) = (P); (C) = (Q), (D) = (P)
Assertion and Reason
1. (a) 2. (d) 3. (d 4. (a)
5. (a) 6. (a) 7. (d) 8. (a)
9. (a) 10. (a)

tannxtan(n+1)x= cotx(tan (n+1)x—tan nx) -1
Hence, the required sum is
- cotx(tan(n +1)x— tanx)— n
. cotx(tan (n+ l)x) —(n+1)
2. Prove that,

cosec x+cosec2 x+ cosecd x +....ton terms

= cot (gj —cot (2"7l x) .

We have,

cosec x+cosec2 x+ cosecd x +....ton terms
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1 sin(x/2)

sin x.sin (x / 2)

cosecx=——=
sin x

3]
sSm| x——
2

sinx.sin(x/2)

sinxcos(x/2)—cosxsin(x/2)

sinx.sin (x/2)

cot(x/2)—cotx
=cot(x) - cot(2x)
ot(2x)— cot (4x)

Similarly, cosec(2x)

cosec(4x) =

cosec (2"—1 x) =cot (2”_2 x) —cot (2”_1 x)
Adding all, we get,

cosec x +cosec2 x+ cosecd x+....ton terms

= cot(%) —cot (2”71 x)

+
3. Now, cot(4)cos(B)- :M

sin Asin B
cos(60°)

sin (16°)sin(44°)
cos(120°)

sin (76°)sin(44°)
cos(60°)

sin (76°)sin(16°)

So, cot(16°)cot(44°) —1=
cot(76°)cot(44°) —1=

cot(76°)cot(16°) —1=

Now, LHS

_ cos(60°) cos(120°) cos(60°)

sin (16°)sin(44°) sin(76°)sin(44°) sin(76°)sin(16°)
_ ¢0s(60°)sin (76°) + cos(120°)sin (16°) — cos(60°) sin (44°)
sin (16°)sin(44°)sin (76°)
1 sin (76°) — sin (16°) —sin (44°)
2| sin(16°)sin(44°)sin (76°)

[ (sin (76°) — sin (16°)) — sin (44°)
sin (16°)sin(44°)sin (76°)

N | =
r

[ 25in(30°) — cos (46°) — sin (44°)
sin (16°)sin(44°)sin (76°)

— N | —
r

[ cos(46°) —sin (44°)
2| sin (16°)sin(44°)sin (76°)

1 cos (46°) — cos (44°)
"2 [ sin (16°)sin(44°)sin (760)}
=0
Hence, the result.
5. As we know that

cosO.cos (29).005 (22 9)005 (23 9)...005 (2”_1 9)
sin (2" 0)
2"sin(0)

sin(7 +6)
2"sin(0)

B sin(Q)
2" sin(9)
1

o
Hence, the value of

2" cos6.cos(26).cos (22 9)cos (239)...005 (2"—l 9)

=—1.
6. Let y= sin(z—n)+sin(4—n)+sin(8—nj
7 7 7
2
2 . (Zﬂ) ) (47:) ) (87:)
y° =|sin| — [+sin| — |+sin| —
7 7 7
= sin’ (2—7[) +sin? (4—ﬂ) +sin? (S—E)
7 7 7
[sn(3Jon( 5 Jrsn( 5 i s o)
+ 2| sin| — |[sin| — [+ sin| — |sin| — [+ sin sin
7 7 7 7 7 7

=y +, (say)

) ()
(il ot)

Il I
N | — l\)|>—
w o
I “.
o ’.3

S
% h
’ MRS EE
N—
~ +
| [\S]
w2
8 5
w
VR Ve N
\1|§ \1'\)
N—— N— — /
|
(@]
o
w2
7 N\
\1|§]°

Il

|

W

|

o

8

w2
7N\
\1|§f
N—

|

o

8

w
7N\
\1|§



Il
N | =
—

w

|

o

@]

w2
TN

E
N—

+

(]

@]

v
TN
<&
~
+
o
@]

w
|
N—
[—

Now, y,

_ . (2r) . (4« ) 471') . (8n (2n) . (8%
= 2| sin| — [sin| — [+ sin| — [sin| — [+ sin| — |sin| —
7 7 7 7 7 7

|
1

o

3

w
7\
\1|N
N—

|

o

S

w2
7 N\
\1|§
Ne—

+

o

3

w2

(7)ol

=0
Thus, y* = [sin2 (Z—EJ +sin? (4—7[) +sin? (8—)}
7 7
= 2 :%
= y2 :%

Hence, the value of

sin (2—ﬂj + sin(4—ﬂj + sin(g—ﬂ) is ﬁ
7 7 7 2

7. We have

() (35 e (58]

= tan”| — |+tan" | — |+....+tan" | —

16 16 16

= tan2(£)+tan2(7—ﬂj + tan2 2—ﬂ)+tan2(6—ﬂ)
16 16 16 16

16

+
I/
8
=

[ ]
/
—
Nk
NG

+
8
=

[ ]
I/
— |
=3
~_  —
Na—

+
A/

—

oo

=

[ ]
—

|-l>

S
~
Na—

+
VR
s
=

3%
VR
e

> |
N—
+

(@)

o

-+

[3%)
N\
—_—
NE
N
N——
+
VR
-+

o

=

3%
VR
&
N
N——
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(ﬂ (717 2 27rj 2\
= | tan| — |+cot| — || +]| tan| — |+ cot| —
16 16 16 16
T T 2
+ tan(—)+cot(—) -2-2-2+1
16 16

2 2

1 1

= +
. T T . T T
Sm| — (COS| — Sm| — [COS| —

(e)e(ie)) (onlie)e(%)

_ 3243=35
8 Letg="
7

40=r-36
tan (40) = tan (7 — 30)



82 Comprehensive Trigonometry with Challenging Problems & Solutions for Jee Main and Advanced

tan (49) =—tan (30)

4tan6 —4tan’ 0
1-6tan® 0 + tan* @

__3tan9—tan39
1-3tan’ 0

4x —4x° 3

l—6x2 +x*  1-3x2

On simplification, we get,

3x—x

=21t +35x2-7=0

Y =21y* +35y-7=0,y=x" =tan’ @

Let its roots are tan” @, tan” (26),tan* (36)

Thus, tan® 6+ tan> (20)+ tan’ (39)=21

tan’ z +tan? z—ﬂ)+tan2(3—” =21
7 7 7

Replacing y by 1/y in (i), we get,

—7y* +35y* =21y +1=0
3 2 _
7y° =35y +21y—-1=0
Let its roots are cot” (8),cot (26),cot* (36)

Thus, cot’ (6)+ cot’ (20)+ cot’ (30)= 375 =5

cot? (%)4‘ cot? (27”)+ cot? (3777:) =5

Hence, the value of

(2o ()
oot (F oo (3 Joco ()

=35%3=105.
3+ cot(76°) cot(16°)
cot(76°) + cot(16°)

9. We have

_ 2+1+c0t(76°)cot(16°)
cot(76°) + cot(16°)

N c0s(76°)cos(16°)

sin(76°)sin(16°)
cos(76°) N cos(16°)
sin(76°)  sin(16°)

2(sin(76°)sin(16°)) + cos(76° —16°)
cos(76°)sin(16°) + sin(76°) cos(16°)

2 (sin(76°) sin(16°)) + cos(76° — 16°)
sin(76° +16°)

2(sin(76°)sin(16°)) + cos(60°)
sin(92°)

c0s(60°) — c0s(92°) + cos(60°)
sin(92°)

1 1
—= 92°)+—
5 c0s(92°) >
sin(92°)
1—c0s(92°)
sin(92°)
2sin” (46°)
2sin(46°) cos(46°)
= tan(46°)
= cot(44°)

10. Let a=cosx,b=cosy, c=cosz

S0, a+b+c=0
then o’ +b° +¢* =3abc
Now, cos(3x)+cos(3y)+cos(3z)-
= 4(cos3 x + cos’ y+ cos® z) - 3(cosx +cosy+ cosz)
= 4(cos3 x + cos® y+ cos’ z)
= 4.3cosxcos ycosz

=12 cos x cosy cos z

1. Let ="
9
= 30=Z
3
= tan (360) = tan(%j =3
.3
- 3tan @ — tan 0:\/5

1-3tan’ 0



=

12.

13.

= (3 tan 6 — tan’ 0)2 = 3(1 —3tan? 9)2
9tan’ 0 — 6tan* 6 + tan® 6 = 3(1 —6tan” 0 + tan” 0)

= tan® @ —9tan* 0 +27tan’ 6 =3
Hence, the result.

Let a=cosA+isinA,b=cosB+isinB,
c=cosC+isinC

Clearly,a+b+c=0

1

Also, l+l+—
a b c

= (cos A —sin A)+(cos B—sin B)
+(cosC—sinC) =0

Now, (a+b+c)2 =0

= a2+b2+cz+2(ab+bc+ca)=0
2,52, 2 11 1
= a“+b"+c" +2abc| —+—+—-|=0
a c
= a?+b>+c2 =0
= (cosA +isin A)2 + (cosB +isinB)2

+(cos C + isinC)2 =0
= (cos24+isin24)+(cos2B +isin2B)
+(cos2C +isin2C) =0

= (cos 2A+cos2B+cos 2C)

+i(sin2A+sin2B+sin2C)=0

= (cos2A+cos2B+cos2C)=O
and (sin24+sin2B+sin2C)=0
= (cos2A4+cos2B+¢c0s2C)=0
= 2cos> A—1+2cos’ B—1+2cos’C—1=0
= coszA+coszB+cos2C=§

.2 ) ) 3
= 1-sin“ A+1-sin“ B+1—sin C:E
= sin2A+sinzB+sin2C=3—%=%

Hence, the result.
Given A= T
4

:>B+C=7r—£=3—7r
4 4

14.
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Now, p=tanBtanC

tan B tan (377[ - Bj

tan B —l—tanB
1-tan B

—tan B —tan> B
l1-tan B

= tan’B+(1-p)tanB+p=0

since angles are real, so D >0

-  (1-p)-4p>0
=  p'-6p+120
= (p-3Y-820

U

(p-3+2v2)(p-3-2v2)20

= p<3-2V2,p23+2\2

Given k = tan34
tan A
- k_lztan3A_1=tan3A—tanA
tan 4 tan 4
in(2A4
- P sin ( )
cos3A4sin A
- k_1=2COSA
cos34
2k 2tan3A4 cos3A4
Now, = .
k-1 tanA 2cos A
2k  sin34
k-1 sind
sin34 2k
sind k-1
. .3
Also, 3s1nA' 4sin A= 2k
sin A k-1
= 3_asin A=K
k-1
= asinA=3- 2K k=3
k-1 k-1
k-3
)
sin“ 4=
= a(k-1)
k-3
learly, 0<———<1
Clearly, 4(k-1)

On simplification, we get,
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2 2
kslandk23 - 1-tan"o _1-2tan B
3 l+tan’ ¢ 1+2tan’ B
15. Now, cos(A4+B+C)=cos(r)=-1 5 )
= cos Acos BeosC[1—tan Atan B = —2tan2(x:—4tan2ﬁ
—tan BtanC —tan C'tan 4] = —1 | |
= =
= cos Acos BcosC +1=cos Asin B sinC —tan’ o —2tan2[3
+cosBsinC sin A+cosCsin 4 sin B N tan2a=2tan2ﬁ
Dividing both sides by sinA4 sinB sinC, we get, 5
cosecA cosecB cosec C + cot Acot BeotC = tan2 o =2
= cot A+ cotB +cotC tan”
= cot A+ cot B +cot C—cosec A cosec Bcosec C N tan o _ \/5 _ Q
= cot Acot BcotC tan 8 1
Hence, the result. Hence, the result.
16. Now, tan(a+ﬁ) 18. Now, tan(£+a)= I+tanx _ coso+sin o
l-tanox coso—sino
_ tan o + tan 3
1—tan o tan 1+sin(2¢
ﬁ tan2 (E'f'aj:l—(z)
! . Jx —sin(20)
2 2
\/x(x +x+1) \/(x +x+1) So, tan’ YL T tan E+E
= ] 2 4 2 4
1_7
X +x+l (1+sina)’  1+sinp

= (l—sinOt)3 1-sin

(1+x)(x2 +x+1)

(x RYE (x2 et 1) Applying componendo and dividendo, we get,
2sin 8 2(3sinoc+sin3 a)
= [ +x+1) = tann 2 21+3sina)
3sino+sin’ o
X\/; Sil’lﬂ — ( — )
Thus, a+ B =7y (1+3s1n a)
17. We have, cos2a = 3cos2f-1 Hence, the result.
3—cos2f 1
19. Given, sin 8 =—sin(2a + )
3 1-tan’ 8 1 5
1-tan’ ot 1+tan’ B . sinf 1
= = —_— ==
1+tan’ & 3 (l—tanzﬁ] sin(2o0+ ) 5
1+tan” B sinf+sin(2e+B) 1+5
= ] ] =
—tan’ 3—3tan’ B—1—tan’ B sinf—sin(2a+f) 1-5
:> =
l+tan’ @ 3+3tan’ B—1+tan’ B . 2sin(or+ B)cos(ar) 3
l—tan’0  2—4tan’ B 2cos(a+ fB)sin(-a) 2
N _

2., 2 3
l+tan“ o 2+4tan” f3 = tan(a+[3)cotoc=5




= tan(a+ﬂ)=%tanoc

20. Given, sinx+siny =3(cosx—cosy)

21.

= 3cosx+sinx=3cosy—siny

Put 3=rcosa ,I=rsinx
= r=\/ﬁandtana=§

Now, 3cosx+sinx=3cosy—siny
reos(x—a)=rcos(y+o)
cos(x—a)=cos(y+a)
(x—0)=% (y+a)

x=—y,x=y+2x

3x=-3y
sin (3x) =sin (—3y)
sin(3x) = —sin (3y)

L L e e A

sin(3x)+sin(3y)=0

Hence, the result.

Given sec((p - Ot) ,SecoQ, sec((p+a) are in A.P

= 2sec<p=sec((p—a)+sec((p+a)

2 1 1

x =—y satiesfies the given equation

- cosgo:cos((p—a)+cos((p+a)

2 cos(@+a)+cos(p—a)

= cosp  cos(p—a)cos(p+ )
1 cos(Qcoso
= T2 )
cos¢  cos”(¢)—sin” ()
= cos’ (p)- sin? ()= cos® pcos o
= cos? ((p)(l —cos a) = sin’ (a)
)

2, \_ sin (@)
= cos” (9) = (1-cosa)

2, 4sin®(a/2)cos’ (er/2)
= os” (¢) 2sin? (e /2)

= cos’ (p)= 2cos” (o0 / 2)

= cos(¢) = V2 cos (a/2)

Hence, the result.

22. Given tan(

23.

=

=

The Ratios and Identities

y] are in G.P
2

x+y),tanz,tan(x_

2

t.an2 z= tan(x+y)tan(x_y)
2 2

sin’ (;) —sin? (;)
tan2 z=
cos’ (x) —sin? (y)
2 2
tan? 7 = COS Yy —COSX
cos y+cosx

2
tan“z CcoSy—cosx

1 COS y +Ccos x
1 cosy+cosx
tan’z coOsy—cosx

Applying componendo and dividendo, we get,

Let y

=

=

1—tan®z _2cosx

l+tanz 2cosy

COS x

cos (22) = cosy

COS X = COS ) COS (22)

_ sec’ 0 —tan®
sec’ 0+ tan 6

_ tan’ @ — tan 0 +1

y_tan29+tan0+1

X2 —x+1
=2—,x=tan0
x“+x+1

_xz—x+1

y_
W +x+1

(xz +x+1)y:(x2—x+l)

(y—l)x2 +(y+D)x+(y-1)=0

For all real 6, D=0

=

(y+1)° =4(y=1) 20
y+1’ - (2y-2)20
y+1+2y-2)(y+1-2y+2)20
3y—1)(-y+3)=0

85
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= (By-1)(y-3)<0 sin(2a) sm(ﬁ+7/)
N lgygj, sin2(f - )/) s1n(ﬁ j/)
3 sin (2cx) __sin( +7)
. lg[secie—taner3 2sin(B~vy)cos(B~7v) sin(B-7)
3 \sec”6+tan6 sin(B—y)[ sin(2a)+2cos(B—y)sin(B+7)]=0

24. As we know that

sin(B—7v)|sin(2a)+sin(2f)+sin(2y)|=0
cos6.cos(20).cos (22 9)cos (23 9)...cos (2”_1 9) ( [ ) :I

sin(fB—7)=0 I:sm 2a)+sm(2ﬁ)+sm(2y):|:0

_ sin (2n 9) Hence, the result.
2" sin (60 i
s1n( ) 27. Now, cot 4+ _sma 4
sin(n’—@) sin BsinC
B 2" sin (0 i —(B+C
sin(@) sin BsinC
2"sin(0) — cotds M (B + C)
. sin BsinC
= 2_}1 _ cotA_'_sinBcosC+cosBsinC
sin BsinC

Hence, the value of
2" cos6.cos(20).cos (22 9)cos (239)...005 (2”71 0)
=1.

sinBcosC cosBsinC

cotA+

+
sinBsinC sinBsinC

cosBsinC sinBcosC

25. We have, tan(6°)tan(42°)tan(66°) tan(78°) = cotAd+ sin BsinC + SinBsinC
= {tan(6°)tan(66°)} {tan(42°) tan(78°)} — cot A+ cot B +cotC
- m{tan(sm) tan(6°) tan(66°) } Hence, the result.
an an
_ sin (6 + A) _[sin (ZA)
x{tan(42°) tan(18°) tan(78°)} | 28. Given, (6+B) “\sin (2B)
_ M sin@cos A+cos@sin A [sin Acos 4
tan(54°) tan(18%) = sinfcosB+cosOsin B sin Bcos B
=1.

26. As we know that - tan 6 cos 4 +sin 4 _ /sinAcosA
e sin(AiB) tanOcosB +sin B sin Bcos B
anAttanB=——"—"—=

cos Acos B = tan@(cos A+Jsin Bcos B —cos B sinAcosA)
0 tan(a +B- }/) = tany = (sinB sin Acos A —sin A4 sinBcosB)
tan(oc—B+y) tanf
Applying, componendo and dividendo, we get = tanO/cos Acos B (\/ cos Asin B —+/cos Bsin 4 )
tan((x +B- }’) + taH(OC -B+ 7) _ tany + tan 3 = \/sinAsinB (\/cosAsinB - \/cosBsinA)
tan(a+f—y)—tan(a—B+y) tany—tanf

\/sin Asin B
sin(c+B-y+a-pB+7y) z_sin(Ber) = tan@zmz\/tanAtanB

(
sin(a+B-y—a+p-y) sin(B-7)




29.

30.

30.

= tan0 =./tan Atan B

= tan’0=tan Atan B

Hence, the result.

Given, cos(x—y)=-1

= cosxcos y+sinxsin y=—1

= 2cosxcos y+2sinxsin y=-2
=  (1+2cosxcosy)+(l1+2sinxsiny)=0
- (coszx+cos2y+2cosxcosy)
+(sin2 x +sin’ y+2sinxsiny)= 0
= (cosx+cosy)2 +(sinx+siny)2 =0
= (cos.x+cosy)2 =0,(sinx+siny)2 =0

=  (cosx+cosy)=0,(sinx+siny)=0
Hence, the result.

If x/zcosAz cos B +cos’ B
and x/zsinA =sinB—sin’ B

. 1
then prove that sin(4—B)=+—

Given, J2cos A=cos B+cos’ B
and ~/2sin 4 = sin B —sin’ B
squaring and adding, we get,
cos B + cos’ B)2 + (sinB —sin® 8)2 =2
sin® B + cos® B) - 2(sin4 B —cos* B) +1=2

(
(
(1—3sin2 Bcos® B)—2(sin2 B —cos? B)+1= 2
(3 sin? B cos? B) + 2(sin2 B — cos? B) =0

(

3sin’ Bcos’ B) =2cos(2B)
3/.9 _

Z(sm 2B)—2cos(2B)
3—3cos’ 2B =8cos (2B)

3cos” 2B +8cos(2B)-3=0

3cos” (2B)+9cos(2B)—cos(2B)-3=0

3cos(2B)(cos(2B)+3) - (cos(2B)+3)=0

The Ratios and Identities

(3 cos(2B)- 1)(cos (2B)+ 3) =0
(3cos(2B)—1)=0,(cos(2B)+3)=0
(3cos(2B)-1)=0

cos(2B) ==

22

-l_p22
3

On simplification, we get,

sin(2B) =+

sin(A - B) = —Lsin(23)

242

From (i) and (ii), we get,

sin(A—B)z i%

Hence, the result.

31. We have, 16sin®(9°)
_ 8(2 sin2(9°))
8(1-cos(18°))

81—

4

10+2£]

= (8—2 1o+2ﬁ)

= (8—2 (3+\B)(5—\B))
((\/(3+Ij

~(fe-BHfE-A)

Thus, 4sin(9°)=((\/(3+f ] ( D
= sin(9°)=i((\/ 3+f) ( D

Hence, the result.

32. The function f(x) will provide us the max value

if x = 0 and min value if x = T
Hence, the range is 6

oo
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(2] 2un( ©2 e 5°)

= 0 5 Z
1 2005( go)cos,( (P) a
=10,= 2
3]
6 2sin[e-|2—q)j 5
33. We have, Z(sin(zk—n)—icos(zk—nn = i
k=1 7 7 2cos( 2(/)) 4
- 2k .. (2knm
= —iY | cos — +isin — o .
= = tan( ¢)=—
6 {yﬂj 4
=—iYe'’ On simplification, we get,
k=1

COS(Q—(p] Nd*+b’

j2m Ar 12z
=—ile’? +te 7 +..+e 7 2 2

2, 42
andcos(ez(p): a +b

Va? +b* +2

2T 2 Am 1o
=—je’|l+e7 +e 7 +...+e ]
Now, tan(gj+tan(gJ
2 2
2 ilzTﬂ
i 1-e
= —ie’ ¥ Sin(@;@)
l—e 7 = ey 7o)
@
LI °°S(2)°°S(zj
le? —e 7 7
-t 21 . (040
l—e 7 ) ZSln( 7 )
2 2cos(ejcos((pj
le7 _/en) 2 2
B T 0
I-e’ ZSin( +(p)
_ 2
21 —
617_1 cos(eﬂp)+cos(e (P)
= 2 2
2T
l—e 7
¢ 2tan(9ﬂp)
. i W)
_ l-e 7 _ cos(e_q))
2r
7 BT
cos[‘p)
2

34. Given cos@+cosp=a
and sin@+singp =5 Na* +b°

sin@ +sin @ :é Y

Il
+

Now,

cos@+cosp a W+2
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/a2+b2 2 = k[cos@—cos@]
=1+ ——
Va* +b? =0
( 5 J Hence, the value of (x+y+z+4) =4.
2+ —=—
= — 9
Na“ +b 2. We have, Y sin’ (7;—;)
r=0
35. We have, %zl 5 3 9
tanf —tan36 3 = sin’ (£]+sin2 (—ﬂj+sin2 (—ﬂ)+....+sin2 (—ﬂ)
1 1 18 18 18 18
= — =
| tan36 3 = sin?(10°) + sin*(20°) +sin” (30°) + ...+ sin” (90°)
tan @ _
1 1 =4x1+1=5
= 3—tan’ 0 =§ 1
—tan
l—m 3. We have, tanng
- l—aftanze _l . . tan y
1-3tan’6-3+tan’6 3 arllx= agy
1-3tan’ 6 1
= — - 9
2+2tan’ 6 3 1 1_2 115
Now, tanx=— T =3\a
= 2+2tan’0=-3+9tan’ 0 3 ! 3V3
= 7tan’0=5
We have, tan(x+y)=m
5 5 l—-tanxtany
= tan“ 0 =—
7 _ tan x + 3tan x
cotd 1—tanx.3tanx
Now, cot6 —cot(36)
_ 4tanx
- ; 1-3tan’ x
cot (30
1_( ( )J i 5
cot@ > 2
- _3V3
_ 1 _2' l_gxé
T 1 3 3
4L 3 ?
2 _45 9
334
INTEGER TYPE QUESTIONS
35
1. Given o Y = z =k - \/’Z\/E
cos0O 2 o 3
cos 9—? cos 0+? ,
tan (x+y)
Now, x+y+z Thus, fz?"
=k cos@+cos(9—2§)+cos(9+2{ﬂ 4. Given cos(x—y),cosx,cos(x+y) are in H.P
2cos(x— y)cos(x+y)
— o = cosx =
=k cosO+ZCosecos(—ﬂ cos(x = y) +cos(x+ y)
- 3 cos2x+cos2y
- ! = cosx=2—
=k cos@—ZcosQ.E} cosxcos y
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= 2cos2xcosy=200s2x+2c0s2y—2
2 2 2

= COs “xcosy = cos” x+cos” y—1

= cos 2x(cosy—1)=coszy—1

= cos 2x=cosy+1

= cos >x= 2 cos? (%)

[\

= COoS 2)&7 S602 (%) =

=

COSXSCC(%)‘ = \/E

Thus, m=+2.

2
Hence, the value of (m + 2) =4,

2
5. We have, tanx+tan(§+x)+tan(§+x)

b4 T
tanx+tan(g+x)+tan(7r—§+x)

T T
tanx +tan| —+x |—tan| ——x
(3 j (3 )

— tanx+ \/§+tanx _ \/g—tanx
1—\/§tanx 1+\/§tanx
_ 8tan x
= tanx+————
1-3tan” x

tan x — 3tan> x + 8 tan x

1-3tan’ x

9tanx —3tan> x

1-3tan’ x

3 (3 tan x — tan’ x)

1-3tan’ x
3tan (3x)
Thus, k= 3.

@)

sin” 6 + sin’ (2{+9)+sin2 (n+§+gj

[\

sin’ @ + sin’ (TE + 9) +sin? (% + 0)

. Given f(8) =sin” 6 +sin* (%” + 0) +sin? (4?” + 9)

9.

sin’ @ + sin’ (E - 9) +sin? (E + 9)
3 3

1—cos(29)+l—cos(%—29j+l—cos(2§+2eﬂ

3—cos (29) —CoS (2{ — 29] — cos(z?ﬂ + 29)}

3—cos(26)- 2cos(27”j cos(29)}

N | — N | =
I )

N | =
r 1

1 3-cos(26)- 2><—lxcos(29)}
2| 2
3
2
/4 3
Hence, the value of 2f(§) =2 XE =3.

We have, m = NE) cosec(20°) —sec(20°) =4
. . . 1
and n = sin(12°)sin(48°)sin(54°) = §

Hence, the value of (7 +8n+2)
—4+1+2

=1.

. Here, tan(15°)+tan(30°) =-p

and tan(15°) + tan(30°) = ¢

We have, tan(45°) =1

= tan(30°+15°) =1
tan(30°) + tan(15°) -1
1—tan(30°) tan(15°)

N P _4
1-¢
= -p=1-gq
= g—-p=1
= 24gq-p=2+1=3

Hence, the value of (2+¢— p) is 3.

44
Y, cos(n°)
We have, x = "4241
Y sin(n°)
n=l1
)
cos| 1°+—
B 2

_.(o 430)
sin| 1°+
2



%)
cos
_ 2
. (450)
sin
2
2cos’ (45)
_\2)

sin(45°)

=(1+“’—S45°)=(\5+1)

sin(45°)

Hence, the value of [x+3]

=[\/§+1+3]
= [V2]+4=1+4=5

10. We have, sin(25°)sin(35°)sin(85°)

i[4 sin(35°)sin(25°)sin(85°)]

| o
—szm(75)
=l><cos(15°)

4
_ 1 \B+1_\/€+\/§

4" 22 16

Hence, the value of( ¢ +2) 4.
a+b

17
11. We have, m= Y, cos(k—n)
k=1 9

T 2r RY4 177
cos| — |+cos| — |+cos| — |[+...+ cos| —
9 9 9 9
. (17%
sin| —
18 T lérx
= ——— 2 Xcos| —+——

9 18

2
Hence, the value of (m tm+ 2) =4.

12. We have, tan(55°)tan(65°) tan(75°)

— 1 (o) (o] (o) [0)
g x [tan(55°) tan(5°) tan(65°) ] X tan(75°)

- X tan(15°) X tan(75°)
tan(5°)

J
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= ! X tan(15°) X cot(15°)
tan(5°)

1

tan(5°)
= cot(5°)
Thus, x =15
Also, tan(27°) + tan(18°) + tan(27°) tan(18°)
tan (27° +1 8°)
tan (45°)
=1

So,m=1

Hence, the value of (m+x+ 1) is 7.
QUESTIONS ASKED IN IIT-JEE EXAMS
1. Now, sinxsin ysin(x— y)
= %(2 sinxsin y)sin(x — y)
= %(cos (x—y)—cos(x+ y))sin (x-)
= %(2cos(x— y)sin(x—y)—2sin(x - y)cos(x+y))
= i(sin(2x—2y)—sin2x+sin2y)
Similarly, siny sinz sin(y —z)
= i(sin(2y —2z)—sin2y+ sinZZ)
and sinz sinx sin(z — x)
= %(sin (22— 2x) —sin 2z +sin 2x)
Therefore, the given expression reduces to
%(sin 2A+sin2B +sin2C) +sin 4.sin B.sin C
Where A=x—-y,B=y—-2z,C=z—x
= i(sin 2A4+sin2B+sin2C) +sin A.sin B.sinC
= i(Zsin(A +B)cos(4-B)+ sin2C)
+sin 4.sin B.sinC

= i(Zsin(—C)cos(A—B)+sin2C)

+sin 4.sin B.sinC

= i(—2sin(C)cos(A — B)+2sinCcosC)
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+sin A.sin B.sin C 4. Ans. True
1 Given tanA= 1-cosB
= Z(—2sin(C)cos(A—B)+25inCcosC) " sinB
+sin A.sin B.sin C 2sin2 (3/2) B
1 tan A = — =tan| —
= —ZXZSil’lC(COS(A—B)—COS(A+B)) 2sin(B/2)cos(B/2) 2
+sin 4.sin B.sinC Now, tan24
1o o _ 2tand
= —ZXZSmCX2s1nAsmB +sin A.sin B.sin C T —tan 4
= —sin Asin BsinC +sin 4.sin B.sinC _ 2tan(B/2)
=0  1-tan?(B/2)
2. Ans. 56/33 ~ tan B
We have tan2o
Hence, the result.
— tan((a+ B)+ (- B)) S Ams. n—6
tan(oc+ﬂ)+tan(oc—ﬂ) We have, sin® xsin3x
- 1—tan (o + B)tan (0t - B) - (sin2 x)(sin3xsinx)
3 5 1
Z+E = Z(Zsin2 x)(2sin3xsinx)
(35 1
412 = Z(l—cost)(cost—cos4x)
_36+20 1
- 4815 = Z(cos,’lx—cos2 2x—cos4x+cos2x.cos4x)
_ 6 1 )
= 5 = 5[20052x—2cos 2x—2cos4x
3. Ans. (b) +2cos4x.cos2x]

We have, 4 =sin’0+cos* 8
’ 1
= —|2cos2x—(1+cos4x)—2cos4
_ 1(2sin2 9)+l(2cos2 9)2 8[ cos2x ( cos x) cos4x
2 4
+¢08 6x + €08 2x]
= l(1—00520)—kl(l+00520)2 |
2 4 = g(—1+3cos2x—3cos4x+cos6x)

1 1
= E(l —cosZG)-i—Z(l +2¢0s20 + cos’ 29) Thus, 1 = 6.
111 , 6. We have sin12°sin 54°sin 48°
= —+—+—cos” 20
2 4 4 = (sin12°sin48°)sin 54°
_3 1 2, 1
=3t 20 = ————(4sin48°sin12°sin 72°)sin 54°
4sin 72°
Max value = 3+1 1=1
T4 = sin36°cos36°
4 4 4sin72°( )
31 3
Min value= —=+—.0=— 1 .
= ———(2sin36°cos36°
4.4 4 4><Zsin72°( )

Therefore, % <A<1
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1 ( 5 ) 9. Ans (¢)
S —— sin 72°
4x2sin72 Wehave (1 + cos (%D(l + cos (%))(1 + cos(%))

1+ cos 3
7. We have, sin® o +sin” B —sin’ y

sl 7)in(5 LGl TNl
= sin” o +sin (7 —a)sin(B-y) _ (1—cos2 (%D(l—cosz (%D

= sin® o +sinasin (B - )

- sina(sina+sin([3—}/)) = sin’ (%)sjnz (3_7[)

— sino(sin(m —(B+y))+sin(B-y
( ( ( )) ( )) 1 2sin’ (ED(%inz (3—7:))

= sina(sin(ﬂ+y)+sin(ﬂ—}/)) 4 8 8

= sing X 2sin Bsiny

el eo(5)
= —|1—-cos| — ||| 1—cos| —
= 2sina sin Bsiny 4 4 4

Hence, the result.

1 I_LJ(HLJ

8. We have 4 \/5 \/E

2 ar 87 l6r 1

16cos| — |cos| — |cos| — |cos| — = =

15 15 15 15 4

T 2r dr 87 1 1

= —16cos| — |cos| — |cos| — |cos| — = _x—

15 15 15 15 4 2

-16 . (2@ 2r 4r 87 1

= ———sin| — |cos| — |cos| — |cos| — ==

. (n) 15 15 15 15 8
2sin E

10. No questions asked in 1985

1
8

= _—8sin an cos an cos 8z - ?}?S ('b) i d t
e 15 5 15 e given expression reduces to
2sin 4 . 4 6 .6
15 3(c0s o +sin a)—2(cos o +sin a)
—4 . (8% 81
= sin| — [cos| — = 3(1—2sin2(xcos2 a)—2(1—3sin2a0052 a)
2sin i 15 !
15 =3-2
-1 167:) =1
= sin| — . :
sin| & 1 12. No questions asked in 1987.
15 13. Ans. (c)
1 . We have, /3 cosec(20°) —sec(20°)
= sin (n + —j
sin (n) 15 _ 3 3 1
15 sin(20°)  cos(20°)
__ -1 % —sin(lj =1 _ \/gcos(ZOC’) —sin(20°)
sin (1”5) 15 sin(20°) cos(20°)




94 Comprehensive Trigonometry with Challenging Problems & Solutions for Jee Main and Advanced

14.

15.
16.

\/§ o 1 : o
4[2008(20 )—Esm(ZO )j

251n(20°) cos(20°)

4(sin(60°) cos(20°) — cos(60°) sin(20°))
sin(20°)

4(sin(60° - 20°) )
sin(40°)

4(sin(40°) )
sin(40°)
=4
tan o + 2 tan 20 + 4 tan 4o + 8 cot 8¢x
coto — (cota - tana)+ 2tan 20+ 4tan 4o + 8cot 8o
= cotar — (2cot2a — 2 tan 2¢x) + 4 tan 4ox + 8 cot 8o
= cotor —2( cot 20t — tan 2x) + 4 tan 4 + 8 cot 8o
= cotar—2.2cot4o + 4tan 4o + 8cot8or
= cotar — 4(cot4ar — tan 4x) + 8 cot 8
= cotax —4.2cot8c +8cot 8
= cotax —8cot8a + 8cot8ux
= cota

No questions asked in between 1989 and 1990.

. (57 . (~m
s — |Sin| —
14 2

17 Ans. (c)

T T T 3m T Sm :
——— |cos| ——— |cos| ———
2 14 2 14 2 14

We have f(x) =cos [7[2 ]x +cos [—nz ]x

cos9x + cos10x

Now, f(%j = cos (97”) +cos(57)

=0-1=-1

f(m)=

cos(97)+cos(10m) =—1+1=0
f(-7) = cos(—97) + cos(~107)

cos(97) + cos(107)

=—1+1=0

18. Ans. (

((3ol)()
11
NN

i) > C; (i) > A.

19. We have, k = sin(l) sin(s—”) sin(7—nj
18 18 18

sin(10°)sin(50°) sin(70°)
sin(50°)sin(10°)sin(70°)

1 . . .
2 X (4 sin(60° —10°)sin(10°)sin(60° +10°))
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1 V3
= —x(sin(3x10° = A=—
1 (sin( )) .
1.1 When =2 p=CF_4="_"_T
4" 2 6 3 3 6 6
1 Thus, the minimum value of tan4 .tan B
8 oL
20. Let y=tan Atan B NERNE
1
= tanAtan(%—A) - 3
21. Ans. (b)
= tan 4 M We have (sec2x — tan2x)
1+\/§tanA .
3 (l—sm2x)
[\/gtanA—tanzAJ -\ cos2x
1++/3 tan 4 B (cosx—sinx)2
NEYR™ cos” x —sin® x
= 1431 _ [ cosx—sinx
COS X + sin x
w1555 -2)- (=) 5 e
= —= > =
dt (1+\/§Z) 1+ tanx
n
= t _——
343026 = 24382 = 3t + /31 2 A an(4 xj
- 2 ns(c
(1+\/§t) 4 )
3(sinx—cosx)" +6(sinx+cosx)
32137 i ]
i E———— + 4(s1n X +cos x)
(1+ﬁt)
= 3[sin4 x —4sin® xcos x + 6sin? xcos® x
3P +2-43
<1+\/§t)2 —4sin xcos® x + cos? x] +6(1+2$inxcosx)
\/gtz +3t—t—\/§ %—4(1—3sinzxcos2 x)
- 2
(1 + ‘/gt) 3[(sin4 x+cos” x) - 4sinxcosx(sin2 x + cos’ x)
_\/gt(t+\/§)—(t+\/§) +65sin” x cos’ x] +6(1+ 2sin x cosx)
= 2
(1 + \/gt) +4(1 —3sin? xcos’ x)
(x/gt—l)(t+x/§) 3[1—2sin2xcoszx+4sinxcosx
s
(1 + \/gt) +6sin” x cos’ x} +6(1+2sinxcosx)
d_y=0 gives IZL,_\@ +4(1—3sin2xcos2 x)
dt V3 =3+6+4
1
Thus, t=—F =13.
V3 23. Ans. (¢)
= tand=— As we know that,
NG
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24

25

26

(sino+sinf+siny)<sin(a+p+7v)

= sin(7)=0
Thus, sino +sin f+siny <0
Ans. (b)
we have sec’ 6 = Ay D
(x+)
= 1+tan’ 0 = xy 3
(x+y)
= tan’ 0 = Axy 51
(x+)
2 2
= tan’ 0 = —4xy—(x+2y) Z_(_x—y)
(x+y) X+y
Ry
= _[x yj =tan’ >0
X+y
= —(x—y)2 >0
= (x—y)2 <0
= (x—y)2 =0
= x—=y=0
= X=y
Therefore, x=y #0
Ans. (d)

We have ¥ = cosxcos(x+2)—cos” (x+1)

= %(2cosxcos(x+2)—20052 (x+l))

= %(2 cos(2x+2)+cos(1) - (1 +cos(2x + 2)))

= —%(1 - cos(l))
= —%x 2sin? (1)

= —sin? (1)

T
which is a straight line passing through [5 ,—sin’ 1)

and parallel to x-axis.

Ans. (c)
we have sin15°cos15°

(25in15°coslS°)

N | —

A= N~

( sin 30°)

27. Ans. (a, b, c, d)
We have

£, (0)=tan (gj(l +sec)(1+sec20)......

(1+sec40)........ (1 +sec2” 9)

Sl
()

(1+sec40)........ (1+sec 2" 9)

. (0 0
2sin (2) cos (2)
(1+sec26)(1+sec46)

cos@

(1+secg)...... (1 +sec2" 9)

(14—0059

1 2
0s0 j( +sec26)

sin@ (1+cos29
X

1 4
os0 j( +sec46)

cos 26

(14 sec86)...... (1 +sec2” 0)

_ 2sinf cosO y 1+cos40
cos20 cos40

(1+secg0)...... (1 +sec2” 9)

. 2
- $in26 2008 26 (1+ 56089)...(1 + sec2"9)
cos260  cos40

= s1n49[1+c0586) ...... (1+secZ"6)

cos46\ cos860
sin40 [ 2cos 246 (1+ 2,,9)
" cos46| coss8 | see
S SHEOEE (1+secZ"6)
cos 86
- sin(2”9)
- cos(2"0)
= tan(2"9)



28

29.

30.
31.

32.

2
fa (5—4) = tan(Z4 X %j = tan(%j =1
L . S ™ | —tan| T | =
fs(l28j tan(2 X128) tan(4j 1

Hence, the result.

Ans. (¢)
We have f(6)=sin6(sin6 +sin36)

sin O (sin36 + sin )

sin @ X 2sin 20 cos O

2sin @ cos O xsin 20
= sin20 X sin 20

= sin’ 20

>0 for all real 6
Ans. (a)

Given cotg,.cota,......cotq, =

=

=

COS(l}.COS 5....COS O, =SIN@.8iNQx,.....sIn
2
(cosey.cosa,....cos )

= (cos o, sing ) (cos a,sina, )...(cos o, sino, )

(2cosey sinay )(2cos e, sine, )...(2cos @, sin e, )

21‘!
1
<
2n
= (cos al.cosaz....cosan) < N
No questions asked in 2002.
Ans. (c)
Given ax=f+vy
= tano = tan (S +7)
tan p + tan
= tan o = tanf+tany
1—tanf tany
= tan o — tan @.tan B.tany = tan B+ tan y
= tano —tany =tan S+ tany
= tano =tan B+ 2tany
Ans. (a)

As we know that AM = G.M

tan” o

\/XZ-HJZ\/W. tan® o0

[\/x2 +x+
2

33.

34.
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2 tanza
X" +x+
Vx? +x
= =tano
2
B tan’ o
= xT+x+ 22tano
Vx? +x
Hence, the result.
Given sin9zl 9=£
2 6
1 1
Also, cosp=—<—
¢ 3 2
= £<(p<£
2 3
Thus, —+—<9+(p<—+§
= —<0+p<—
Let v 1-2x+5x”
e =
3x? —2x-1
= 3xzy—2xy—y=1—2x+5x2
=

(3y—5)x2+2(1—y)x—(1+y)=0
1

As x is real, so (y— 1)2 +(3y-5)(v+

=

=

)20
y2—2y+1+(3y2—5y+3y—5)20
4y —4y—420
¥ —y=120

(2v-1)° 2(V3)
2y-1)250r (2y-1)< -5

{557
y= or y<

2 2

(5= 5]
S ke e

2sint2(\/§2+lj or 2sint$—[%}

sint2[£+lj or sintﬁ—(%J

sint 2 sin(54°) or sin¢ < sin(—18°)

sint > sin(3—ﬂ or sint < sin(—l)
10 10
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35.

36.

37.

= T B ®
10 2 2 10
Therefore, t € —E,—l U 3—”,2
210 10 2

Ans.(d)

Given cos(a — ﬁ) =1and cos(a+[3) = l
e

= cos(ar— )= cos(0)
= a=p

Also,  cos(ar+ )= 1

e
1
= cos(2a) =—
e
Given —T<oa<7m
2r<20<2m

Thus, there are 4 values of the ordered paiss of

(o, B) satisfies the relation ¢og (20) = 1
e
Ans. (b)
As0<0<Z
4
= O<tanf <1 and cotf >1

We also know that, if 0<x<land O0<a<b

1 (1Y
=  then x’ <x < (—) < (—)

X x
= (tan G)Cme <(tan G)wm6 < (cotG)tane < (cot H)Cme
= L<h< <l

Hence, the result.

. 4 4
sin"x cos x 1

Given —
3 5
= —sin4x+§cos4x=1
2 3
3) . 4 2 4
1+—|sin" x+|1+—|cos”" x=1
= ( 2) [ 3)
2
= (sin4x+cos4x)+ 3sin4x+—cos4x =1
2 3
.2 2 3.4 2 4
= 1-2sin“ xcos” x+ Esm x+§cos x|=1

3. 2 .
= (Esm“x+§cos4x—2sm2xcos2 )zO

2
3., \F 5
—sin“x—,[—cos“ x| =0

= (\fz Y3 j
3., \F 5
—sin“ x—,[—cos =0

= (\g TN

3
= \/:sinzxz zcos2)c
2 3
2

sinzx_cos x 1

2 35
2

= Thus, tan® x =

sin®x cos®x

8 27

_ (sin2 x)4 . (cos2 x)4
8 27

(2/5)" N (3/5)*
8 27

2 3

5t st
243 11

4P 125

Now,

38. Let f(9)=sin29+3sin90059+500s20

= 1+3sin@cosO +4 cos> O

= 1+%sin29+2 (1+cos20)

= 3+%sin 20 +2co0s26

Max value = ,/2+4+3=§+3:E
4 2 2

Min value = —4/2+4+3=_§+3=l
4 2 2

Therefore, the min value of
1 .2
— - 5 is —
sin” 8+ 3sinBcos@ +5cos” O 11

39. Now, P:sinf —cos@ =2 cos0

- sin9=(\/§+1)cos9

-



40.

cosf = sin x(ﬁ_l)
= (V2+1) " (v2-1)

= cos0=(\/5—1)sin9

- cos@+sin® =~2sin@

Q:cos@+sin0=x/§sin9
Thus, P=Q0

Given ! = ! + !
. (n) ) (27r) ) (3717)
sin| —| sin| — | sin| —
n n n
Let T_ 0
n
Then ——=— ! +— !
sin@ sin20 sin36
1 1 1
e - =
sin@ sin30 sin26
sin30 —sin 6 1
= 3 B =
sin @'sin 30 sin 260
2c0s20sinf 1
= sin@sin360  sin260
N 2co0s260 _ 1
sin 36 sin20
= sin 40 =sin 30
= sin 460 = sin (7r - 39)
= 40 =1 —30

42.
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- 710=m
= 7.£=rc
n
= n="7
1
Let cos40 =—
3
2 1
= 2cos (29)—1=§
1 4
= 20052(29)=1+—=—
3 3
= cos2(29)=2
3
2
N cos(20)=+ 3
= 2c0s20—-1=+ z
3
= 200329=Ii\/g
2

Now, f(cos40)=

A

2—sec’ @ - 2c0s’0—1



24INTRODUCTION

There are six trigonometric ratios. In this section, we shall
describe each trigonometric function and their characteristics
and graph.

1. Sine function: 4 function f: R — R is
defined as f(x) = sin x
Graph of f(x) = sin x:

Characteristics of sine function:
. Df= R

. Rf.= [-1, 1] .

. It is an odd function.

. It is a periodic function
. It is non-monotonic function

AN Nk W~

. Ifsinx=1:>x=(4n+l)%,ne I

~

sinx=—1=>x=(4n—l)%,ne 1

&

smnx=0=x=nm,nel
. fsinx>0=xe 2nnm,2n+ n),ne
10. Ifsinx<0=xe (2n— )&, 2nn),ne L

Nel

11. Ifx>y=sinx>siny, V x,ye(—%, %J
2. RULE TO DRAW THE GRAPHS OF
DIFFERENT TYPES OF FUNCTIONS
Rule I: y = f(x) transforms to y = f(x) + a
Rule: Lift the graph of y = f(x), a-units upwards.

Ex-1. Letf(x)=x+2

Ex-3. Letf(x)=x>+1




Ex-4. Letf(x)=¢"+1

Ex-5. Letf(x)=sinx+2

Rule II: y = f(x) transforms to y = f(x) — b
Rule: Down the graph of y = f(x), b-units down-
wards.

Ex-1. Letf(x)=x-2

Y
A
X'~ % > X
Y
v
Ex-2 Letf(x)=x*—1
Y
A
AY ’
AY /
AY /
\\ /I
y ,
X’ S Pl > X
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Ex-3. Letf(x)=x’—1
Y
A
X' ” > X
///O
1 v
v’
Ex-4. Letf(x)=2"-1
Y
A ’
4
v’
Ex-5. Lety=sinx-3
Y
A
< [N AN AN y= 1
X < \\ // \\ Q’/ \\ ’// e X
< > y = —
< >y =-2
\ /\ //\ /\ »y=-4

Rule III: y = f(x) transforms to y = f(x — a)
Rule: Shift the graph of y = f(x), a-units right-

wards.

Ex-1. Letf(x)=(x—1)
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Ex-2. Letf(x)=(x-2) Ex-1. Let f(x) = (x +2)?

X< i > X X~ < > X
//O
" Y Y
Y’ Y’
Ex-2. Letf(x)=(x+1)
Ex-3. Letf(x)=|x—-2| Y
v A :
A ,"
X NS
(0] 0
Y v
Y’ Iz
Ex-4. Let f(x)=sin (x - —) y
A
Y N L,

< — — = > =1 \ ’
< JZARN /\\/,/\=2 X'~ O > X

Y’ 4
v’
Ex-5. Letf(x)=e"" . T
7 Ex-4. Let f(x)=sin (x - —)
Y 4
Y
A
< - > y = 1

< < <
7 N 7 N 77 N
/ N ’ N ’ N
/ \ A \ / \
X’ < A\ N > X
\ / o) /| o \ /
. , . , . ,
. . / _
< >y =-1

v’
Ex-5. Letf(x)=¢"""
Rule V: y = f(x) transforms to y = — f(x)
Rule: Take the image of the graph of y = f(x) with
respect to x-axis.

Rule IV: y = f(x) transforms to y = f(x + b)
Rule: Shift the graph of y = f(x), b units leftwards.




Ex-1. Letf(x)=-x

X< - X
Y
y/
Ex-2. Letf(x)=-|x|
Y
A
X < 0 > X
Y
v’
Ex-3. Letf(x)=-¢"
Y
‘ /
X I > X
0 \
Y

Graphs of Trigonometric Functions

Ex-1. f(x)=¢""

Ex-2. f(x)=log,(—x)

<

>

Ex-3. f(x)=27"

>

1l
-

Y

103

X'

1]
|
N

Y

Y
< X <

Rule VI: y = f(x) transforms to y = f(—x)

Rule: Take the image of the graph of y = f(x) with

respect to y-axis.
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Ex-5. f(x)=sin(—x)=—sin(x)

Y

< - < / \ = < / = < / \ - N >y = 1
7’ N 4 N ’ N 4 A
/ \ 4 \ 4 \ 4 \
X’ > X
\/\\ //\/\\ ,O’/ N //\/
< > y=-1

Y’

Rule VII: when y = f(x) transforms to y = f(ax),

where a > 1

Rule: Shrink the graph of y = f(x), a-times along

the x-axis

Ex-1. Letf(x)=sin 2x

v’
Ex-2. Letf(x)=sin 3x
Y
A
7N RN . \ »y=1
X <A AN > X
-3 / 3 710 \ ’ 3m /
”\ L AN =1
Y
v’
Rule VIII: when y = f(x) transforms to y = f(ax),
where 0 <a<1
1
Rule: Stretch the graph of y = f(x), —— times
along the x-axis. “
[ x
Ex-1. Letf(x)=sin 5
Y
A
>y=1

SN
; N
; .
/ .
/ \
) \
\
X'
-\
N 410
y /
\ /
N ;
N .
N

<

Ex-2. f(x)=2x"

Y

A

A

X/ < /\ A \/\ /\

-y=1
// /\\\ /\ /\
/ A
/
U
X

-1

\/ v\\ v f/

\
\
\/ \7\U \\/'
\ ’
\ ’
\ /
\
L
>y

4

v’

Rule IX: when y = f(x) transforms to y = af(x),

where a > 1.
Rule: Stretch the gr
the y-axis.

Ex-1. Letf(x)=2x

aph of y = f(x), a —times along

Y

A
& .
U
N/
X' 57 > X
v,
¥
d Y
v
> X
Y
v
Ex-3. Letf(x)=2x"
Y A
1
!
X'~ L > X
70
y =i2x3
YY’




Ex-4. Let f(x)=2sinx
Y
A
DR /\ ________ /\ _______ /\ >y
X~ -2r - o n:\/ 2z X
D D . Gty & Sttt R LR »y=-1
Y
v’
Ex-5. Letf(x)=3sinx
Y

Ex-1

Ex-2.

Rule X: when y = f(x) transforms to y = a f(x),

where 0 <a<1.

Rule: Shrink the graph of y = f(x),

the y-axis.

X
. Letf(x)= (5)

1
— —times along
a

Y
A
//*}’/
7 = ‘/\ﬂ
X’ el
o > X
7
A
v
2
X

Letf(x) = 7

Y
X' = > X

Graphs of Trigonometric Functions

Ex-3. Letf(x)= |;|

X<

105

1 .
Ex-4. Letf(x)= 5 sinx

Y

g /\

1
Ex-5. Letf(x)= gsinx

<

y=1/3

A

X

NIVAW
71:\/271:

X

Y

Y’

> y=-1/3

Rule XI: when y = f(x) transforms to y = | f(x)|.
Rule: 1. First, we draw the graph of y = f(x)
: 2. Leave the part of y = f(x) as it is which
lies above x-axis
: 3. Take the image of the graph of y = f(x) with
respect to x-axis, which lies below x-axis.

Ex-1. Lety=|x|
Y
A
X' %
5
A
v’
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Ex-2. Lety=|¢|

Ex-3. Lety=log, x|

Ex-4. Lety = |sin x|

X = ‘¢

Rule XI: when y = f(x) transforms to y = f(|x|).
Rule : 1.First, we draw the graph of y = f(x)
: 2.Remove the part of y = f(x), which lies

left of y-axis

: 3. Take the image of the part of y = f(x) P
which lies right of y-axis with respect to ’

y-axis.

Ex-1. Lety=¢M

>

Ex-2. Lety=e¢™

_/\

Ex-4. Lety = sinjx|

/¢ > X
X o
A
v’
Ex-3. Lety=1log,|x|
Y
A
X' - X
o}




Ex-1.

Rule XII: when y = max{ f(x), g(x)}
Rule: 1.First, we draw the graph of y = f(x) and
y = g(x) independently on the same co-

ordinate axes.

: 2. Take the upper part between the graphs
of y =f(x) and y = g(x).

Let y = max{—x, x}

Y
X’ = =K > X
////o * N
» "
Y
v
Let y = max {x°, x}
Y
A
> X

Y
A

1

’

/

//
X " > X
<0

Y
v’
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Ex-5. Lety=max{sinx, —sinx}, Vx €[-27,27]

Rule XIII: when y = min{f(x), g(x)}
Rule: 1.First, we draw the graph of y = f(x) and
y = g(x) independently on the same co-
ordinate axes.
: 2. Take the lower part between the graphs
of y = f(x) and y = g(x).
Ex-1. Lety=min{—x, x}

X’

Ex-2. Lety=min {x3, x}

X = 1

Y’

>
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.1
Ex-4. Lety=min {sm x,g},‘v’x e[2r,2m]

2.1.1 Some solved examples

Ex. 1. Letf(x)=min {sin x,%},Vx[—Zn,br]

v’

Ex. 4. Draw the graph of f(x) = sin’x, V x € [-27, 27]

Ex. 6. Draw the graph of f(x) =x + sinx
As we know that
—1<sinx<1
= x—-1<x+sinx<x+1
= x-1<f(x)<x+1
yi

Ex. 7. Draw the graph of
fx)=2"% ¥ xe[-27,27]




Ex. 8. Draw the graph of f(x) = sinjx| + |x|

NN

IRV VRV

A

y

Ex. 11 Draw the graph of f(x) = /sin(x)

<

’

y
A
< /\ /\ /\ -y=1
X ————t3— T x
-3\ /2 -m\ o/ 2 37r\ ,
\\ Il \ Il \ I \ I
\v/ \v/ \v/ \v/
Y

Ex. 12. Draw the graph of f(x) = sin (x —

[x]), [,] = G.LF

y=sin1
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3. Cosine function: A function f: R — R is defined as f{(x)
= COS X.
Graph of f(x) = cos x:

N
V.

/DN /[
\/3;: 21

HARACTERIS
O-SINE FUNC

D;=R

R=[1, 1]

It is an even function.

It is a periodic function

It is non-monotonic function
Ifcosx=1=x=2nm,nel
cosx=-1=x=02n+Dr,nel

® NIk L=

cosx=0=>x=(2n+1)§ ,nel

9. Ifcosx>0=x= ((2;;—1)%,(2%1)%} nel

10. Ifcosx<0

—xe ((2n+1)§,(2n+3)§] nel

11. Ifx>y=cosx<cosy, ¥V x,y€ (0, m)
Ex. 1. Draw the graph of y=cos x + 1.
y
=2
B AN/ AN
SR VA RV
Vv
Ex. 2. Draw the graph of y=cos x — 1.
y
X = o > X
//\ /\\ y=-1
VARVARE
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Ex. 3. Draw the graph of y =cosx—1.

y

A
L\

X

y

Ex. 5. Draw the graph of y = cos 2x.
y

EANYANAN

—77:—37r O\ n /J3rm =«
2 4 2 4

Ex. 6. Draw the graph of y =2 cosx.
y

~ 7
27:—37:\/7:

\ y=2
AN

O 7\ T Brn 2rx
2 2

y=-2
y/
X
Ex. 7. Draw the graph of y = cos 5
y
y=1
X,:I 1 1 1 1 1 1 1 » X
2r 3Bn fr —m |0 &m 7w\ 3% 27
2 2 2
y=-1
Y

Ex. 8. Draw the graph of y = % COS X.

=12

y=-1/2

Ex. 11. Draw the graph of y = |cos x|.




Ex. 13.Draw the graph of y = |cos |x]|

y
Ex. 14.Draw the graph of y = max{sin x, cos x} V x €
(- 2m, 2nm).
y
A
Ve << — y=1
/ N \ //
’I \\ / \\ /
‘< \"\ ¥ ! > x
—2n =3 -7m -r f/|O =\ m /3 2r
/2 2 /2
. . =1
Y

Ex. 15. Draw the graph of y = min{sin x, cos x} V x €

(-2m, 2m).
y
A
y=1
------- \-\----\ / --I - \-----\ 1 Tttt
\ \ / / \ \ /
X’ R ,'1 SN > x
-2z Br -m, -—x /O m\ m 3m 2zn
\ \ /2 2\ N/ /
\\ \>// \\ \>( //I
AP NP el N y=_1
Y
y’
Ex. 16. Draw the graph of
. 1
y = max | sin x, 5 cosx, Vxe (2m 2nm).
y
A
y=1
------- \-\----\ / --’ - \-----\ 1/ TTTTTT
\ \\ II II \\ \\ II
- 4 L + 4 4 } —> x
-2 iﬂ_ =T\ /2 /|0 AN T\ 3_77" 2r
2\\ \\ / 2 2 \\ \\ / /
\ N7 \ \ /
AN X AN X /
NI NP NN y=_-|
Y
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4. Tangent Function
A function f: R — R is defined as

f(x)=tan x.
Graph of f(x) = tan x

10.

11.

Ex. 1. Draw the graph of f(x) = |tan x|

S kWb =

HARACTERIST
UNCTION

D;=R-(n+ 1)%
R,=R

It is an odd function.

It is a periodic function
It is monotonic function

,nel

Iftanx=l:>x=(4n+1)%,ne I

Iftanx =-1 :>x=(4n—l)%,n

Iftinx=0=x=nm,ne |
Iftanx >0

=xe (nn,(2n+l)§),ne 1

Iftanx <0

=xe ((Zn—l)%,nn),ne I

Ifx>y=tanx>tanyVx,ye R—nmne l

el

1 ez 1 1
X’: L H L H | L H !
27 3¢ -x - |0 = 7w 37 2r
2 2 2 2
' !y" ' '

11
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4.

10.

11

Co-tangent function: A function
f: R — Ris defined as f(x) = cot x
Graph of f(x) = cotx

y

y=|cotx

A e

B e

27 3n

M|:|
M|§f

.

<
€

ARACTERIS

-TANGENT F

Df= R—-nmonel
R/=R

It is an odd function.

It is a periodic function
It is monotonic function

Ifcotx=1=x=(4n+1) %,ne I
T
Ifcotx=-1 :x=(4n—1)z,ne 1

Ifcotx=0:>x=(2n+1)§,ne 1
Ifcotx>0

=xe (nn,(2n+l)%) ,nel
Ifcotx <0
:>xe((2n—l)§,n7r),ne I
x>y = cotx<coty,

Vx,ye R—(2n+1)%,ne 1

Ex. 1. Draw the graph of
f(x) =max{tan x, cotx}, V x € [-27, 2]

N
.

N
N

><\
|
S N
N
||
w.
|
ERS
%
O
[
N
wlr
3
ettt N | I
3
x

N
B
4
x

2

Ex. 2. Draw the graph of
f(x) =min{tan x, cotx}, V x € [-2m, 27]

y
M 1 ol N kI N H .
X< M\: :/\i > I - >
—?ﬂ.’ _3r ,_Iﬂ. -~ o 7 /7}, 3_71.\ /271.
P2 b2 2 P2 |
1 1 1 ! v ! 1 ! 1
y/
5. Co-secant function: A function
f: R — Ris defined as f(x) = cosec x
Graph of f(x) = cosec x
y
1 1 A 1 1
____E_U_E _________ _u;: ________ 1:.___ y=1
X' i } | + + | + i > X
2 Br-m -z |0 m 7 3z 2z
! ! v ! !

—_—

w»okh v N

ARACTERIS

-SECANT FU

Df=R—nn:,ne 1

Rf = (_°°’_ 1] Y [1’°°)
It is an odd function

It is a periodic function

It is non-monotonic function

Ifcosecx=1zx=(4n+1)%,ne 1

8. cosec x can never be zero

10.

Ifcosec x>0 = x e 2nrx, 2n+ )m),

Ifcosecx<0=xe (2n— )rx, 2nn),

Secant function: A function
1 R — R is defined as f(x) = sec x
Graph of f(x) =sec x

. Ifcosec x =-1 :x=(4n—1)%,ne 1

nel

ne l



PXNAIN RPN =

10.

10.

<

HARACTERIST
UNCTION:

D/=R-(2n+1),nel

Ry = (e, = 1]U[1,00)

It is an even function

It is a periodic function

It is non-monotonic function
Ifsecx=1=x=2nn,nel
Ifsecx=-1=x=(2n+)mnel
sec x can never be zero

Ifsecx>0= xe((4n—1)§,(4n—l)§),nel
Ifsecx <0
—xe ((4n+1)§,(4n+3)§) nel

Some solved examples:

Ex. 1. Draw the graph of y = 2%

Graphs of Trigonometric Functions 113

sin x

Ex. 3. Draw the graph of y =2

2fsin x

Ex. 4. Draw the graph of y =

2\cos X|

Ex. 5. Draw the graph of y =

>
>

Ex. 2.

2*005 X

Draw the graph of y =
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Ex. 7. Draw the graph of y = sin x + [sin x|
We have y = sin x + [sin x|

3 {sinx+sinx:sinx2 0

sinx—sinx:sinx <0

B 2sinx:xe[2nn,(2n+1)7r:|,nel
| 0 xe((2n-1)m2n7)nel

—2n -3n -n 2x -7 —x |O
2 2 2

Ex. 8. Draw the graph of y = sin x + sin |x]|
We have y = sin x + sin |x|

_ [2sinx:x20
0 x<0
y
A
_____________________ I V)
---------------------------------------- y:‘]
X' 1 | 1 K > X
Ol m 7 3n2rx
--------------------- F-2--\-~2-f---=----- y=—1
________________________________________ y:72
%

Ex. 9. Draw the graph of y = cos x + |cos x|
We have y = cos x + |cos x|

_ |cosx+cosx:cosx =0
cosx—cosx:cosx <0

2C0SX:XE {(2n—1)§,(2n+1)§}n el

0 :xe(((2n+l)%),(2n+3)§j,n el

Ex. 10. Draw the graph of y = tan x- cot x
We have y = tan x-cot x

=1,xe{(2n+l)%—nn},ne I

’

X

N f------

C-2n 3m -m -
2

NI
(@]
r\:|=a R
l\)|§‘° R,
N
3
N E—

Ex. 11. Draw the graph of y = M
sin x
We have y = M
sin x

sin x .
:sinx =0

sin x

sin x

——:sinx<0
sin x

1 :xe[2n7z:,(2n+1)n:|,nel
~|-lixe(2nm,(2n+1)7),nel

y
------ o—o-----{ O-----O oy=1
X, > 1 1 1 1 1 1 1 1 1 1 1 1 :X
-3n  2r - (0] T 2r 3r
o—o0----- o—0----- o O----- oy=-1

Ex. 12. Draw the graph of y = 2" sin x
We have -1 <sinx <1
= -2"<2sinx 2"
= 2 < f(x) < 2F




Ex. 13.Draw the graph of y = smx
X
We have — 1 <sinx <1
N 1 LSinx 1
X X X

Also, lim(wj =1

x—0 X

sinx .
lies between the curves

Hence, y =
x

y= 1 andy=fl
X x

It is now periodic curve and cuts the x-axis at
x=nn,n e [—{0} and does not cut the y-axis

N
o

0]

4

v

Ex. 14. Draw the graph of y = sin (l)
x

We have -1 <sinx <1

= -1<sin (x—%) <1

1
It cuts the x-axis atx= —— ,n € - {0}
nw

But it does not cut the y-axis.

Ex. 15.Draw the graph of y = x sin (l)
X

We have — 1 < sin(lj <1
X
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(1
= xstm(— <x
X

(1Y
Hence, the curve y = x sin (—) lies between
y=xandy=-x. *

Also, Lt (x sin (ln =0= Lt (x sin [ln
x—0" X x—0" X

. 1
It cuts the x-axisatx = —, n e - {0}
nm

y

N .
N .
N .
N .
N .
S .
N .
N .
N .
N .
N .
p
Z X
>t
TS
N
. N
[ \

. ~
- ~
- ~

LEVELI
(PROBLEMS BASED ON FUNDAMENTALS)

Q. Draw the graphs of
1. f(x)=sin2x
2. f(x)=sin 3x

3. f(x)=sin(§)
—anl *
.f(x)—s1n(3)

Canal
.f(x)fsmx2

N

9,1

e L
6. f(x)=sinx 5

~

o _r
. f(x)=sin (x 6]

o

. f(x)=sin (x+%j
9. f(x)=sin(x—1)

10. f(x)=sin(x + 1)
11. f(x)=-sinx

12. f(x) = % —sinx
13. f(x)=sin (x—%) +1

14. f(x) = sin (x—%) 1
15. f(x)=sin |x|
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16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31

3

[\

3

W

34
35

36

37

38
39

40

41

42
43
44
45
46
47
48
49
50
51

52

53
54
55
56
57
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. f(x)=sin|x| + 1

. f(x)=sin |x| -1

. fx)=1-sin|x|
. f(x)=sin [x|

. f(x)=sin|x—1]

. f(x)=sin |x + 1|
. f(x)=sin’x

. fx)=sinx+1

. f(x)=sin’x— 1
. f(x)=1-sin’x

)= sin? x + cos*x
- f(x) =|sin [x]]

. f(x)=sin |x|| + 1

- S(x) =|sin [x[| - 1

. f(x)=cos 2x

. f(x)=cos 4x

. f(x)=cos [g)
. f(x)=cos (g)

. f(x)=—cosx
. fx)=1-cosx

. f(x)=cos (x—%)

- T
. f(x)=cos (x+ 4)

. fx)=cos(x—1)
. fx)=cos(x+1)

. f(x)=cos (x—%) +1

. f(x) =cos (x+§) -1

. f(x)=cos x|

. f(x) =—|cos x]|

. fx)=1—|cos x|

- J(x) =]|cos x]|

- J(x) =|cos (x — 1)
. f(x) =cos |x|

. f(x)=cos |x|+1

. fo) = cos® x
)= cos’x

. fo) = cos® x — sin’x
. )= % cos® x

. f(x)=sinx + cos x

. f(x)=sinx—cos x
. f(x)=tan 2x

. f(x) = tan’x

. f(x)=tan’x

58. f(x)=|tan x|
59. f(x)=cot2x
60. f(x)=|cot x|
61. f(x)=tanx-cotx

62. f(x)= 1—.cos2x
sin 2x
1 2
63. f(x)= w
sin2x
64. f(x)= sin2x
' 1+ cos2x
in2
65. f(x)= _Smex
1-cos2x

66. f(x)=cosec 2x
67. f(x)=sec2x

68. f(x)=tanx+cotx
69. f(x)=cotx—tanx

70. f(x) = /sin? x
71 f@) = Jeos? x
72. f@) = \sin? x
73. f(x)= - sinx
74. f(x) = \J-cosx

75. f(x) = sin(x—%j

LEVEL 11
(PROBLEMS FOR JEE MAIN)

Q. Draw the graphs of

1. f(x)=xsinx
2. f(x)=x+sinx
3. f(x)=x—sinx
4. f(x)=2"sinx
5. f(x)=¢"sinx
6. f(x)=sinx—cosx
7. f(x)=sinx+cosx
8. f(x)=xcosx
9. f(x)=x+cosx
10. f(x)=x—cosx
1. f(x)= {sinx
12. f(x)= —sinx
13. f(x) = Vsinx +,/—sinx
14. f(x)= Vsinx —/—sinx

15. f(x) =sinx + |sin x|
16. f(x) = sin x — |sin x|
17. f(x) =sinx + sin |x]
18. f(x) =sin x — sin |x|



19. f(x)=cos x + |cos x|
20. f(x) =cos x — |cos x|
21. f(x) =cos x + cos |x|
22. f(x) =cos x —cos |x|

23. fx)= max{sinx,%}

26. f(x)= max{sin(x—%), sin[x+%j}

27. f(x)=tan x + tan|x|
28. f(x) =tan x — tan|x|
29. f(x)=tanx-cotx
30. f(x)=sin x-cosec x
31. f(x)=cosx-secx
32. Find the number of solutions of
(i) sinx=x
(i1) sinx = |x|
(1ii1) sinx=2|x|

. . 1
1v) sinx= —|x
(iv) 5 I

. 1
(v) sinx=x+ —,x>0
X

(vi) sinx=x+ l,x<0
X
(vii) sinx=x>+x+1
(viil) sinx=-x*+x—1
(ix) sinx=2"+27
(x) sinx=2"-2"

(xi) 25M% = %, V xe [2rm27]
(xif) 2°%% = %, V xe [-2m, 27

(xiii) 280 = %, Y xe [-2m, 2n]

(xiv) 2% =1,V x e [-27, 27]
(xv) 35M%= %,Vx € [-2m, 2n]
(xvi) 25"% = |sinx|,V x € [-27, 271]
(xvii) 2°°* = [sinx|, V x € [-27, 27]
(xix) 2°®*=|cos x|, V x € [-27, 27]
33. Find the maximum and minimum values of
(1) f(x)=sinx+cosx
(i) f(x)=sinx—cosx
(iil) f(x)=3sinx+4cosx+ 10
(iv) f(x)=S5sinx+ 12cosx + 12
(v) f(x)=sin(x—1)+cosx
(vi) f(x)=sinx+cos (x—1)
(vii) f(x)=3sinx+4
(viii) f(x)=2—4sinx
(ix) f(x)=—3—2sinx

Graphs of Trigonometric Functions

(x) f(x)=3cosx+5
(xi) f(x)=—2cosx+3
(xii) f(x)=3sin’ x + 4
(xiil) f(x)=2—4sin® x
(xiv) f(x) = 3sin’ x + 4cos’ x
(xv) f(x)=2sin’ x — 3cos® x
(xvi) f(x)= 3sin® x + 4cos? x + 10sin x cos x
. 1
Gevt) f2) 3sin® x +2cos” x
1
3sin® x —2cos” x
(XiX) f(x) — 25sin2x+écoszx
(xx) f(x) = log,(3sin’x + 1)
34. Find the domains and ranges of
(i) fx)=2sinx+4
(i) f(x)=sinx+ cosx
(i) f(x)=sinx+cosx+1
(iv) f(x)=3sinx +4cosx+ 10

W) fix)= sin(x—%) + cos x

(xviil) f(x)=

. . _E _E
(vi) f(x)sm[x 4)+cos(x 6)

(vii) f(x) = sin (x - %) + cos(x _ %)

(viil) f(x)=3sin’x +2
(ix) f(x)=3sin®x + 2cos’ x
(x) f(x)=3sin® x — 4cos’ x

LEVEL III
(PROBLEMS FOR JEE ADVANCED)
Q. Draw the graphs of

1. f(x)=sin(1)

X

2. flx)= xsin(l)
X

3. f(x)=sinx+ |x|
4. f(x)=sinx—|x|
5. f(x)=|x| +sinx
6. f(x)=|x| —sin |x]|
7. f(x) = x| + cos [x|
8. f(x) = x| —cos |x|

\O

- f(x) = log, (sin x)

10. f(x) = log, (cos x)

11. f(x)=[sin x], where [,] = G.L.F

12. f(x)=[2sinx], [,] = G.LF

13. f(x)=[sinx +cosx], [,] =G.LF

14. f(x) = max{sinx, cos x},V x € [-27, 2]

o1
15. f(x) = max {&nx,E,cosx} Vxe [2nm2n]

117
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. : iii) f(x)=sin*x+ cos*x
16. f(r)= sinx+cosx _|sinx—cosx Ve [27 21] ((iv; ;Ex; 6t o
2 2 22. Find the number of solutions of
. . smx __
17, fx) = sinx J; cosx |sinx ; COSX| \/ v e (27 21] (53 ismx T;Eli‘vvx:e[?oéﬂ]
(iii) 2" =sin x|, V x € [0, 87]
(1 (iv) 2°®*=|cos x|, V x € [0, 107]
18. f(x) =x sin (;) (v) 2" =cosx, V x € [0, 207]
(vi) xsinx—1=0,V xe [0, 2]
19. f(x) = sgn (sin x) (vii) xsin’x—1=0,V x e [0, 27]
20. f(x) = sgn (cos x) (viii) sinx=2"+2%V x e [0, 27]
21. Find the maximum and minimum values of (ix) cosx=2"-2* Vxe [0,2n]
(i) f(x) =sin’ x + cos” x (x) x2cosx—2=0,Y x e [0, 27]
1) flx)= sin* x + cos® x
ANSWERS
Level IT
32. (i) 1 (i) 1 (iii) 1 Min V= (E - E]
(iv) 3 V) 0 (vi) 0 22
(vi)) 0 (viii) 0 (ix) 0 (xvii) Max V= 1/2 and Min V' = 1/3
(x) 3 (xi) 4 (xii) 4 (xviii) Max ¥'=1/3 and Min V' =—1/2
(xiii) 0 (xiv) 4 (xv) 4 (xix) Max V' =2°%and Min V' =2°
(xvi) 4 (xvii) 8 (xviii) 4 (xx) Max V=2 and Min V=0
33. (i) Max V= 2 and Min VV'=—./2 33. (i) D;=Rand R =2, 6]

(i) Max V= 2 and Min V'=—./2
(iii)) Max V=15and Min V'=15
(iv) Max V=25 and Min V' =-1

(v) Max V= f(cos —sm ;j

3)

Min V= —/2 (cos( )—sm(%)j
)

Min V= —/2 (cos( )-1-51 GD

(vil) Max V=7 and Min V=1
(viii) Max V=6 and Min V'=-2
(ix) Max V=—-1and Min V'=-5
(x) Max V=8 and Min V' =2
(xi) Max V=5 and Min V=1
(xii) Max V=7 and Min V' =4
(xiii)) Max V=2 and Min V'=-2
(xiv) Max V=4 and Min V=3
(xv) Max V'=2and Min V'=-3

(vi) Max V= \/E(cos + s1n

) 13 /101
(xvi) Max V= ?+T

(i) D;=Rand R,= [V2,42]

(iii) D;=Rand R,= [1-+2,1++/2]

(iv) D;=Rand R,=[5, 15]

(v) D;=Rand R,= [-V5+2v2 5 +2V2]

(Vi) D;=R and R,= [v/2,2]
(viii) D;=R and R,=[2, 5]

(ix) D,=R andR [2, 3]

(x) Df Rand Rf [-4, 3]

Level-I11
21. (i) Max V=1 and Min V' =3/4
(il)) Max V=1 and Min V' =3/4
(iii)) Max V=1 and Min V'=1/2
(iv) Max V=1and Min V'=1/4

22. (i) 0 (i) 4
(iii) 16 (iv) 10
(v) 0 (vi) 2
(vii) 2 (viii) 0
(ix) 1 x) 2

(vi) D,=Rand R,= [—J5+\E+\£,\/5+\E+£}



An equation involving one or more trigonometrical ratios of
unknown angle is called trigonometrical equation.
For examples, sinx —cosx—2 = 0,tanx=1,

cos® x + cos x — 2 = 0 etc. are trigonomteric equations.

o TLCONMETRE

A value of the unknown angle which satisfies the given
trigonometrical equation is called a solution or root of the
equation

. T 5w
For example, sinf=— = 0= O

N | —

Types of Solutions:
(i) Principal Solution
(i) General Solution.

PRINCIPAL SOLUTION:

The smallest numerical value of the angle which satisfies the
given equation is called the principal solutions.

GENERAL SOLUTIONS:

Since trigonometric functions are periodic function,
therefore solution of trigonometric equations can be
genralised with the help of periodicity of a trigonometrical
function. The solution consisting of all possible solution of
a trigonometrical equation is called the general solution.

OL
ET

The general solution of the equations are as follows:
Step I
1. sinf=0 =

O=nm,nel

2. cos0=0 = 9=(2n+1)%,nel

3. tan60=0 = O=nrm,nel
Step 11

I sing=1 = 0=(4n+1)§,nel
2. cosO=1 = O=2nm,nel

3. tanf=1 = 9=(4n+1)%,n61
Step 111

1. sinf=-1 = 9=(4n_1)§,n61
5 cosO=—] = 0=02n+1)w,nel
3. tanf=-1 = 9=(4n_1)%,n61
Step IV

l. sinf=sina = O=nr+(-1)'a,nel
2. cos@=cosax = O=2nmxoa,nel
3. tanf=tanx = O=nm+o,nel

Step V
1. sin’@=sin*ax =
2. cos’O=cos’ax =

3. tan’f=tan’ox =

O=nmxto,nel

O=nmrta,nel
O=nrxo,nel

T

Step 1
1. =1<sinf,cos0<1

2. —1<—sinf,—cosO<1
3. —co<tanf,cotf < oo
4

. —oo<—tanf,—cotf < oo
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5. cosecG,sec@e(—oo,l]u[l,oo)

6. —cosec,—secOe (—oo,1]U[1,e0)
Step 11

1. OSsinZO,coszesl

2. 0<tan’0,cot’> 6 <

3. IScosecze,sec29<oo

Step 111
1. —1<—sin® t9,—cos2 60<0
2. —co<—tan’® 49,—cot2 0<0

3, —o< —cosecze,— sec’9< -1

3.5 SOME SOLVED EXAMPLES

Ex-1. Solve for 6: sin30=0.
Soln. We have, sin360=0

= 30=nnm

= Ozg,where nel

Ex-2. Solve for 6: cos’ (50)=0
Soln. We have, cos”(50)=0

= cos’ (56)= cos’ (%)

- (50)=n7ti(—
= 0 !
5

:)
_ _[mi(gn , where nel.
NCR

Ex-3. Solve for 6: tan0 =
Soln. We have, tan6 = \/g

= tanf= tan(%)

= 9=nﬂ+(§),where nel.

Ex-4. Solve for 6: sin20 =sin6 .
Soln. We have, sin26 =sin0

= 2sinf@cos@ =sin O
= sin@(2cosf—1)=
= sinf=0 & (2cos0—1)=0

= sin@zO&cost%

N 9=nn&9=2nni§,WheTe nel.

Ex-5.
Soln.

Ex-6.
Soln.

Ex-7.
Soln.

Ex-8.
Soln.

Solve for 6: sin(90)=sin6.
We have, sin(96)=sin6
=  sin(90)-sin6=0

= 2 cos(90+9jsin(99_0)=0
2 2
= 2 cos(50)sin(46)=0

= cos(50)=0 & sin(40)=

= (59)=(2n+1)§ & (46)=nm

= 0=(n+)Z & 6= (””j.
10 4

where nel.

Solve for 8: 5sin’> @ +3cos’ 0 =4

We have, 5sin> 0 +3cos’ 0 =4

= 2sin29+3(sin29+00529):4

= 2sin’0+3=4

=  2sin’6=1

= sin29Zl
2

(g (s

- v

Solve for : tan(6 —15°) =3tan(0 +15°).
We have, tan(6 —15°) =3tan(6 +15°)
tan(6 —15°) _ 3

TN

) where nel

=
tan(0 +15°) 1

. tan(0—15°)+tan(9+15°)_3+1
tan (6 —15°) - tan (6 +15°) S 3-1
sin(9+15°+9—15°) 3+1

— _

sin(6+15°—60+15°)  3-1
= 2sin(260) =

= sin(260) =1
0=(4n+1)%,ne]-

Solve for 6: tan* () +cot’ () =2
We have, tan’ (9) + cot? (9) =2

= tan? (6)+



Ex-9.
Soln.

Ex-10.

Soln.

Ex-11.

Soln.

=  tan*(9)-2tan’(8)+1=0
= (tan’(6)- 1)2 =

= (tan2 (6)- 1) =0

= 9=nn’i(%),nel

Solve for 0: cos(8)+cos(20)+cos(30) =
We have,

= (cos(36)+cos(0))+cos(20)=0
(cos(36) +cos (6)) +cos(26) =0

= 2cos(26)cos(0)+cos(20) =

= cos (29)(2 cos(6)+ l) =0

= cos(20)=0 & (2 cos(9)+1)=0
= cos(20)=0 & cos(e)z—%

= 0=(2n+1)(%) & eznni(%’r)

Solve for @: sin(26)+sin(46)+sin(60) =0
We have, sin(26)+sin(46)+sin (60)=
= sin(66)+sin(26)+sin(46)=0
= 2sin(46).cos(26)+sin(46)=0

= sin(49)( 2 cos(20) +1) =0

=  sin(40)=0 & (2 cos(20)+1)=

= (40)=nm & cos(20)= -%
nrw 2r

S 9:(—) & (29):nni(—)
4 3

- ez(ﬂ)& 9=(ﬂ)i(fj,ne1
4 2 3

Solve for 6:

tan () + tan (20) + tan (0)tan (260) =

We have,

tan () + tan (260) + tan (0)tan (26) =1

= tan(20)+tan(0)=1-tan(6)tan(26)

Ex-12.

Soln.

The Trigonometric Equation

tan (26)+tan(6)
1—tan (Q)tan (20) B

= tan(36)=1

= tan(30)=tan(%)
= (39)=nn+(%)

= ez(?}{ﬁ}nez
Solve for @: tan(6)+ tan(26)+ tan(36)
= tan(6).tan (26).tan(30).
We have,
(6)+ tan (20) + tan (36)
tan(@) tan (2 ) tan (30)
=  tan(6)+tan(20)
= —tan 30) + tan( ) tan (29).tan (39)
t

)
(
)+ tan (26)
(

tan

= tan (9

—tan (360 (1 - tan

)
- [( tan(92+tan(20) )]——tan(36)

—tan(6).tan (20)

).tan 29))

=  tan(30)=—tan(30)
= 2tan (39) =
= (30)=

EXERCISE 1
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Solve the general values of 9:

1.
2.
3.

sin260=0
cos30=0
tan50 =0
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10.

11.
12.

13.

14.
15.
16.

17.

18.
19.

20.

21.
22.
23.
24,
25.
26.

27.

28.

29.
30.
31.

32.

33.
34.

35.

36.
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sin® (76)=0

A
Il

cos? (39 0

N—
I

sinf =

cosO =

tan6=\/§

2sin0+1=0

N | — N|§|

cos39=—L

V2

tan360+1=0
2sinf@—-1=0
2c0s6—+/3=0
Jtanb =1
sec(0)+2=0

sin 20 =sin 0

cos30 =cosf

sin (30) = sin (6)

sin (56) = cos(26)
7sin” @ +3cos” 0 = 4
sin@ +sin360 +sin50 =0

cosO+cos360—2co0s20=0
sin 260 +sin46 +sin66 =0

cot29+_i+3=0

sin@
2tan O —cotO = —1
tan29+(1—\/§)tan6—\/§=0
tan@ + tan 20 + tan 0 tan20 =1

tan @ + tan 20 + tan 30 = tan O tan 20 tan 30
tan9+tan(9+§)+tan(9+2?ﬂ:)=3

3tan(B —15°) = tan(0 +15°)

tan@ + tan20 + tan36 =0

cos20cos46 = %

cotf —tanO@ = cosO@ —sin 0

37. (1-tan6)(1+sin20)=1+tan6

38. 2sin’0+sin’20=2

39. sin30=4sinf.sin(0+a).sin(0—o),x #nw,ine”Z

40. 4sin0sin26sin40 =sin 30

3.6 ATRIGONOMETRIC EQUATION
IS OF THE FORM

acos@xbhsinf=c

Rule: 1. Divide by va® +b* on both the sides
2. Reduce the given equation into
either sin(0+a) or cos(0+ )
3. simplify the given equation.

Ex-1. Solve for 6: sin(6)+cos(6)=1
Soln. We have, sin(6)+cos(0)=1

= 2 (%sin(@)+%cos(9)}=l

= (Lsin(e)+icos(9)j _ L

- sefof -5

= 9=(n7t+(—1)"(%)—%}, nel

Ex-2. Solve for 8: v3sin(8)+cos(6) =2

Soln. We have, v/3sin(8)+cos(6)=2

V3

1
= —sinf@+—cosf=1
2 2

= sin(@ + %) =1
= sin(e + %) = sin (gj
= (0+%j=nn+(—l)" (%)

= 9=mr+(—1)"(%j—%



Ex-3.

Soln.

Ex-4.
Soln.

Solve for 6:
sin(26) + cos(26) +sin(0)+cos(6) +1=0

We have,
sin (26) + cos(26) +sin(0) +cos(8) +1=0

= (sin (6)+cos (9)) + (1+sin(29))
+c0s(260)=0

= (sin(9)+cos(9))+(sm +cos(0 )2
(cos 6 —sin” 0 ) 0

= (sin (6)+ cos (9)) + (sm )+ cos( ))2

+(cos@ +sinB)(cosH —sin0) =0

N (sm 0 +cos )

)(1+2cost9)

(6)
(1 +(sin (0) + cos(6)) + (cos 6 —sin 9)) =
= (sm (8)+ cos(

(6)

- (sm 6)+cos (6 ) 0 & (1+2cos0)=

= sin (E =0& cosO——l
4 2
(” j—nn&@ 2n7r+(23ﬂ)

N 9=n7z:—§&9=2nn’i(2?ﬂ),nel

Solve for §: sin® 0 +sin@cosO + cos> 6 =1

We have, sin® @ +sinOcosO +cos> 0 =1

(sin3 6 + cos’ 9) +sinfcosf =1
(sin@+cos6)(1—sinOcosB)+sinHcosH =1
(sin@+cos9)(1—sin000s9)=(1—sin90050)
(sin@+cos6 —1)(1-sinOcos ) =
(sinf+cos@—1)=0 & (1-sinHcosh)=

1

L A

(sin@+cosf)=1 & sin(20)=

(o)) (5)

& sin(26)=sin (%)

= O=nx+(-1) (%j —~ (%j

U
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&6 =%(nn’+(—1)n (%D ,where nel.

EXERCISE 2

Q Solve for 6:
L. sin@++/3cosf =2

2. \/Esece+tan0=1
. cotB +cosech = \/§

3
4. sin@+cosf =2
5. BcosO+sinh=1
6. sin@+cosf=1

7

. cosecO=1+cotO
8. tan®+secH =3
9. cos6++/3sin6 =2cos26
10. \/g(cose—\/gsine)=4sin29.cos30

3.7 PRINCIPAL VALUE

The numerically least angle is called the principal value.

. 1
For example, sinf =—
Then, 2

Among all these values of 6, % is the numerically smallest.

So principal value of sin8 = % is 0= %

3.8 METHOD TO FIND OUT THE
PRINCIPAL VALUE

(i) Firstdraw a trigonometric circle and mark the quadrant
in which the angle may lie.

(i) Select anti-clockwise direction for 1st and 2nd quad-
rant and select clockwise direction for 3rd and 4th
quadrants.

(iii) Find the angle in the first rotation.

(iv) Select the numerically least angle among these two val-
ues. The angle thus formed will be the principal value.

(v) In case, two angles, one with +ve sign and the other
with -ve sign, qualify for the numerically least angle,
then it is the conventional of mathematics, to consider
the angle with +ve signs as a principal value.
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Ex-1. Find the principal value of sin (9) = —%

1

Soln. We have, sin (0) =— >
- §=-r
6
/4
Hence, the principal value of 8is (—g)
Ex-2. Find the principal value of sin(6)= L
V2
Soln. We have, sin ()= L
V2
g 37
4° 4
Hence, the principal value of 8is %
Ex-3. Find the principal value of tan(6)= —3
Soln. We have, tan(8)=—3
/4
= 0)=——
6)=-~

Hence, the principal value of 0 s —%

EXERCISE 3

Find the principal values of

l. tan6=-1
2. costl
2
3. cos@z—l
2
4. tan9=—\/§
5. sec9=\/§

3.9 SOLUTIONS IN CASE OF TWO
EQUATIONS ARE GIVEN:

Two equations are given and we have to find the value
of 6 which may satisfy both the given equations like
cos@=cosa, sinf =sino and tanf =tanc .
The common solution is 8 =2nm + o , where ne€ Z
Similarly, sinf@=sino  tanf =tanor
The common solution is 8 =2nw+o,ne Z

Rule: (i) Find the common value of 8 between 0 and
2r
(i) Add 2nm to this common value
(iii) then we shall get the general value of the given
two equations.

. 1 1
Ex-1. If sin(0)= 5 and cos(0)= 5 then find

the general values of 6.

. 1
Soln. Now, sm(9)=ﬁ
3z

4

Thus, the commoon value of 8 is 3771-
. 3z
Hence, the general value of Ois | 2nm + e

If sin (9) = L

V2

general values of 0.

Ex-2. and tan(0)=-1, then find the

Soln. We have, sin(0)=

Thus, the common value of 6 is 377[

. RY4
Hence, the general values of 0 is 2n717+7 R
where nel.

Ex-3. If (1+tan A)(1+ tan B) =2, then find all the values

of A +B.
Soln. We have, (1+tan 4)(1+ tan B) =2
— l+tand+tanB+tanA.tanB =2

— tanA+tanB=1-tan A.tanB

tan A+ tan B
1—tan A.tan B

= tan(A+B)=1



— tan (A + B) = tan (%j
V4
= (A+B)=n7r+(zj,where nel.

Ex-4. If sin (n’ cos 9) =cos (n’ sin 9) , then prove that,

T 1
cos|0x— |=——
( 4) 242

Soln. We have, sin(7cos8)=cos(7sin0)
=  sin(7 cosf)=sin (5 — msin Gj
n .
= (7r 0050) = (E —7rsm9]
cosf = (l —sin 9)
= 2
. 1
= cosO+sinf = E
1 1 1
= —=c0sO0+—=sinf=—+=
2 V2 22
cos(@ + E) = L
= 4) 22
Similarly, we can prove that,
T 1
cos| 0 —— |[=—%=
( 4) 22
Ex-5. If tan(7 cos6)=cot(msin@),
then prove that cos(@ - E) S
4) 22
Soln. We have, tan(7 cos8)=cot(rsin6)
T .
=  tan(mcosf)=tan (E — sin 9)
/4 .
= (ncos@)z(g—nsmej
. 1
= cos(9)+sm(9)=5
= Lcos(@) + Lsin(9) -
2 V2 02
b4 1
= cos|f0-——|=—F
( 4) 202
Ex-6. IfsinA=sinB and cos 4 = cos B, then find the values
of A in terms of B.
Soln. Given sin4d=sinB .. @)
and cosd=cosB (i1)

Ex-7.

Soln.

Ex-8.

Soln.
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Dividing (i) and (ii), we get,

sind _sinB

cosd cosB
— tanA=tan B

= A=nn+B,wherene [

If 4 and B are acute +ve angles satisfying the

equations 3sin? 4+2sin’ B=1 and
3sin2A4—2sin2B =0, then find 4 + 2B
Given equations are

3sin® A+2sin’ B=1
and3sin24-2sin2B=0
From (ii), we get,
3sin24=2sin2 B
sin24 sin2B

=
2 3

sin2B 3

= sin24 2

From (i), we get,
Z(2sin® 4)+(2sin® B) =1
3 (2sin® )+ 25in* )

= %(1—COS2A)+(1—COS2B)=1

= %cos2A+cos23=%

= ZIE ii cos2A4+cos2B = ZE ;i

= sin2Bcos2A+sin2A4cos2B =sin2B
=  sin(24+2B)=sin2B

=  sin(24+2B)=sin(7—2B)

=  (24+2B)=(n-2B)

=  (24+4B)=

= (A+ZB)=E
2
T
Solve: x+y=z and tan x + tan y = 1

. i1
Given x+y=z and tanx +tany =1

= tan(x+y)= tan(%)

tan x + tan y -1
I—tanx.tan y

= I-tanx.tany =1
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Ex-9.
Soln.

Ex-10.

Soln.

= tanx.tan y =0
= tanx=0 & tany=0
= X=nmw=y

Thus, no values of x and y satisfying the given
equations.

Therefore, the given equations have no solutions.
Solve: sinx +siny=1,cos2x—cos2y=1.

Givensinx +siny=1 ... @)
andcos2x—-cos2y=1 ... (i1)
From (ii), we get, cos 2x—cos 2y =1
= 1-2sin? x—1+sin® y =1
. . 1
= sin® x —sin® y=——
2
n . - 3
= y=nnm+(-1)"sin (Zj’
where nel
. . 1
= sinx—siny = 5 e (ii1)
Adding (i) and (iii), we get,
2sinx= 1
2
. 1
=  sinx=-—
4

n . 11
=  x=nn+(-1)"sin I(Zj,nel,
Subtracting (i) and (iii), we get,
. 3
2siny=—
)

= s.iny—é
4

=  y=nr+(-1)"sin™ (%),n el
If »sin@ =3 and r=4(1+sin 9),where 0<6<L2m,

then find the value of 6.
Given equations are

rsin@=3 . @)
and r=4(1+sin@) . (ii)
Eliminating (i) and (i), we get,
4(1+5sin6)sin6 =3

=  4sin’@+4sinf-3=0

=  4sin’@+6sinf—2sinf—3=0

=  2sin0(2sin0+3)-1(2sin6+3)=0

Ex-13.

Soln.

Ex-14.

Soln.

Ex-15.

= (2sin9+3)(2sin9—1)=
= sinez—é,l
2°2
. 1
= sinf=-—
2
5

= QZE_”
6 6

Find the set of values of x for which

tan 3x — tan 2x

1+ tan3x.tan2x

tan3x — tan 2
Wehave,wzl
1+ tan3x.tan2x

= tan(3x—2x)=1
= tanx =1
T
= x=n7t+z,where nel

But the values of x do not satisfy the given equation.
Hence, the set of values of x is ¢.

Find the number of solutions of the equation

tan x + sec x = 2 cos x lying in the interval

[0, 27]

Given equation is tan x + sec x = 2 cos x

(1+sinx)=2 cos* x

=  (l+sinx)= ( —sin x)
=  (l+sinx)=2 (1+sinx).(1-sinx)
= (1+sinx)(1 2+2s1nx) 0
=  (I+sinx)(2sinx—1)=0
= (1+sinx) (2s1nx 1)=0
= sinx=-1& sinxzé
T T Sw
= X=—,—, —/
266

n . . .
But x= 3 doest not satisfy the given equation.

Thus, the values of x are % and S?n- .

Hence, the number of solutions is 2.

Find the number of values of x in the interval [0, 37]
satisfying the equation.

2sin® x+5sinx—=3=0
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Soln. Given equation is 2sin’ x+5sinx—3=0 = (4x+20°) = 260°

= 2sin® x+6sinx—sinx—3=0 = 4x=260°-20"=240

= x=060°

= 2sinx(sinx+ 3) —1(sinx+ 3) =0 Hence, the smallest positive value of x is 60°.

= (sinx+3) (2sinx—1)=0

N smx:_s,% EXERCISE 4

=  sinx= 1 1. If cos@ = € and tanO =-1, then find the genral
2 B
T 5t 137 171 value of 6.
= X= 6 66 6 2. Find the most general value of 8 which satisfy the
. . 1
Hence, the number of values of x is 4 . equations sinf = 5 and tan 6 = E )

Ex-16. Find the smallest positive value of x such that

3. If 4 and B are acute +ve angles satisfying the equations
tan(x + 20°) = tan(x —10°).tan x.tan(x +10°) .

3sin? A+ 2sin? B=1and 3sin2A4-2sin2B = (, then

Soln. Given, find 4 + 2B.
tan(x + 20°) = tan(x —10°).tan x.tan(x + 10°) )
4. Iftan (4 - B)=1and sec(A4+ B)=——, then find the
t 2 o b
fan(x + 20°) = tan(x —10°).tan(x +10°) V3
tan x smallest +ve values of 4 and B and their most genral

sin(x+20°)cosx _ sin(x —10°)sin(x +10°) values.
cos(x+20°)sinx  cos(x —10°).cos(x +10°)

2 . .
5. Solve: x+y= 2 andsinx =2 sin y.
sin (x +20°) cos x + cos(x + 20°) sin x 3

: o _ O\ ot 2 3
sin (x + 20°) cos x — cos(x + 20°)sin x 6. Solve: x+y= ?ﬂ and cos x + cos y = >
B sin (x —10°)sin (x +10°) 4+ cos (x —10°).cos (x +10°)
~ sin (x —10°)sin (x +10°) — cos (x —10°).cos (x +10°) 7. Solve: x+y = 7 and tan x + tany=1.
- sin (x +20° +x) __cos(x+10°~x+10° 8. Solve: rsin@=3 and r=4(1+sinf),0<0<2x
s1n(x+20°—x) cos(x +10°+x—107) 9. If sin4A=sinB and cosA=cosB,
sin(2x+20°) _ cos (20°) then find the values of 4 in terms of B.
= sin(20°) T cos (2x) 10. Solve: sinx+siny =1
= sin(2x +20°)cos (2x) = —sin (20°) cos (20°) cos2x—cos2y =1.
11. Find the co-ordinates of the point of inter section of
= 2sin(2x +20°)cos (2x) =— 2sin (20°) cos (20°) the curves
= sin(4x+20°)+sin(20°) = — sin (40°) y=cosx &y =sin2x
i i . 12. Find all points of x, y that satisfying the equations
= sin (4x + 20°) = —sin (40°) —sin(20°) 3
= sin(4x +20°) = — 25in(30%) cos (10°) cosx +cos y+cos(x+y) = 5
= sin(4x+20°) = —cos(10°) 13. If 0< 6,9 <7 and 8cosO cos cos(B+¢@)+1=0,
= sin(4x+20°) = —sin(80°) then find 6 & ¢ .
= sin(4x+20°) = sin(-80°) , ! , !
_ . 14. Solve: 45" 4 3¢5 =11, 516" +2.3°Y =2.

= sin(4x+20°) = sin(z — (—80°)) o e

if ——<x<—
= (4x+20°)= (7 —(-80°) 2 2
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3.10 SOME IMPORTANT REMARKS TO
KEEP IN MIND WHILE SOLVING A
TRIGONOMETRIC EQUATION

1. Squaring the equation at any stage should be avoided
as far as possible. If squaring is necessary, check the
solutions for extraneous roots.

2. Never cancel terms containing unknown terms on both
the sides, which are in product form. It may cause roots
loose.

3. Domain should not be changed. If it is changed, nec-
essary correction must be made.

4. Check the denominator is non zero at any stage, while
solving equations.

5. The answer should not contain such values of angles,
which may be any of the terms undefined.

6. Some-times, we may find our answers differ from
those in the package in their notations.This leads to
the different methods of solving the same problem.

Whenever we come across such situation, we must check
authenticity. This will ensure that our answer is correct.

7. Sometimes the two soltuion set consists partly of
common values. In all such cases the common part
must be presented only once.

3.11 TYPES OF TRIGONOMETRIC
EQUATIONS

TYPE 1

A trigonometric equation reduces to Quadratic/Higher
degree Equations.

Rules: 1. Transform the terms to be a only one trigono-

metric ratio involving angles in same form.

2. Factorize the equation and express it in f{x) X
gx)=0
= f(x)=0 org(x)=0.

3. Solve both the equations one by one to get the
general value of the variables.

Ex-1. Solve: 5cos2x + 2cos’ (gj +1=0.

Soln. The given equation can be expressed as

5(2coszx—l)+(1+cosx)+1=0

= 10cos’>x+cosx—3=0

= (5cosx+3)2cosx—1)=0

= (5c0sx+3)=0,(2005x—1)=0

3
= cosx=—§=cosoc ,

(5]
COSX=—=Cos| —
2 3

(7
= x=2nnia=2nnicos'(gj,

x=2nﬂi§,neZ.

EXERCISE 5

—_—

. 4sin*x+cos* x=1
2. 4cos® xsinx—2sin® x=2sinx
3. sinx — cosx — 4 cos’x sinx = 4 sin’x

4. 2cos2x++/2sinx =2

2

. 3.
5. 1+sin’ x+cos x=5s1n2x

6

6. sin® x+cos x=1—

8

) 17
7. sin® x+cos® x = Ecos2 2x

8. 2sin® x = cos® 3x
9. cosdx =cos’3x
10. cos2x = 6tan’ x —2cos> x

TYPE 2.
A trigonometric equation is solved by factorization
method.

Rule: Simply reduces to a single trigonometric ratio of the
unknown angles and factorize by basic algebraic
method.

Ex.-1 Solve: (2 sinx — cos x) (1 + cos x) = sin’x.
Soln. The given equation can be written as

(2 sin x — cos x) (1 + cos x)

= (1-cosx)(1+cosx)
= (1 +cosx)(2sinx—cosx—1+cosx)=0

= (1+cosx)(2sinx—1)=0.



= cosx=-1,sinx=1/2

. 1 (T
= COSX=—1=COS7Z',S11’1)C=5=SIII g .

T
= x=2nmtrm, x=nﬂ+(—l)ng,neZ.

EXERCISE 6

1. Zsinzx-{—sinx—lzo, where 0< x<2rm

2. 5sin®x+7sinx—6=0,Where 0<x<2r

. 1
3. s1n2x—cosx=—,where 0<x<2rm

4, tan’x—2tanx—3=0

5. 2cos’x—+/3sinx+1=0

TYPE 3.
A trigonometric equation is solved by transformation as a
sum or difference into a product.

Rules:
1. The given equation is reducible to

fx)xg(x) =0
= [f(¥=0,g(x)=0

2. Solve both the equations one by one to get the general
value of the variable x.
Ex.-1 Solve:sinx+sin3x+sin5x=0,

0<x<Z.
2

Soln. The given equation can be written as

(sinx + sin5x) + sin 3x = 0.

= 2sin3x.cos2x+sin3x=0

= sin3x(2cos2x+1)=0

= sin3x=0,cos2x=-1/2

= sin3x=0, costzcos(z?ﬂJ
= 3x:n7r,2x=2n7riz?n,neZ
- =2

T
,xznnig,nez
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= x=0,

W[

EXERCISE 7

Q. Solve for x

1. cos x — cos 2x = sin 3x

2. sin7x+sin4x +sinx=0, 0<x<

S

3. cos 3x + cos 2x

= sin(3—xj+sin(f) <x<
= 5 5 ) 0<x<L2rm

4. sinx+sin2x+sin3x
=cosx+cos2x+cos3x, - m<x<r1w
cos 2x + cos 4x =2 cos x

sin2x+cos2x+sinx+cosx+1=0
tanx+tan2x+tan3x =0

tan3x + tanx = 2tan2x

© ® =N @

(1- tan x)(1+ sin 2x) = (1 + tan 4x)

10. sinx—3sin2x+sin3x =cosx—3cos2x + cos3x

TYPE 4.
A trigonometric equation is solved by transformation as a
product into a sum or difference:

Rule:
1. Thegivenequationcanbereducedto f(x)=0,g(x)=0
2. Solve both the equation one-by-one to get the genral
value of the variable x.
Ex.-1. Solve: 4 sinx.sin2 x.sin4x=sin3 x
Soln. The given equation can be written as

(2 sin2x . sinx ) .2 sin4x—sin3x=0

2 (cos x —cos 3x ) sin4x —sin 3x =0

2 sin 4x cos x — 2sin 4x cos 3x — sin 3x =0
(sin 5x + sin 3x) — (sin 7x + sinx ) —sin 3x =0
(sin 7x —sin 5x )+ sinx =0

sinx(2cos6x+1)=0

Lo v Ul

sin x =0, cos 6x =-1/2,

U

. 2
sinx =0, cosbx = cos(?ﬂ)

U

2
X =nr, 6x=2n77:i?ﬂ,neZ

= x=nn’,x=(3ni1)§,neZ
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EXERCISE 8

1. cosx.cos2x.cos3x=1/4, 0<x<rm

sin3a = 4sin o.sin (x + a).sin (x — o)
sin 2x . sin 4x . + cos 2x = cos 6x

secx.cosSx+1=0, 0<x<rmw
cos x . cos 6x =—1

kW

TYPE 5
A trigonometric equation is of the form

by sin” x + b, sin”" " x.cos x +

n-2

b, sin" 2 x.cos> x +.......+ b, cos" x =0

where, by,b,b,,........... ,b, € R is a homogenous equation
of sinx and cosx, where cosx is nonzero.

Rule: 1. Divide both the sides by highest power of cos x.

2. The given equation can be reduced to
by tan" x+ by tan" ' x+......... +b,=0
3. and then use the factorization method.

Ex.-1 Solve: 2sin® x — 5sin xcosx —8cos® x = —2
Soln. The given equation can be written as

2sin? x — 5sin xcos x — 8cos” x
=-2 (sin2 X+ cos> x)
= 2tan2x—5tanx—8=—2(tan2x+1)
=  4tan’x—Stanx—6=0
= (tanx-2)(4tanx+3)=0
3
= tanx=—2,tanx=—z

= x=nw+a,x=nn+f

where o =tan™ (2),[3 = tan”! (—%) ,nez.

EXERCISE 9

Q. Solve for x:
1. 5sin® x—7sinxcosx+6cos’ x =4
2. 2sin® x—5sinxcosx —8cos’ x = -3
3. sin3x.cosx +sin’ xcos’ x, 0<x<2rx

Type 6
A Trigonometric equation is of the form R (sin m x, cos n
x, tan p x, cot g x ) = 0, where R is a rational function and

Comprehensive Trigonometry with Challenging Problems & Solutions for Jee Main and Advanced

m, n, p, q € N, can be reduced to a rational function with
respect to sin x, cos x, tan x and cot x.

Rule: 1. Use half angle formulae of tangents:

2tan (x)
_\2)
1+ tan? (x)

2

(

1+ tan® x)
2

2tan x)
_\2)
16
2
1 - tan? (x)
. \2)
2tan (x)
2

2. Substitute tan (%) =t, and then solve it.

5602 (x)
_\2)

2
The given equation can be written as

1+_L=—l 1+tan2(f)
sin x 2 2

= 2(sinx+2)= —(l +tan’ (%D sin x

sinx =

1— tan?

tanx =
1—tan

cotx =

Ex.-1 Solve: 1+ 2cosecx =—

Soln.

ZtanE
= 2 +2
1+tan2£
2
2tan>
(lt_j 2
2 1+tan2£

2t 9 ( 2t j
(1+12 ) ( ) 1+£2

where ¢ = tan (x/2)

= P42 +3t+2=0
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- 3,22 40— 2
U+ttt 2+ 0 1_2\/5[t IJZO
=+ +1+2)=0 2
2
= 1+1=0, 2 +1+2#0 = V2P -1-2=0

= tan(%jz—l:tan(%) N (\/§t+1)(t—\/5)=0

1
= t=\/§,——
V2

x T
= =n77:—z,neZ
When sin x + cos x = /2

2

b4
= x=2nm——,ne’z- | 1
2 = —sinx+—=cosx=1

NERRNG
EXERCISE 10 = s+ Z)=1=sn(%)

1. Solve: (cosx—sinx)(2tanx+secx)+2=0
olve ( )( ) = x+%=nﬂ+(_l)n§’nez

.3 X 3 X
sin” ——cos” — 1
2. Solve: 2 . 2 _ 0S¥ When sin x + cos x= ——
2+sinx 3 J2
X x 1 . 1 1
3. Solve: cot| — [—cosec| — [=cotx = —=sinx+-—=cosx=——
2 2 Np) V2 2
4. If 6,,0,,0,,0, be the four roots of the equation N sin(x n E] _ sin(—zj
sin (6 + o) = ksin 26, no two of which differ by a
multiple of 27, then P T
i o (oo )emeiar(2)
prove that 91+92+93+94:(2n+])z,n62‘ 4 6
2T
TYPE 7 = x=nr—(-1) E—Z,neZ.

A trigonometric equation is of the form R(sinx + cosx, sinx
. cos x) = 0, where R is a rational function of the argument
of sinx and cosx.

EXERCISE 11

Rule: 1. Putsinx+cosx=¢
2. Use the identity

Q. Solve for x:

. 2 .

(smx +cosx) =1+42sinxcosx 1. sin® x4 sin xcosx + cos® x =1

2 . .
N sinxcosxzt -1 2. sinx+cosx=1-sinxcosx
. 3.
3. 1+sin® x+cos® x = =sin2x
. . Rl
3. So, the given equation reduces to ( " J 4. sin2x— 12 (sinx—cosx) +12=0, 0<x<2rx
and then solve it.
TYPE 8
Ex.-1 Solve: sinx+cosx— 22 sinx cosx=0. A trigonometrical equation is based on extreme values of
Soln. Let sinx +cosx=1¢ sin x and cos x.
21 Rule: 1. Whenever terms are sin, cos in power 1 and

all terms connected with plus sign and number
of terms in L.H.S (with +ve or —ve sign ) then
So, the given equation can be reduced to each term must have in the extreme value.

= sinx.cosx=
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2. In such problems, each term will be +1 when
the value of R.H.S is +ve and each term will be
(-1) when the value of R.H.S is —ve.

Ex.-1 Solve: sin 6x + cos 4x +2 = 0.
Soln. The given equation can be written as
sin 6x + cos 4x = -2

1
= sin 6x =-1 and cos 4x = -1 _ =
1—|cosx|
. . 3w
=  sinbx=sin—, cos4x =CoST 1
2 = CcOoSXx= iE
RY/4
=  o6x=2nm+—.,4x=2nn+n,ne”l 1
2 When cos x = 5
= x=ﬂ+£,xzﬂ+z,neZ T
3 4 2 4 = COSX=COS E
L, mSm Tl
441212 = x=2n77:ir£,neZ
= n 3r Snm In 3
e T T T T T geeees 1 2
5 474 44 When cosx=——=cos(—ﬂj
= xzf,_” 2 3
4 4 2
Hence, the general solution will be, = x=2nmt Ta” €z
= x=2n7r+£ 2n7r+5—7t ne7 Hence, the values of x are iE,iz_”.
4’ 4° 33
T /4
= x=2n7‘c+z,(2n+l)7r+z,neZ EXERCISE 13
= x=m7r+£,meZ Q. Solve for x:
4 1 21+‘COSX‘+COSZ X+‘COSX‘3+COS4 X+‘COSX‘5+ ........ to oo — 4
EXERCISE 12 2. 1+sin@+sin>O+sin’ 6 +.......... to oo
=4+23
Q. Solve for x: 5 .
.2 .
1. sin®x=1+cos*3x 3. |cosx|Sln s -
2. sin*x=1+tan®x 4. SN¥ _pmsiny _ g4
3. Sil’l2 X+ COSZ y= 2S602 z 5 If e[sin2 x+sin® x4sin® x4 toee]log, 2 satisfies the
4. sin3x+cos2x+2=0 ) )
5 cos 4x + sin 5x = 2. equations x” —9x +8 =0, then find the value of
TYPE 9 _O8X  pex<E
CcoSXx +sinx 2

A trigonometrical equation involving with exponential,
logarithmic and modulii terms:

Rule: Whenever equation contains power term, then we
should use the following method.
1. Equate the base if possible

Soln.

1+|cos x‘+cos2 x+|cos x\S +cos? x+|cos x\5+ .......... toeo
8 =64

The given equation can be written as

81+\c0s x|+cos? x+cos x|’ +cos® x+[cos x| +.......... toe _ @2

= 1+|COSX| -|-COS2 )C-|'|COS)C|3 + COS4 X +..toce =2

6.

7.
8.

log,.s tan x +logg, . cotx=0

. 2 ) 2
3sm2x+2005 X +31 sin 2x+2sin” x =08

log,.s, sinx +logg, . cosx =2, where x >0

2. Ifitis not possible to equate the base, take log of both
the sides and make its R.H.S is zero, then we proceed

TYPE 10
A trigonometrical equation involving the terms of two sides

further. are of different nature:
Ex.-1 Flnthhe values of x in (~7,7) which satisfy the Rule: 1. Lety = each side of the equation and break the
equation.

equation in two parts.




2. Find the inequality for y taking L.H.S of the
equation and also for the R.H.S of the equation.

3. Use the A.M = G.M. on the right hand side of
the equation.

4. If there is any value of y satisfying both the
inequalities, then the equation will have real
solution, otherwise no solution.

EXERCISE 14

Q. Solve for x:

1
1. ZCOSZ(EJSiHZXZXZ +—,0<x< r
2 X2 2

2
2. 2co0s> [X—HJ =¥ 40
6
PROBLEMS FOR JEE ADVANCED EXAM

4
Ex-1. Solve for x: secx — cosecx = 5

Soln. The given equation is

SE€C X — CoSeCx = —

1 1 4
= .. T35
cosx sinx 3

—  3(sinx—cosx)=4sinxcosx (i)

Put (sinx—cosx)=t¢

= 1-2sinxcosx =1

= sinxcosx=

: 1-
(1) reduces to 3t =4 3

3r=2(1-1)

202 +3t-2=0

202 +41—1-2=0
26(1+2)—(t+2)=0
(t+2)(2r-1)=0

L

~
Il
|
[\

=
=
a
=
-~
Il
N | — V)

. 1
= smx—cosxzz

1. 1 1
—(SINX——F—CO0SX [=—F—
(ﬁ 2 j 242

Ex-2.

Soln.

Ex-3.
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b4 1

= Sin(x_Zj = m
= (x—%) = n+(-1)" sin™ [

= x =(%+nn+(—l)" sin”! [

‘ -

)
oes

It is impossible, since the maximum value of
(sinx—cos x) is v/2

Solve for x:
sin2x +12=12(sinx — cos x)

2

-2

&

when ¢t =-2

= sinx—cosx=2

The given equation is
sin2x+12 = 12(sinx - cosx)

Put (sinx—cosx)=t¢
= 1-2sinxcosx=1

—  2sinxcosx= (l—tz)

(1) reduces to (1 -1 ) +12=12¢

(1-22)=12(-1)
t+1)(t=1)==12(¢r-1)
t=1)(t+1+12)=0
t=1)(t+13)=0
=1,-13

when =1, then sinx—cosx=1

A

(
(
(
t

(1 . 1 ) 1
= —SINX——F—CO0SX |[=—F——

V2 V2 V2

= sin(x - %) = sin(%)
= (x - %j =nx+(-1)" (%)

= x=nn’+£+(—l)n (E),nel
4 4

when ¢ =-13
sinx—cosx=-13
It is impossible, since the maximum value of

(sinx—cosx) is V2

Solve for x: |sec X+ tan x| = |sec x| + |tan x|
in[0,27] .
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Soln.

Ex-4.

Soln.

Ex-5.

Soln.

The given equation is
|sec X+ tan x| = |sec x| + |tan x|
= secx.tanx>0

sin x

= 3 >0
cos” x

= sinx=>0,cosx#0

. xe[O,ﬂ:]—{%}

X € OE ) En
= 5 o

) ) n V4
Hence, the solution set is 0’5 o 5,7'5 .

Let n be a positive integer such that

sin(l) + cos (ij = % , find n.

2n 2n
The given equation is

()l
. COS(E_E) Jn

4 2m) 22

It is satisfied for n = 6 only.

If cos2x+asinx =2a—7 possesses a solution
then find a.
The given equation is cos2x+asinx =2a—7

= 1-2sin’x+asinx=2a-7
= 2sin2x—asinx+(2a—8)=0

azt a2—16(a—4)

= sinx=
4
. at\a® —16a+64
= sinx=
4
) at (61—8)2
= sinx=
4
at(a-38
= sinx= (a )
4
= sinxza—_8,2
4
. a—4
= sinx=
2

Ex-6.
Soln.

Ex-7.

Soln.

Ex-8.

Soln.

2
= —2S(a—4)$2
= 2<a<6

= ae[2,6]

- —13("_4)31

00 00

Solve for x: sin'® x —cos'® x =1
The given equation is

. 1
sin'® x —cos!® x =1

It is possible only when sinx=1,cosx=0

Hence, the general solution is
T
X=nm+ E ,nel

Solve for x:

1 10

. 29
sin'® x + cos' x = ECOS4 2x

The given equation is

0

) 29
sin'® x + cos'? x = ECOS4 2x

1-cos2x) (1-cos2x) 29 4
+ =—cos 2x
2 2 16

=
2 2
= —(1 +10cos> 2x + 5¢cos” 2x) = —90084 2x
32 16
N (1 +10cos> 2x + 5cos” Zx) =29cos* 2x
= 24cos*2x—10cos’2x—-1=0
= (20052 2)(—1)(120052 2x+1):0
= (2cos2 2x— 1) =0, since (1200s2 2x+ 1) #0
= cos’ 2x=l
2
= 2cos’2x-1=0
= cos4x=0
=

4x=(2n+1)%,ne[
= x=(2n+1)%,nel

Hence, the solution is x = (2n+ l)g,n el

Solve for x:

o3 1
sIn” x——smx+—
lcosx[™" 272 =1

The given equation is

Lo 3. 1
SN~ x——sSinx+—
|cos x| 2 2 =1



. 3. 1
= (sm2 x— Esmx + Ejlog|cos x| =0
= (sinzx—%sinx+%)=0,log|cosx|=0

1
when (sin2 X — Esin)c + —) =0
2 2

N (2sm x— 3smx+1) 0
= (Zsm x— 2s1nx—s1nx+1)=0
= 2s1nx(sinx—1)—(sinx—1)=0
= (25inx—1)(sinx—1)=0
= (2sinx—1)=0,(sinx—1)=0
) 1
= sinx=-,l
2
) 1 .
= sinx= E , smce|cos x| =

= x=nm+(-1)" (%),ne[

when log|cos x| =
= log|cos x| =logl
= |cos x| =1
= cosx=x1
when cosx =1
= x=2nrn
when cosx =-1
= (2n + 1) b3
Hence, the solution is
x=2nm,2n+1)7 nx +(-1)" (%),n el
Ex-9. Find the number of solutions of
cos (ﬂx/ﬂ).cos (717\/;) =1

Soln. It is possible only when

cos(it\/xj) =1.and COS(ﬂ,’\/;) =

x=4andx=0

x =0 does not satisfy the equation simultaneously.

Hence, the solution is x =4
Therefore, the number of solution is 1
Ex-10. Find the number of solution of

x* —2x? sin? (%)x-#l =0

Soln.

Ex-11.

Soln.

Ex-12.

Soln.
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The given equation is

x* —2x% sin® (%)x+l= 0

2
x? —sin? (E)x +1—sin* (ijzo
2 2

It is possible only when

x% —sin? (E)x =0, 1—sin* (E)x: 0
2 2

when 1—sin* (%)x =0

:sin4(g)x=1
s EJeose (3
<[5 )=me(3)

—x=2nxl),nel
when (xz —sin? (zj x] =0
2
= x? =sin? (zjx
2

=x’=1
= x==*1
Hence, the number of solutions is 2.

If cos* x+acos® x+1=0 has atleast one real
solution, then find the value of a.
The given equation is

cos*x+acos’x+1=0 .. (1)
Let cos’ x=1¢

Then ¢ €[0,1]

(i) reduces to > +at+1=0

since it has at-least one real root in [0,1], )
a*—420and 1+a+1<0

= |a|22,a$—2

= a22,as-2;a<-2

= as<-2

= ae(—oo,—Z],

If the equation tan* x — 2sec” x + 5% =0 has

at-least one real solution, then find the value of b.
The given equation is
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Ex-13.

Soln.

Ex-14.

Soln.

tan* x —2sec’ x+ b2 =0
- tan4x—2(1—i-tan2 x)+b2 =0
=  tan‘*x-2tan’x+1=3-p>

(tan2 x—l)2 =3-bp°

U

o (3-8%)=(tan’x-1) 20
= [(3-#7)=0
= b*<3

= |3

If a,b€[0,27] and the equation

x% +4+3sin (ax + b) = 2x has at-least one

solution, then find (a+5).
The given equation is

x> +4+3sin(ax +b) = 2x
o (¥ —2x+1)+3+3sin(ax+b)=0
— (x—1)2+3(1+sin(ax+b))=0

It is possible only when
(x=1)=0, (1+sin(ax+5))=0

= x=1, sin(ax+b)=—1
= sin(a+b)=-1
= (a+b):(4n—1)§,nel
3t 7x
272
Find the number of ordered pairs (a,b) satisfying
2

= (a+b):

the equations |x|+|y/=4 and sin (ﬂTxJ =1.

The given equation is

[+ =4
- —4<x,y<4
N |x|S4,y|S4

REZ%
Also, sin| —= =1

- x=xI1

Then |y|=4-1=3

y==3

Thus, the possible ordered pairs are

(1,3),(1,-3),(-1,3),(-1,-3)

Ex-15 Find the number of values of x in (—27, 27)
and satisfying log‘cosx‘ |sin x| + log‘sinx‘ |cosx|=2.
The given equation is

10805 |sin x|+ 10g, |cosx| =2

Soln.

It is possible only when
|sin x| = |cos x| =1

= |tanx| =1

SN L L
4" 4 4 4
Hence, the number of values of x is 8.

Ex-16 The number of solutions of tan x+secx =2cosx
in [0,27) is
(@) 2
(© 0

(b) 3
@ 1.

[JEE MAIN - 2002]

Soln. Ans. (3)
The given equation is
tanx +secx =2cosx

sinx+1

= =2cosx

coS X
sinx+1=2cos” x
1+sinx=2(1-sinx)(I+sinx)
(1+sinx)(1—2+25inx)=0
(1+sinx)=0,(2sinx—1)=0

L

. . 1
smx=—1,smx=5

st
"6

I}
=
I

;X =

K

2

T Sm
= x=—

6

"6
. { T 5w }
Hence, the solutions are y >~ .
6 6
Note. No questions asked in between 2003 to 2005.
Ex-17. The number of values of x in the interval [0,37]
satisfying the equation 2sin® x +5sinx—3=0
(a) 4 (b) 6
() 1 (d) 2.
[JEE MAIN - 2006]



Soln.

Note.

Ex-18.

Soln.

Note.

The given equation is
2sin® x+5sinx—3=0

2sin® x+6sinx—sinx—3=0

=
— 2sinx(sinx+3)—(sinx+3)=0
N (sinx+3)(2sinx—1)=0
N (sinx+3)=0,(2sinx—1)=0
— (2sinx-1)=0

. 1
= sinx=—

2

L ,_m5mln i

6666

Hence, the number of solutions is 4.
No questions asked in between 2007 to 2015.

Find all the angles 0 between 7 and —x that satisfy
the equation

5c0s(26)+2cos’ (g) +1=0_ [Roorkee — 1984]
The given equation is

5cos(20)+ 2cos’ (g) +1=0

5(2cos29—1)+(1+cos9)+1=0

=
— 10cos® 0 +cos@—3=0
— 10cos® 0+ 6¢0s0-5c0s0—3=0
—  2cos8(5cos0+3)—1(5c0s60 +3) =
— (2cos6-1)(5cos6+3)=
= cost9=l,cos(9=—i

2 5

When cos6 = %

Then 6 =—

w9

r
3

When cos =—

T -1 3
0=—+cos | —=
Then > ( 5)

I cos™ (—EJ
and > 5

Hence, the solutions are

0=i£,£+cosf1 3 ,—E—cosf1 3 )
3°2 5) 2 5

No questions asked in between 1985 to 1986.

Ex-19.

Soln.

Ex-20.

Soln.
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Find the general solution to the following equation

2(sinx — cos2x)—sin2x(1+2sinx)+2cosx =0,
[Roorkee — 1987]

The given equation is

2(sinx - cos2x) - sin2x(1 + 25inx) +2cosx=0

=  2sinx—2cos2x—2sinxcosx
—sin2x+2cosx=0
= 2sinx(1—cosx)+4cos3x
—4cos> x—2cosx+2=0
= 2sinx(1—cosx)+4coszx(cosx—l)
—2(cosx—1)=0
= (cosx—l)(4cos2x—2—2sinx)=0
- (cosx—l)(2sin2x+sinx—1)=0
= (cosx—1)(sinx+1)(2sinx—1)=0
. . 1
= cosx=1,smx=—1,smx=5
— x=2nm, (4n—1)§ , n+(=1)" (%)

Solve for x and y;
xcos’ y+3xcos ysin® y =14,
xsin® y+3xcos? ysiny=13.
[Roorkee — 1988]
The given equations are

xcos® y+ 3xcosysin2 y=14,
xsin® y +3xcos? ysin y =13
Adding and subtracting, we get,
x(cos y +sin y)3 =27

x(cos y —sin y)3 =1

Dividing (ii) by (i), we get,
3

(cosy+siny) 7
(cosy —sin y)3
(cosy +siny) _;
= (cosy —siny)
I+tany
= - tan y -
= tany = l
2
= y= tan ™! (lj
2
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Ex-21.
Soln.

Ex-22.

Soln.

Put the value of ¥ =tan”' (%j into (ii), we get
(Z-1) -
NERNG
= X(LT =1
J5
x=5J5

Hence, the solutions are

=

x=5y5 and y=tan™’ (%)

Solve forx; 4sin* x+cos* x =1 [Roorkee — 1989]

Yx=1

The given equation is 4sin* x + cos
. 4 4 ) 2 \?
= 4sin” x + cos xz(sm X+ cos x)
= 4sin® x + cos* x = sin* x + cos* x + 2sin®x cos® x
= 3sin® x — 2sin® xcos’ x =0
.4 .2 -4
= 3sin” x—2sin“ x+2sin”" x=0
. 4 s 2
= S5sin” x—2sin“ x=0
) ) _
= sin x(5s1n x—2)—0
. 2 _ . 2 _
= sin x—O,(Ssm x—2)—0

2

= sinx=0, sin“ x=—

. 2
= x=nx, nwxo, where o =sin 1[\/;]

Find all the values of ‘a’ for which the equation

sin® x +cos* x +sin2x+a =0 is valid.

Also find the general solution of the equation.
[Roorkee Main — 1990]

The given equation is

sin x+ cos* x +sin2x+a=0

N 1-2sin? xcos® x+sin2x+a =0
1 . .
= 1—5(4s1n2xcos2 x)+s1n2x+a=0
= l—%(sin2x)2+sin2x+a=0
—  2—(sin2x)’ +2sin2x+2a=0
—  (sin2x)’ —2sin2x-2=2a
—  (sin2x—1)’"-3=2a

Note.
Ex-23.

Soln.

Note.

Ex-24.

Soln.

(sin2x—1)° =2a+3

=
=  2a+3=(sin2x—1)*>0
= az——

2

Also, (sin2x—1)*>0

= (sin2x—1)20

= sin2x2>1

= sin2x=1

= 2x= n77:+(—1)" (%)

= x:% (—1)"(%),1161

No questions asked in 1991.
Find the general solution of the equation
(V3-1)sin6+(v3+1)coso =2

[Roorkee — 1992]
The given equation is

(\/g—l)sin9+(\/§+1)0050= 2

(@]Sine + (@jcose - L
22 22 2

=  sinBcos(75°) + cosBOsin(75°) =

S
sinf 0+— |=
- ( 12)

1
V2

=
No questions asked in 1993.
Solve for 6 secH — cosecO = %

[Roorkee Main — 1994]

. . 4
The given equation is secf — cosecO = 3

3(sin@ —cos @) = 4sin O cos O
Let sin@ —cos@=t’

—l‘z

Then sinBcosf =



Equation (i) reduces to

3z=4x[1_2t2]=2(1—¢2)

= 22 43t-2=0
= (21-1)(t+2)=0
= t:l,—z

2
when r=-2, (sinf—cosf)=-2

It is not possible.
| 1
when t=—, sin@ —cosf =—
2 2
= sin(e—zj=L
4
= sin(@—zszzsina
4 2
T n . -1
= (O—Z]zmr+(—1) o, where o = sin (—

22

= 9:(nn+(—l)"a+%j,ne[

Note. No questions asked in 1995.
Ex-25. If 32tan®0=2cos’ & —3cosa and 3cos20=1 R

Soln.

then find the general values of c.
[Roorkee Main — 1996]
Given 3cos20 =1

= cos29=l
3
l1-tan’0 1
= @ ———==
l+tan’0 3
= l+tan’6=3-3tan’0
= 4tan’6=2
= tan29=l
2

Also, it is given that,

= 32tan®@ =2cos’ ¢ —3cos o

N 32(%)4 =2cos? @ —3cos o

= 2cos’o—3cosor=2

= 2cos’o—3cosot—2=0

= 2cos’a—4cosa+coso—2=0
N 2cosa(cosa—2)+1(cosa—2)=0

)
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(2c0soc+1)(cosoc—2)=0

=
— (2cosa+1)=0, (cosa—2)=0
1
= cosox=——,2
2
=  coso =2 is not possible.

1
Also, when cosa =— >

= x=2n7ri2T7r

Note. No questions asked in 1997.

Ex-26. Find the general values of x and y and satisfying the

Soln.

equations 5 sinx cos y=1, 4 tan x =tan y.
[Roorkee Main — 1998]

Given equations are

S5sinxcosy=1and 4 tan x = tan y.

= Ssinxcosy=1 ... (1)
and 4sinxcosy=cosxsiny ... (i1)
Dividing (i) by (ii), we get,

cosxsiny = 5 e (ii1)
Adding (i) and (iii), we get,

sin(x + y) =1
= (x+y)=(4n+1)§,ne] ........ (iv)
Subtracting (iii) from (i), we get,

sin(x—y):—g =sina
= (x-y)=mr+(-1)'a,mel ... )

From (iv) and (v), we get,
2x=(2n+ m)n+§+ (—l)m o
= x=(2n+ m)§+%+ (-1)" %, o =sin™! (_3)

and

Note. No questions asked in 1999.

Ex-27. Find the smallest positive value of x and y

satisfying (x — y) = % ,cotx+coty=2.

[Roorkee Main — 2000]



140 Comprehensive Trigonometry with Challenging Problems & Solutions for Jee Main and Advanced

Soln.

Ex-28.

Soln.

>

Given equations are (x— y) =

ENg]

and cot x +coty =2

— €0Sxsin y+sinxcosy=2sinxsin y
— sin(x+y)=cos(x—y)—cos(x+y)
sin(x+ y)+cos(x+ y)=cos(x—y)
Lsin(x+y)+icos(x+y) =

V2 V2
1

Lsin(x+y)+—cos(x+y) =—.

V2

=

cos(x—y)

- &

1
2

\S)

= 6
o (x4y)=F T
Y 6 4 12

6
Solve the following equations for x and y;

COSCC2 )C*SEC2 y)

5 -1

2c0sce +3]sec ) [Roorkee Main — 2001]

2( =64
The given equations are

COSBC2 )C—SeC2 y)

s -1

2(2cosecx+\/§‘secy‘) — 64

From (i), we get,
cosec’x — 3sec? y=0

=  cosec’x =3sec? y

—  cosecx=+3 |sec y|
Also, from (i), we get,

2(2cosecx+x/§\secy\) — 64— 126

2cosec x+ \/§|sec y| =6
2cosec x+ cosecx = 6, from (iii)
3cosecx =6

cosecx =2

L v Ul

sinx=—
2

= x=nm+(-1)" (%), nel

) 2
Again, |SGC y| =—=

E

= |cosy|=

2
3 T
2 2
cos” y=—=cos" | —
= oy —eos( T

= yzmri(%), nel

Hence, the solutions are

x:nﬂ?+(—1)n (%),n el

LEVEL I
(QUESTIONS BASED ON FUNDAMENTALS)

H
e

—_
—_—

12.

13.

14.
15.

16.

O © NNk W=

. Solve:

7cos” 0 +3sin’ 6 = 4

sin 20 +sin 460 +sin 60 =0
tan20+(1—\/§)tan0—\/§=0
tan 6 + tan 20 + tanOtan 260 =1
3tan(B —15°) = tan(6 +15°)
tan 6 + tan 20 + tan 30 = 0
4sin @ sin 20 sin 46 = sin 30

ﬁsec@+tan9=l
sin(2013)0 + cos(2013)0 =2
cos6+\/§sin6 =2co0s26

Solve:
Solve:

Solve:

Solve:
Solve:
Solve:
Solve:

Solve:
Solve:

Solve:

| W

2
x+y=? and cos x + cos y =

Solve: x—i—y:% and tan x + tan y = 1

Solve: rsin@=3 and r=4(l1+sinf), 0<O<2x

Solve: sinx+siny =1, cos2x—cos2y =1

If 4 and B are acute +ve angles satisfying the equations
3sin? A+2sin’ B=1 and 3sin24 =2sin2B , then
find (4+2B).

2
Iftan (4 — B) = 1 and sec(4 + B)=——, then find the

3

smallest +ve values of 4 and B and their most general
values.



17. Ifsin A =sin B and cos 4 = cos B, then find the values
of 4 in terms of B.
18. Solve: 4sin® x +cos* x =1
19. Solve: 4cos” xsinx—2sin® x = 2sin x
20. Solve: sin® x +cos® x = %
21. Solve:sin 7x +sin4x +sinx=0, 0< xﬁg
22. Solve: cos 3x + cos 2x
sin (3—xj + sin (fj <x<2
= > 5 ) 0<x<L2rm
23. Solve: sinx+sin2x+sin3x
=coSsx +cos2x + cos3x
24. Solve: cos2x+cosd4x=2cosx
25. Solve: sin2x+sinx+cos2x+cosx+1=0
1
26. Solve: cosxcos2xcosdx = Z
0<x<rm
27. Solve: sin3a =4sina .sin(x+a).sin(x — o)
28. Solve: sin2xsin4x+cos2x=cos6x
29. Solve: sin3x.cosx +sin’ xcos> x
+sinx.cos® x = ,0<x<L 21
30. If 6,,0,,6,,06, be the four roots of the equation
sin(6+a)=ksin26 , no two of which differ by a
multiple of 27, then prove that
6,+6,+0,+6, :(2n+1)%,n ez
LEVEL II
(MIXED PROBLESMS)

Solve the following equations and tick the correct one.

1.

2.

sin20—cos(9=%, 0<0<2rm

2t T Sm
== b)) =, —
(@) 373 (b) 33
T 2r 2w Sm
-=,= d) ==
(©) 33 (d 373

If 3tan® 0 —2sin O = 0, then @1is

(a) nm (b) nn+(—1)"%

©) nm—(=1)" % d) nx +§

10.

11.

12.
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If tan2x+(1—\/§)tanx—\/§:0,thenxis

() n7r+§ (b) nn—% © n77:+% () nn’—%

If tan® @ +cot> 6 =2 , then O1is

(a) n7r+% (b) nn—% © n77:+% () nn’—%

. If tan@+cot@ =2, then Qs

(a) n7r+% (b) nn’—% © () nﬂ:—%.

The set of values of x for which
tan3x — tan 2x
1+tan3xtan2x

@ ¢ (b) %

If sin 5x + sin 3x + sin x = 0, then the value of x other

=11is

T T
T+— (d) 2nmr+—
(©) n 3() o

. T
than zero, lying between 0 < x < —

.4 T T T
(@) " (b) o (© 3 (d) "

. If aand Bare acute positive angles satisfying the equa-

tion 3sin® o+ 2sin® B =1 and 3sin 20 — 2sin 23 = 0,
then a+2p is

T T b4
0 b) — — d —
(@) (b) 2 (© 3 (d 3
If 2sin? x+sin’2x=2, —w<x <, thenx is
T /4 RY/4
+— b) +— +— d) None
(@) 5 () 1 (© 2 (d)

The real roots of the equation cos’ x+sin® x=1 in
(—71',7?) are

/4 T T

-—,0 b) ——.,0,—
(a) 5 (b) )

T T

0,— d) 0,—,—
(c) 2 (d) 12
The general solution of cos’ x—sin’ x—1=0 is
(a) nm (b) 2nm

/4 /4

c) nw+— d) 2nm+—
(c) n 5 (d) 2n 2

If 4sin4x+cos4x=1, then x is

(b) nr+sin™ \/%

T
d) 2nmt—
(d) 2n 2

(a) nm

2nw
© 5
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13

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.
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. The number of points of intersection of 2y = 1 and

. T T .
y=cosxin ——<x<— 18
2 2

(@ 1 (b) 2
(c) 3 (d) 4

The number of values of x in the interval [0,371]
satisfying the equation 2sin® x +5sinx—3=0 is

(a) 6 (b) 1 (c) 2 d 4

The number of values of x in [0,57r] satisfying the
equation 3sin® x — 7sinx+2=0 is

(a0 () 5 (c) 6 (d) 10
The number of solution of the equation
|cotx|=cotx+#, O<x<2m,is

sinx
(a) 1 (b) 2 (c) 3 (d) 4

The number of solution of |COS x| =sinx such that
0<x<2m is

(a) 2 (b) 4

(c) 8 (d) None

The number of solution of the equation tan x.tan4x =1,
O<x<m,is

(a) 1 (b) 2

(©) 5 (d) 8

The number of solution of the equation

12cos® x—7cos? x+4cosx—9=0 ,1s

(@ 0 (b) 2

(c) infinity (d) None

The sum of all solution of the equation

cos@ .cos(z+0).cos(z—9) = l is
3 3 4

1007

(a) 157 (b) 307 (c) 5 (d) None

The number of solution of 16" * +16% *
0<x<2m,is

(a) 2 (b) 4 (c) 6 (d) 8.
The smallest positive value of x such that
tan(x + 20°) = tan(x +10°).tan x.tan(x —10°)  ig
(a) 30° (b) 45° (c) 60° (d) 75°

The maximum value of

. T T . U .
sin| x + —) +cos| x+— | 1In (0, —j is attained at
6 6 2

T T
(© 3 (d) 3

=10,

T T
(a) o (b) s

24. The minimum value of 25 4 0S¥ g

25.

26.

27.

28.

29.

30.

31.

1

(b) 2 2

o -3

If cos pO +cosqO =0, then the different values of 0
are in A.P., whose common difference is

(a) 1

1
() 2 V2

7 .
® pPtq ®) P—q
. E
© biq @ Sz
If tan 2x. tan x = 1, then x is
/4 n
@ % (b) (6n+1)

T

(©) (4n + l)g

The maximum value of 5 sin 8+ 3sin(6— ) is 7, then
the set of all possible values of o is

(a) (2nni§j (b) (2nni%”j
T 2n
(© 33 (d) None

If tan (%sin 6) =cot (% sin 0) , then sin6@ +cos0 is

d (2n il)%

(@ 2n-1 (b) 2n+1 (c) 2n d n

If sin (%cot 9) =cos (%tan 9) , then O1is

() (nr[ + %) (b) (Znn + %)

(c) (nn - %) (d) (2n7r t %)

If tan(7cos6)=cot(msin®), then the values of

005(9 - %j is (are)

1 1
b) — T—=
N
If 3tan(0 —15°) = tan(0 +15°) , then O is

T T
@)@m+z) w>@m+§j

(©) (nn+§) (d) None

(@) % (d) None



32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

If tan9+tan(6+§j+tan(0+2§)=3 , then O1is

(b) (mr + gj

(d) None

@ (2n+ 1)%

© (4n+ 1)%

The equation a sin2x + cos2x = 2a— 7 posses a solution
if

(a) a>6
(c) a>2

(b) 2<a<6
(d) None

The number of all possible triplets (01,02,613) such

that a, + a, cos 2x + a; sin® x = 0 for all x, the number
of possible 5-tuplets is
(@ 0 (b) 1

If g, + a,sinx +a;cosx +a, sin2x +ascos2x=0
holds for all x, then the number of possible 5-tuplets
is

(a0 (b) 1 (c) 2

The number of solution of the equation

(c) 2 (d) None

(d) infinity

. .2 X . .
1+smx.sm25=0 n [—775,71'] is

(a 0 ) 1 (c) 2
The solution of

sin* x + cos* x +sin2x + o = 0 is solvable for

(d) 3

1 1
——<uo<— b) 3<a<l1
(@) 3 5 (b)
3 1
——<a<s— d) -1<a<l
(©) 5 5 (d)

The equation sin* x — 2cos® x + a* = 0 is solvable for
(@ —3<a<3 b)) 2<a<\2

(c) -1<a<1 (d) None

The number of pairs (x, y) satisfying the equations
sin x + sin y = sin (x +y ) and |x|+|y] =1, is

(a) 2 (b) 4 (c) 6 (d) infinity
The value of ‘a’ for which the equation

4cosec? [717(61 + x)] +a*—4a=0 , has a real solution,
if

(@ a=1 () a=2 (¢) a=3 (d) None
1
If sin x + cos x = y+;,xe [0, 7], then
@ x= 7 .y=1 (b) y=0
RY/4
() y=2 (d) x=—

4

42.

43.

44,

45.

46.

47.

48.

49.

50.

51.

52.
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[tan x + sec x| = [tan x| + |sec x|, x € [0, 27],
if x belongs to that interval

(a) [0, 7] (b) {o,g) U (%n}
() [0,37”) U (%,24 (d) (m,2m].

The number of solutions of icos(rx)zs in the
interval [0, 27] is r=l

(a) 0 (b) 1 (c) 5 (d) 10

If f(x) = max {tan x, cot x}. The number of roots of

in (0, 27) is

. 1
the equation f(x)=
2+3

(@ 0 (b) 2 (c) 4 (d) oo
If sin x + cos x + tan x + cot x + sec x + cosec x =7
and sin2x=a—b\/g,thena—b+20is

(@ 0 (b) 14 (c) 2

If sindx + cos4x + 2 =4 sin x cos y and

(d)

T . .
0<x,y< E,thensmercosyls

@2 o  (©2 @%

The equation cosdx — (A + 2) cos2x — (A +3) =0
possesses a solution if

(a) A>-3 (b) A<-2

() 3<A<-=-2 (d) Aez+

If0< 6<2mand 2sin’?@—5sin@+2>0, then
the range of @is

@ [05) v (%)
(b) (0,%) U (7, 27)

(c) (0,%) U (7, 27)

(d) None.

The number of values of x for which

sin 2x + cos 4x =2 is

(@) 0 () 1 (c) 2 (d) oo
The number of solutions of the equation

X Hx’+4x+2sinx=0in0<x<2rmis

(@) 0 (b) 1 (c) 2 (d) 4
The number of solutions of the equation

tan x + sec x = 2cos x lying in the interval [0, 27] is
(a 0 (b) 1 (c) 2 (d 3
The number of solutions of the equation
2(sin* 2x + cos” 2x) + 3 sin2 x cos2 x = 0 is
(@ 0 (b) 1 (c) 2 (d) 3
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53.

54.

55.

56.

57.

58.

59.

60.

61.

62.
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cos 2x + a sin x = 2a — 7 possesses a solution for

(a) alla (b) a>6

(c) a<2 (d) ae [2,6]

I 0 < x <2 wand 815" + 815 = 30, then x is
T T T
i b =~ T ao

(a) 6 (b) 5 (©) (d) 2

If 1 +sin@+sin®@+ ... toso = 4 + 243,

0<0<m 0% %,then

_ _r
(a) 6= (b) 6 3

o

3
If tan (mcosB) = cot (msinB), then the value of

cos(@ —Ej is
4

1
@ 2 (b)

Wy oy

() 6=

or

oS

() g or

L
V2 22

The most general values of x for which

(d) None

sin x + cos x = ;,l:_n}e {1, &> — 4a + 6} are given by
(a) 2nm,ne N
(b) 2nm+ %,ne N

T T
¢c) nm+(-1)" — - =,ne N
(© ( )4 2

(d) None
If x € [0, 2x] and sin x + sin y = 2 then the value of
x+yis

(@ 7 (b) %

The number of roots of the equation

(c) 3m (d) None

x+2tanx = % in the interval [0, 27] is

(a) 1 (b) 2 (c) 3 (d) o

The number of solutions of the equation cos(r Jx-4 )
cos (7'[\/;) =1is

(@) None (b) 1 (c) 2 (d) >2

The number of solutions of the equation

. TX 2
sin | ——| =x 72\/5 x+4
(MJ

(a) forms an empty set
(c) is only two

(b) only one
(d) is greater then two
Number of real roots of the equation

sec O+ cosec 0= /15 lying between 0 and 27 is
(a) 8 (b) 4 (c) 2 (d 0

63. The general solution of the equation
sin100 x — cos100 x =1, is

(a) 2n7‘£+§,nez (b) n7t+§,nez

(©) n7r+%7r,nez (d) 2n7r§,nez

64.

The number of solution of the equation 2°°*" =

in [-27m, 27] is

(a) 1 (b) 2 (c) 3
The2 general solutizon of the equation
2COSX + 1 — 3'2*5111)( IS

(@ nw.nez

b) m+tmnez

() m-Dmnez

(d) None

Ifx € (0, 1), the greatest root of the equation

sin27mx = /2 cos7mx is
1 1 3
- b) — 2
(@) p (b) 5 (© 2

The number of solutions of tan (5rcos )
= cot (Smsin ) for a € (0, 27) is
(a) 7 (b) 14 (c) 21
The number of solution of the equation

(d) 4
65.

66.

(d) None
67.

(d 3
68.

X
1 + sinx . sin’ (—) =0in [-7, 7] is

2
(@) 0 (b) 1 (©) 2 (d) 3

69. The number of solution of the equation
1 .
|cotx|=cotx+ ——,V xe [0,2n]is
sin x
(@) 0 (b) 1 (c) 2 (d) 3
70. The real roots of the equation
cos’x +sin*x =1 in (—m, ) are
T T T
a) ——,0 b) ——,0, —
(a) 5 (b) 507
i1 T n
c) —,0 d 0, —, —
(c) 5 (d) )
LEVEL III

(PROBLEMS FOR JEE ADVANCED EXAM)

Solve the following trigonometric equations:

X X
1. cot| — |—cosec| — |=cotx
(2] (2)

sin 6x
2. 8cosx.cos2x.cosdx =

Sin x

tanx  tan2x

+2=0

tan2x tanx

4. Solve: cos x cos (6x) =—1
5. Solve: cos(4x) + sin(5x) = 2

|sin x|



6. sin2x+5cosx+5sinx+1=0

7. sinx + sin 2x +sin 3x = cos x + cos 2x +cos 3x

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

in the interval 0<x<7w

sin” xtan x + cos® x cot x — sin 2x
=1]+tanx cotx

sin® 4x + cos’x = 2 sin 4x cos*x

4 .7
Sin - x + CcoS X—ESIHXCOSX

. 4 4
sin” x+cos” x

= 2cos(2x + Ej cos(2x — Ej
6 6

sin® x + sin* (x+z) = l
4 4

T
If cos (x + g] +cosx =a | then find all values of a so
that the equation has a real solution.

) 1 .
Find the number of roots of cosx—x+—=0 lies in

°5)

Find the number of integral ordered pairs satisfy the
cos(xy)=x

tan (xy) =y

Find the number of real solutions of

sin?"1% x — cos®'% x =1 in [0,27]

equations {

Find the number of ordered pairs which satisfy the
equation x* +2xsin(xy)+1=0 for y €[0,2x].
Find the number of solution of the equation

sin 5x . cos 3x = sin 6x . cos 2x in [O,n:] .

Find the number of solution of the equation
cos 3x. tan 5x = sin 7x lying in [O, %} .

The angles B and C (B > C) of a triangle satisfying
the equation 2tanx— A (1 +tan’ x) =0, then find the
angle 4,if 0<A<1.

Determine all values of ‘a’ for which the equation

cos* x—(a+2)cos® x—(a+3) =0 hasasolution and
find those.
Find all the solution of the equation

sin)Caninz(\/(l—cosx)2 +sin? x) =0in 5—”,7—77: .
8 22

If the equation

24.

25.
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sin® x — (k +2)sin® x — (k +3) = 0 has asolution, then
find the value of £.

Find the number of principal solutions of the equation
4 16sin2x - 26sinx

Find the general solution of

secx =1+ CoSx +cos X +COS> X +......

INTEGER TYPE QUESTIONS

1.

10.

11.

12.

13.

14.

15.

Find the number of values of x in (0, 5717) satisfying
the equation 3sin® x—7sinx+2=0

. Find the number of integral values of %, for which the

equation 2cosx+3sinx =k +1 has a solution.

. Find the number of distinct real roots of

sinx COSX COSX
CosSX| =0 in _E,E
. 44
sin x

cosx sinx
COSX COSX
Find the number of pairs (x, y ) satisfying the equations

sin x + sin y = sin (x + y) and |x|+[y]=1

. Find the maximum value of

2

l+sin’x  cos®x 4sin2x
f(x)=] sin®x l+cos’x  4sin2x
sin? x cos’x  1+4sin2x

[+

Find the number of solutions of sinx = E

Find the number of solutions of
tan x+ cot x =2cosecxin [—27r,27z:] .
Find the number of soltions of

1
CcoSx.cos2x.cosdx= Z in [O,TL’] .

If x,y €[0,27], then find the number of ordered pairs
(x, y) satisfying the equation sinx . cosy = 1.

If x€[0,37], then find the number of values of x

satisfying the equation |cOt x| =cotx +——
ymng q | | sinx

Find the number of solutions of

tan x tan(4x) =1, for0 <x<nm

Find the number of integral values of » for which the
equation sin(sin x + cos x) = n has atleast one solution.
Find the number of real solutions of

sin{x} = cos{x} in [0, 27]

Find the number of solutions of

(V3+1)" +(V3-1)" =2

Find the number of values of y in [-27, 2 7] for which
|sin(2x)| + |cos(2x)| = [sin(y)|
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LINKED COMPREHENSION TYPE
(FOR JEE ADVANCED EXAMS ONLY)

PASSAGE 1

An equation is of the form f (sinx £ cosx, £sinxcosx )=0
can be solved by changing the variable.

Let sinxtcosx=t¢
=  «in2 2 49 2
sin“ x+cos”“ xt2sinxcosx=t¢

= 1+2sinxcosx=1¢>

Thus, the given equation is reducible to

2 -1
o)

On the basis of above information, answer the following
questions .
1. If 1-sin2x=cosx —sinx, then x is

(a) 2nn’,(2n7t—§j,n el

(b) 2n7r,(n7r+%),n el

(c) (2nn—§j,(nn+%),n el

(d) None

2. If sinx+cosx=1+sinxcosx, then x is

(a) 2n7r,(2n7t+§j, nel

(b) 2nn’,(nn+%), nel

(© (2nn—§],(nﬂ+%), nel

(d) None

.4 4 . .
3. If sin” x+cos” x =sinxcosx, then x is

(@) nm,onel (b) (6n+1)%,nel

(c) (4n+ 1)%, nel (d) None

. 3. .
4, If1+sm3x+cos3x=Esm2x,thenxls

() (2n+1)n’,(2nn’+%}, nel

(b) (2n+1)7r,(2n7r—§j, nel

(©) (2nn+£),(2nn+z), nel
4 2

(d) None

5. If (sinx—i—cosx):Z\/Esinxcosx,thenxis

(a) (2nﬂ+%j,ne[ (b) (21177:—%),116]

© (nn’+%),ne] () (nit—%),ne[

PASSAGE 11

a isaroot of the equation (2sinx —cosx)(1+cosx) = sin? x
B is a root of the equation 3cos’x—10cosx+3=0

and 7y is a root of the equation 1—-sin2x=cosx—sinx,

T . . .
0< a,,B,ySE . Then on the basis of above information,
answer the following questions.

1. cosa+cosfB+cosy isequal to

(a) 3J6+242+6 (b) 3J3+8
632
(c) 3\/§6+ 2 (d) None
2. sina +sin B +siny is equal to
(a) 14+3\2 (b) >
62 6
3+42 1442
() s (d) >
3. sin(a— ) is equal to
(@ 1 (b) 0
© 2ﬁ @ B2 ;M

PASSAGE III

Solutions of equations asinx*bcosx =c. General value
satisfying two equations.
acosf tbhsin O = ¢, where 6 satisfying two equations.
(a) The equations be first converted to, where
a=rcosO, b=rsinb.
(b) Satisfying two equations. Find the common value
of lying between 0 and 27 and then add 2n7.
On the basis of above information, answer the following
questions.
1. The number of integral values of k for which the
equation 7 cos x + 5 sin x = 2k + 1 has a solution is
(a) 4 (b) 8 (c) 10 (d 12



2. If cos3x+ sin(Zx - %) =-2,thenx is

(2) (6n+1)§,nez (b) (6n_1)§,nez

(© (zn+1)§,n el (d) None

3. The value of x such that —z < x <7 and satisfying

1+‘cos x‘+0052 x+‘cos xf +Foenee

the equation 8 =4’ then x is

T

a —_—

@ 3

4. The number of solutions of the equation

esinx _e—sinx —4=0 is

(a) 1 (b) 2

PASSAGE IV

Suppose equation is f (x)—g(x)=0 or y = f(x)=g(x),
say, then draw the graphs of y = f(x) and y = g(x).

If graphs of y = f(x) and y = g(x) cuts at one, two,
three,......... , 1o points, then number of solutions are one,
two, three, ...... , Zero, respectively.

On the basis of above information, answer the following
questions:

[

1. The number of solutions of sinx = _O is

(a) 4 (b) 6 () 5 (d) None
2. Total number of solutions of the equation

2r T 2
(b) 3 (© ~3 (d 3

(c) 4 (ORY

3x+2tanx=57ﬂ,xe[0,2n],is
(@ 1 (b) 2 (©) 3 (d) 4

3. Total number of solutions of sin{x} = cos{x}, where
{}=FPF,in [0,27] is

(a) 3 (b) 5 (c) 7 (d) None.
4. If l—sinng x—% +a has no solution, when
aeR", then
(@ aeR’ ®) a>>+ 7
a) a —+—=
2 3

(c) ae(0,§+£) (d) ae(§,§+l)
2 B3 2’2 3

5. Total number of solutions of cos2x = |sinx

2
n .
where —E<x<7t,1s

(a) 3 (b) 4 (©) 5 (d) 6
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PASSAGE V

Whenever the terms of two sides of the equation are of
different nature, then equations are known as non-standard
form, some of them are in the form of an ordinary equation
but can not be solved by standard procedures.

Non standard problems require high degree of logic,
they also require the use of graphs, inverse properties of
functions, in-equalities.

On the basis of above information, answer the following
questions:

1. The number of solutions of the equation

2cos (f) = (3x + 3_x) is
2
(a) 1 (b) 2 (c) 3
2. The number of solution of the equation
2cos? (Ejsin2 x= (x2 + x_z),O <x< r is
2 2

(@1 (b) >1 () 0 (d) None
3. The number of real solutions of the equation

sin(e¥) =5 +57" 5

(@ 0 () 1

(c) 2 (d) infinitely many

2
4. If 0<x<2r and 2°°S“2x><,/y7—y+ls\/§,then

the number of ordered pairs of (x, y) is

(d) None

(a) 1 (b) 2
(c) 3 (d) infinitely many
5. The number of solutions of the equation sin x = x* +
x+1is
(@ 0 (b) 1 (c) 2 (d) None
MATCH MATRIX
1. Match the following columns:
Column - I Column - II

(A) The equation
sin x + cos x = 2 has
(B) The equation
J3sinx+cosx =4 has
(C) The equation
3sinx+4cosx=6 has
(D) The equation
sinx cosx =2 has

(P) One solution

(Q) Two solution
(R) Three solution

(S) No solution

2. Match the following columns:

Column - I Column - II
cos(A+B) —sin(A+B) cos(2B)
(A) If| sin4 cos A sinB |=0
—cos A4 sin 4 cos B
then B is (P) nr
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cos@ sin@ cos@
®) If —sin@ cosf sinf|=0
—cos@® —sinf cosO
then 0 is Q) (2n +1)§
1+sin’@  cos’0 4sin460
(C) If | sin®@ 1+cos>@  4sin40 |=0,
sin’ @ sin’ @ 1+4sin46
) T
then 0 is R) (2n- 1)5

3. Match the following columns;
Column - I

(A) If 4sin* x+cos* x =1,
then x is

If secx.cos(5x)+1=0,

B

where 0 <x <2,
then x is

(C) Tf 819 % 481 * =30,

where 0 <x <2m,
then x is

If 2sin® x +sin” 2x =2
where 0 <x <2m,
then x is
4. Match the following columns;
Column - I
(A) If cos6+cos30+cos50,

(D)

+cos70 =0 then Ois

(B) If sinx—3sin2x +sin3x

=cosx—3cos2x+ cos3x

then x is
(C) If sin40 —sec20=2,
then O1is

(D) If tan(x+100°)

= tan(x + 50°).tan x

.tan(x —50°) then x is

r

®) 24

Column -I1I

®)

NI

«Q

!

R) -—

)

nm, nel
Column -11I

(P)

i nel
2 6

Vg
nt+—,nel

Q

nwr
—,nel

R) 0

nw
—,nel

G

©)

(T)

5. Match the following columns:
Column - I

(A) The number of real roots of
cos’ x+sin*x=1
in (—77:, m),is
The number of real
roots of cosec x =1 + cot x
in (-27, 27), is
The number of integral
values of k for which,

B)

©

Column - I1

(P)
Q)

R)

the equation 7 cos x + 5 sin x

=2 k + 1 has a solution is
The number of solutions
of the pair of equations

2sin’ @ —cos20 =0 and
2c0s’0-3sin0=0 in

[0, 27] is

(D)

6. Match the following columns:

Column -1

(A) If cos3x.cos’ x +sin3x,

3

.sin” x =0 then x is

B) If sin3a=4sinc,

sin (x + o)sin (x — @)

then axis, where aznmw (Q) (

(C) If 2tanx -1

B

+|2c0tx— 1| =2thenxis (R)

(D) If sin'® x +cos' x,

= % cos” (2x) then x is

7. Match the following columns:

(S)
(T)

3
S
+

8

Column - 11

(P) (nni%j,n el

If o & B are the roots of a cos@ + bsin6 = ¢, then
Column - 11

Column -1

(A) sina+sinf is

(B) sina .sinf is

©) tan(%j+tan(§j is
o B .
(D) tan(;j.tan(;j is

8. Match the following columns:

Column -1

(A) If sin5x =16sin x,
then x is

(P)

Q)

R)

S

2b
a+c

c—a

c+ta
2bc

@ +b

02—(12

a’+b*’

Column - I1

(P) (2n+1)%,ne]



(B) If 4cos” x.sinx —2sin” x ,
=3 sin x then x is

(O If tan> (2x) +cot? (2x)
+2tan(2x)+2cot(2x)=0 (R) nx +%, nel

Q) nm,nel

(D) If tan? x.tan? 3x.tan 4x

= tan® x — tan® 3x + tan 4x
then x is

(S) (mr +(~1)" %)

9. Observe the following columns:

Column - I Column - IT
(A) If cos(60)+ cos(460)
+cos(20) +1=0, (P) 2nm,nel
then O is
(B) If 3—2cosf — 4sinf,
—c0s20+sin20=0, Q) ﬂ,ne]
then O is 3

(C) If cosB.cos20.cos30 = i ,
then 6 is R) (4n+1)%,nel
(D) If sin(56) +sin(0)
— sin(36), then s S) (2n+ 1)%
ASSERTION AND REASON
Codes:

(A) Both 4 and R are individually true and R is the
correct explanation of A4.

(B) Both 4 and R are individually true and R is not
the correct explanantion of 4.

(C) A istrue but R is false.

(D) A4 is false but R is true.

. Assertion (A4): The number of real solutions

of sinx=x>+x+1is 1

Reson (R): since |sin x| <1

(a) 4 (b) B (c) C (d) D

. Assertion (4): The number of real solutions

of cosx=3"+37"

Reason (R): since |cosx| <1

(a) 4 (b) B (c) C

. Assertion (4): The maximum value of

3sinx+4cosx+10is 15

Reason (R): The least value of 2sin® x+4 is 4

(a) 4 (b) B (c) C (d D

. Assertion (A4): The greatest value of
2

d D

sin® x +cos? x is 1
Reason (R): The range of the function

f(x)=sin® x+cos x is 1
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() 4 (b) B (¢ C (d D

. Assertion (4): a cosx+b cos3x <1 for every x in R

Reason (R): since |5 <1

(a) A4 (b) B ) C d D

. Assertion (A4): The set of values of x for

which tan3x — tan 2x “1is ¢
1+ tan3x.tan2x

Reason (R): since tanx is not defined at
x=(2n+l)§, nel

(a) 4 (b) B (c) C (d D
Assertion (4): The number of solutions of the equation
tan x + sec x =2 cos x lying in the interval [0,27] is 2
Reason (R): The number of solutions of the equation
3sin?x—7sinx+2=0 in [0, 571:] is 6

(a) 4 (b) B ) C d D

. Assertion (A): The number of solutions of

tanx. tan4x =1 in (0, 7) is 5
Reason (R): The number of solutions of
|cos x| =sinx in [0, 47] is 4

(a) 4 (b) B ) C d D

. Assertion (4):

If tan (% sin 6) =cot (% cos 9) , then

sin6 + cos = +4/2
Reason (R): —J2 <sin@+cosO <2

(a) 4 (b) B (c) C (d D
10. Assertion (4): sin 4 =sin B =sin C = 2sin(18°)
Reason (R): If cos 4=tan B,
cosB=tanC, cosC =tan A
(a) 4 (b) B (c) C (d D
SELF ASSESMENT I
CH: TRIGONOMETRIC EQUATIONS
Time: 3 Hrs. Max. Marks: 100.

Give answers of the following questions:

1.

Solve for x: sinx + cosx
_ min{l.a’ —4a+6}

aeR
Solve for x: |cosx| = cosx —2sinx .

. Find all values of o for which the equation

sin® x + cos* x +sin 2x + a = 0 is valid. Also, find the
general solution of the equation.

Find the smallest positive root of the equation
Jsin(1—x) = cos x .

Solve for x and y:

3sin x+cosy _ 1 , Zssin2 x+cos’ y =5
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Solve for x and y:
1-2x—x* =tan®(x+ y) +cos’(x + y).
Solve for x and y: x* +2xsin(xy)+1=0.
Find the range of y such that the equation in x,
y+cosx=sinx has a real solution. For y =1, find x
such that 0 < x < 2rw.
For what values of &, the equation
sinx + cos (k+x) +cos (k—x)=2
has real solutions.
If sin50 = asin® @ + bsin® 6+ csinf +d
for every 6 € R, then prove that
i) atb+c+d=0 (i) atb+c=1
(iii)) 5a+4b=0 (iv) b+4c=0.

QUESTIONS ASKED IN PAST IIT-JEE EXAMS

1.

The genral solution of the trigonometric
equation sinx+cosx =1 is given by
(@) x=2nmw,nel

(b) x=(2n7‘c+§j,ne]

(¢) x=(n7r+(—l)" %j,n el

(d) None of these [IIT-JEE - 1981]
Find the point of intersections of the curves
y=cosx & y=sin3x

where x € {—%, E}

; [IIT-JEE-1982]

. Find all solutions of

4cos® xsinx—2sin’ x=3sinx.  [IIT-JEE-1983]

. There exist a value of 6 between 0 and 27 which

satisfies the equation

sin* @ —2sin?6—-1=0? [IIT-JEE-1984]

5. No questions asked in 1985.

Find the solution set of
2r 3
xX+y= R cosx+cosy = > where x and y are real.
[IIT-JEE-1986]

Find the set of all x in the interval [0, 7]
for which 2sin® x—3sinx+1>0. [IIT-JEE - 1987]

The smallest +ve root of the equation

tanx —x =0 lies in
T T
(@) (O’Ej (b) (E: ﬂ)
(@ (%m)

[TIT-JEE-1987]

9.

10.
11.

12.

13.

14.

15.

16.

17.

18.

19.

The general solutions of sin x —3sin 2x +sin 3x
=cosx—3cos2x+cos3x is

(a) mr+g,nel

nwn
b) —+—,nel
®) =+

n T T
Z i nel
2 8

© (1)

(d) 2nm+cos™ @j nel [IIT-JEE-1989]

No questions asked in between 1990 to 1992.

Number of solutions of the equation

tan x +secx = 2cosx lying in the interval [0,27] is

(@ 0 1

(c) 2 (d) 3. [OT-JEE-1993]

Determine the smallest +ve value of x (in degrees) for

which

tan(x +100°) = tan(x + 50°) tan x tan(x — 50°) .
[OT-JEE-1993]

Let n be a +ve integer such that

sin (lj + cos(l) = ﬁ . Then
2 2

n 2n
(a) 6<n<8 (b) 4<n<8
(c) 4<n<8 (d) 4<n<8

[IT-JEE-1994]
Let 2sin® x+3sinx—2>0 and x> —x-2<0 (x is
measured in radians). Then x lies in the interval

T Sw hY/4
o (%) o ()

(-1,2) d (%2)

[LIT-JEE-1994]
Find the smallest +ve value of p for which the equation.

cos(psinx)=sin(pcosx) has a solution

for x €[0,27] [IIT-JEE-1995]

Find all values of @in the interval [—E , E} satisfying
the equation 22

(1-tan0)(1+ tan 0)sec2 9+2°0 =
[LIT-JEE-1996]
Find the general value of 0 satisfying the

equation tan” 0 +sec26 =1 [IIT-JEE-1997]

Find the real roots of the equation

cos’ x+sin* x=1 in the interval (-7, 7)
[LIT-JEE-1997]

The number of values of x in the interval [O, 57r]

satisfying the equation 3sin® x—7sinx+2=0 is

(@ 0 (®) 5

(c) 6 (d) 10  [IT-JEE-1998]
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) ] n o, 28. If sin@ = cos ¢ , then the possible values of
20. Let n be an odd integer. If sin (n@) =Y b, sin" 6 for
each value of 6 then r=0 l(e +o- 5) are ..... [IIT-JEE-2008]
(@) by=1,0=3 4 2
b) by =0,b = :
(®) &y 1= 29. For 0<6< r , the solutions of
(©) by=-1,b=n 2
(d) by=-1,b=n"-3n+3 [IIT-JEE-1998] 6 (m-1)x mm
21. No questions asked in between 1999 to 2001. 2:41 cosec| 0+ 4 cosec| 0+ 4 =42
22. The number of values of k for which the equation "
7cosx+5sinx =2k +1 has a solution is 18 (ar;) x
(a) 4 ®) 8 @ = ® =
() 10 (d) 12 [IT-JEE-2002] 4 6
23. No questions asked in between 2003 to 2004. © n () S [[IT-JEE-2009]
24. Let (a,b)€[-7, 7] be such that cos(a—b)=1 and 12 12
1 . o i i
cos(a +b)=— . The number of pairs of a, b satisfying 30. Theﬂnuirtnber of values of 9;1 the interval
e n
the system of equations is (_E’E) such that ¢ # B for ner
(@ o0 (b) 1 B . B .
© 2 ) 4 [IIT-JEE-2005] and tan = cot50 as well as sin(20) = cos(40) is...
) T [IT-JEE-2010]
25. Find the values of 7 € [_E’E} so that 31. The +ve integer value of n > 3 satisfying
552 _2p i1 1 the equation
2sint=x2—x,‘v’xeR—{1,——} L N
] ’ sin(ﬂ) sin(zﬂj sin(sﬂj
26 [£0<0<m. i : [HE'JEE'zoos] " n " [IIT-JEE-2011]
6. IfOe_. O<2m, 2sin® @ - 5sin6 +2 >0 then the range 32. No questions asked in between 2012 to 2013.
of fis
T . S 33. For x€(0,7), the equation
(@) (O,gju(?,zﬂ) (b) (0,?)u(n,2n) sinx+2sin2x —sin3x =3 has
(a) infinitely many solutions
©) (o,fj U(m,27)  (d) None of these (b) three solutions
6 (c) one solution
[IIT-JEE- 2006] (d) no solution o . [HT—JEE—2014]
27. The number of solutions of the pair of equations 34. The number of distinct solutions of the equation
2sin? @ —cos20 =0 and 2cos’ 0 —3sin@ =0 in the %cosz 2x+cos* x+sin* x+cos® x +sin® x =2
interval [0,27] is . . :
(@) 0 ® 1 in the interval [0, 27] is ...... [IIT-JEE-2015]
() 2 (d) 4  [IT-JEE-2007]
ANSWERS
Exercise 1
1. Gz%,nel 4 9:2”7”,;1 I
2. 9=(2n+1)£,ne[ 5. 2(2””)” ne
6 7 ’
_nm 2n+1)37
3. B—T,nel 6 :(” ) nel
14
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10.

11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22. 6
23.
24.
25.
26.

27.

28.

29.

0=—=x—,nel
3 6

9=nn+(—1)”%,nel
9=2nni%,nel
O=nr+o,00=tan" (ﬁ),ne[
9=n77:+(—1)"+1 (%),ne]

Gzzn—niz,nel
3 4

9=ﬂ—£,nel
312
9=n7‘c+(—1)"%,ne]
9=2n7ti£,ne]
6
9=nﬂ+£,ne]
6

9=2n7ti2?ﬂ,nel

T
9=n7t,2n7ri§,nel

anﬂig,nel

9=M,2nn’i2—ﬂ,nel
3 3

9=(2n+1)%, 2nenel

nmw T
T,I’lﬂ'ig,l’lel

0

9=(4n—1)§, n7r+(—l)"%, nel
9=n7t+tan_1[l), n7t+3—7r, nel
2 4

3
9=n7‘c+£, n7r+—n,nel
3 4

30, 0="F4 % ,er
3012

3. 6=—,n€el

32. 0=—+—,nel

33 9=M+(—1)" (Ej, nel

1
34, @=nm, nni% ,n7titan_1 (—j, nel

nmw T
35. 9="2, (2n+1)=,
o (2n+)7 (2041
T
36. 9=2nn’+5, 2nmw,nel
37. Gznn—z,nn,nel
4
38. 9=(2n+1)§,ne[
39. 9=n7r+§,ne[
40. 9=n7‘£+%,nel

Exercise 2
Lo o=nr+(-1)2-Z per
2. 9=[2nﬂ—§),ne[

3. 0=(n+)Z-Z ner
2 6

4. 0=(an+1) -2 yer
2 4

5. 9=(2nn’i§)—%,ne]

6. 9=nn+(—1)"%—%,nel

7. 9=nn+(—1)"%—%,ne[

8. 9=(2nn’i§)—%,ne]

9. 9:—(2nn+£j(2"—”+5
303 9

10. 9=ﬂi£,ne]
2 18

NG

)l, nel
12

),ne]



Exercise 3
1.

D
Il

>
>
[

het
S
Il

v
D
1l
AR SENISEE N

Exercise 4

L. 9=2nﬂ+7—n,neZ
4

2. 9=2n7r+7?7r,neZ

3. 9=2n7r+%,neZ

4. Azlx[(2m+n)n+£iz},
2 4
1

B=—-x (Zm—n)n?—ziz ,mne’z

2 4 6

T T
5. x=—+nmw,y=——-nn . ,ne’l
2 6

6. No. Solution., x=@=y
7. x=nr, y=%—nn or, x:z—nn, y=nm

8. r=6,0=£0r5—ﬂ
6 6
9. A-B=2nnt,ne”z

10. x=n77:+(—1)"%,y=2mn’i§,m,neZ

3 3 T T T 1
11. | ——,cos— |,| —,cos— |,| —,—
8 8 )\ 8 8 )\ 4’2

12. x=Zmﬂiz?n,y=2(m—n)n'i2?n,manez

13. x=—or—-=
3 3 ¢

14, x=nm+(-1" %
6
T
&y=2m7‘cig,m,neZ

Exercise 5

1. 6 =nm+ o, where sinaz\/%,neZ

10.
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v, x =+ (<) ey == =1y 2 nez
16 16
af 1
X =nm+ o, where o = tan _E ,neEZ
x=n7r+(—1)"£,neZ
16
m 3
x=2nw+—*t—,ne’z
4
x=nn+(—1)n%,neZ
x=(2n+l)%,neZ
x=n7r+£,neZ
4

niw
)CZTi ,}’IEZ

Exercise 6

_m St Irn

X=—,— =

6’612
x=sin"1(0.6), x=7m —sin"'(0.6)
75w

X=—=,—
2°3

T
x=nnt—,ne”’
35

x=nn’+(—1)n§, nez

Exercise 7

I.

x=(n+1)Z (an-1)E nez
2 2
T 1w 2w 4rm
x:()s_a_'_e_
4°2°9°9
T St 97w 13rm
X==,—n,—,—
777 777
(T 5T 2m 4m 9m 13n
887373787 8
T 2nmw

x=2n+1)—,—,ne”Z
( )2 3

V4 2r
x=nwr——2ntt—,ne”z

4 3
x=nwtone”Z

nw
xznﬂ,j,neZ
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9. xznn—z,neZ
4

10. x= (4n+1)%,n ez

Exercise 8
7 x3m 5w m Tx
6’3°8°873°8

2. xznnig,neZ

3 x="E Ty ez
28 16
n rn 3r St T 1ln
4' x=_9_5_5_9_7_
6 4 4 6 4 6

5. x=(2n+1)7t,neZ

Exercise 9
1. x=nm+ tan_1(3),n7t + tan‘1(4),n ez

2. No Solution
3. No solution

Exercise 10

1. x=2n7ti§,neZ
2. x=(4n+1)§,neZ
3. x=4nni2§,neZ

Exercise 11

1. x=2nm, 2n7‘c+§,neZ

!\’

x=2nﬂ,(4n+l)§,neZ
T 3n

3. x=2nmt—t— neZz
4 4

4. x=—,m
2
Exercise 12
1. No Solution
2. No Solution
3. No Solution
4

. x=2nn’+£,neZ
2
5. x=2nn’+§,neZ

Exercise 13

1 +F 427

33

2

2. =L
373

3. x=nr, nn’+(—1)”%,nel

1
4, 5(\/5—1)
5. No solution

6. x=2n7t+£,ne]
4
T b4
x=|nr——|,2n+1)—,nel
7. ( 4)( )

8. x=—
4

Exercise 14
1. No Solution
2. x=0

Level 1

1. Gznnig,nel

2. 9=ﬂ,nﬂ'i£,n€]
4 3

3. 9=n7t+£,n7t—£,ne]
3 4

4, 0=—+—,nel
3 12

5. 9=(4n+1)%,nel

1

T -1

6. O=nm,nr+t= ,nwEtan (_),HEI
3 2

2
7 9=%+(—1)" (g),ne]

8. 0=2mm-".nel
4

9. 6=nm,nel
10, 9=2n—n+z,—(£+2nn’)nel
3 97 (3

11. x=£+mr,y=£—n7r,neZ
2 6

12. x=¢=y

13. r=6,0="orF
6" 6

14. x=nm+(-1)"sin™’ (ij,n el

y=nm+ (—1)” sin”! (%),n el



15. L
2
16, A=1x|@memr+ T,
2 4 6
lexli(Zm—n)ﬂ—EiE},m,neZ
2 4 6
17. A=nm+B,nel
. 2
18. 6 =nm+ o, where sma:\/;,neZ
19. x=n77:,x=n7t+(—1)"£
16
,Xx=nm—( 1)"—n, eZ
6
n T
20. x=nm+(-1) g,neZ
21, x=0,% F 2 A
4°2 9°9
22. x:E’S_”’ 71-’9_”’13_”
77 7 7
n St 2r 4r 9w 13w
23. X Ty T s s
8 8 3 3 8 8
24 x=n+)E 2T pez
23
V4 2r
25, x=nr——2nnt—,ne”’Z
4 3
2 yoT T 3T ST m Tn
63 8 8 3 8
27. xznﬂig,neZ
28, x="E T C1y3E ez
2 8 16
29. No solution
Level 11
1. (b) 2. (a,b) 3. (a,d)
5. (a) 6. (a) 7. (¢)
9. (a,b,c) 10. (b) 11. (a)
13. (b) 14. (d) 15. (¢)
17. (b) 18. (c) 19. (¢)
21. (b) 22. (¢) 23. (a)
25. (c) 26. (b) 27. (a)
29. (a) 30. (¢) 31. (a)
33. (b) 34. (d) 35. (b)
37. (¢) 38. (b) 39. (¢)
41. (a) 42. (b) 43. (b)
45. (¢) 46. (c) 47. (¢)
49. (a) 50. (b) 51. (c)

4,
. (d)
12.
16.
20.
24.
28.
32.
36.
40.
44.
48.
52.

(©

(a, b)
(b)
(b)
(b)
(b)
(©
(@)
(b)
(@)
(@
(@)

The Trigonometric Equation

53. (d) 54. (a) 55. (d) 56. (c)
57. (¢) 58. (a) 59. (¢) 60. (b)
61. (b) 62. (b) 63. (b) 64. (d)
65. (a) 66. (c) 67. (b) 68. (a)
69. (¢) 70. (b)

Level 111

1.

10.

11.

12.

13.
14.
15.
16.

17.

18.
19.
20.
21.

22.

23

24.
25.

x=4n7ti2Tﬂ,neZ
T
x=(2n+l))ﬁ,x=nn',nel

xznﬂiz,nel
3
x=2nw+rn=2n+Dr,nel

x=(2n7‘c+£)=(4n+l)£,ne]
2 2

/4
x=nwr——,nel
4

w St Tr 13m 2r 4rm

T
x=2n+1)—
( )2

nm
—+
2

)c=ﬂ+cos_l (l),n e’z
2 3

T
x= -)'—,nel
=1 B

T
xznn,nn—z,neZ

_fB<a<\3

1

1

1

[3H3)
2 2

5

2

90°
-3<a<-2
13
T4

. [-3,-2]

3

X

x=2n7r-_+‘§,nel

155
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INTEGER TYPE QUESTIONS I
7. x=%x1, y=2nwr+—.
1. 6 2
2.7
3.2 8. x:n,g.
4, 4
5.6 9. nﬂ—ESkSnn'+£,neZ.
6. 6 4 4
7. 6
8. 6 HINTS AND SOLUTIONS
13' ; EXERCISE 1
' 27. Given equation is
COMPREHENSIVE LINK PASSAGE 2
cot"0+——+3=0
Passage-I: 1.(d) 2.(a) 3.(c) 4. () 5. (@) sin 0
Passage-1I: 1. (a,b) 2.(a,c) 3.(c) 2 _
Passage-Il: 1. (b) 2. (b) 3. (ab,c,d) 4. (d) = cot’0+3(1+cosech) =
Passage-IV: 1.(b)  2.(c) 3.(b) 4. (b) 5. (b) = (cosecze—l)+3(l+cosec6)=
Passage-V: 1.(a) 2.(c) 3.(a) 4. () 5. (@)
= (cosec® —1+3)(1+ cosec) =0
(MATCH MATRIX) = (cosec® +2)(1+ cosech) =
L (A) > (9). (B) = (S). (©) > (5). (D) > (5) L coseche 12
2. (A)—(Q),B)=>R),(CO)—> (). ’
3. (A) = (8), (B) = (P), (€) = (Q(D) = (P, Q) ~  sinf=_lsing=_'
4. (A) = (S), (B) = (P), (C) = (Q, R),(D)— (T) 2
5. (A) = (R), (B) = (5), (C) = (P), (D) = (S) r N
6. (A)=(S), (B) = (P), () = (Q), (D) > (R) = 0=(4n-1)7.0=nr+(-1) (—gj,nel-
7. (A) = (R), (B) = (5), (C) = (P), (D) = (Q) _ o
8. (A) = (Q), (B) = (R), (C) = (8), (D) — (P) 28. Given equation is
9. (A) = (5), (B) = (R), (C) = (Q), (D) = (P). 2tan6 —cotO = —1
ASSERTION AND REASON = 2tanb=cotf -l
G 2@ 3 () 4. (b) S 2tanf=———1
5. (a) 6. (a) 7. (b) 8. (b) tan 6
9. (d) 10. (a) = 2tan %@ +tan6—1=0
SELF ASSESMENT I =  2tan’f+2tanf—tanH—1=0
1 x—nn+(—1)"£—£ nez = 2tan0(tan9+1)—(tan0+1)=0
4 4 —  (2tan@-1)(tan6+1)=0
T
2. x=2mn ,(2m+l)7z,'+z,meZ. - (2tan6—1)=0,(tanO+1)=0
n 1
3. x=224 (_1) sin”! {1—\/2a+3}, where = tan§=-1 )
[ 3 l} = 9=(nﬁ—%),0=n7r+a,a=tan_l(%)
2°2
4 1 7r 29. Given equation is
L X=—4—
2 4 tan 6+ (1-~/3)tan6—~/3=0
T r T 5w e m)\ (1llx 5= 2
—, = —,— — = || == tan”“ 0 +tan @ —~/3 (tanO +1)=0
5'(6 3)’(6 3]’(6 3)’(6 3) > et Orand= 3o+

= tan@(tan6+1)—\/§(tan0+1)=0

6. x=-1, y=n7ti%+1, neZzZ



= (tan@—\/g)(tan9+l)=0
= tan0=\/§,tan9=—l
= 9=n7r+z,9=n7t—£,nel
3 4
32. Given equation is

tan9+tan(9+§)+tan(0+2§)=3

= tan9+tan(%+9j+tan(n:—(%—9))=3

= tan0+tan(§+0j—tan(§—9)=3

x/§+tan6 x/g—tane
= tan 0 + - =3
1—\/§tan9 1+\/§tan9
8tan O
= tan9+—2=
1-3tan” 0
9tan6 —3tan’ O
= —2=3
1-3tan”“ 6
3tan6 — tan> 0
= —2:1
1-3tan” 0

= tan (30) =1

= 39=nr+l
4

= 9=M+£,nel
312

34. Given equation is
tan 0 + tan 20 + tan30 =0
= tan0+tan29+tan(20+9)=0

tan (20) + tan (6)
= tan 0 + tan 20 + =
1—tan (29) tan (9)

1
tan@ + tan 20)| 1 =0
= (tan+ tan )[ +1—tan(29)tan(6)j

when (tan6 +tan20)=0
= tan0+%=0
1—tan“ @
2
= tan9(1+—2):0
1—tan~ 0
2
= tan9=0,(1+—2)=0
1-tan“ 0@
= tan@zo,#z:—l
1-tan~ 0

36.

37.

38.
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= tan6=0,1—tan’ 0 = —2

= tan0=0,tan29=3

= 0=n7‘c,9=nn’i§,ne]
1
when | 1+ =0
( 1- tan(26)tan (6))
1
= e
1—tanOtan 20
= l1—tanOtan20 = —1
= tanOtan20 =2

= tane(ﬂ)=2
1-tan” 0@

= tan? 0 =1— tan’ O
2 1 2 a1
= tan“f=—=tan" o,x =tan" | —
2 V2
= O=nmto,nel
Given equation is
cot@ —tan 6 = cosO —sin O

= (cos@—sin@)[w—lJzo

sin @ cos 6
= (cos@—sin@)z0,(cos€+sin9)=sin9cos9
= tan® =1,(cos 6 +sin ) = sin O cos O
when tanf=1
= 9=n7‘c+%,nel

when (cos6 +sin6)=sin6cos6

No real value of 0 satisfies the given equation.
Given equation is

(1 —tan 9)(1 + sin29) =1+tanf

(cos6 —sin6)(cos O +sin 0)2 = (cosO +sinH)
(cos6 +sin6)(cos26 —1)=0

tan(G) = —l,sin2 6=0

tan(@) = —l,sin(G) =0

G

T
O=nn——,0=nm,nel

Given equation is

2sin” 6 +sin” 20 =2

= 2sin” 0 + 4sin® Ocos? 6 =2
= sin® 0 +2sin* @ cos? 6 =1

= 2sin® Ocos’O=1-sin’ 0
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= 2sin’ O cos® 0 = cos’ O
= (2sin2 0—1)0052 0=0
= (Zsin29—1)=0,cos29=0

1
= sin29=5,c059=0

= 9=(2n+1)%,0=nﬂ?i%,ne]

39. Given equation is
sin (3(1) =4sinOsin (9 + a)sin (9 - a)

= sin(3ar) = 4sin9(sin2 0 —sin? oc)
= 3sina—4sin3a=4sina(sin29—sin2 OC)
It is possible only when
sin’ @ = é

4

2
= sin’ @ = ﬁ
2

= 6= mri%,n el

40. Given equation is
4sin Osin 20 sin 460 = sin 360
= 4sin05in(39—9)sin (39+9) =sin 30
4sin 9[s1n (36)—sin (9)} =sin30

=
= 4sin(9[sin2 30)—sin ( )J 3sin® —4sin’
=

sin@ [4 sin” (30

3]=0

sin6=0,[ 4sin” (36)-3]=0

U

U

=  sinf=0,sin’(30) =

AW

= 9=n7t,9=n7ti§,ne]

EXERCISE 2

9. Given equation is

cos@+\/§sin9 =2co0s26

1 .
= Ecos9+£sm6=cos29

= cos(@—%)zcosZO

(36)-
sin9[4sin2(39) 4sin* (6 )+4sin29—3J=
(30)-

N (9—%):2;17:129

Taking +ve one, we get,

0= —(Zn T+ E)
3
Taking —ve one, we get,
2nw T

= 9——+—nel
39

10. Given equation is
\/§(c059 —3sin6 ) =4sin 26 .cos30
= /3 cos6—3sin6=2(sin 50 —sin 6)
= 3 cos6—sin6=2(sin 56)

V3

= —cos@—lsinez (sin50)
2 2
= sin(%—@)zsinSO

= 50=nm+(- )(;—9)
when #» is even

59:2kﬂ+(§—9j

= 69=2kn+§

= 0=k—n+£,kel
3 18

when » is odd
59:(2k+1)n—(§—9)

= 49 =(2k+1)7r—§

= 9=(k+1)2-Z ker
4 12
EXERCISE 4
4. Given tan(A—B)zl
= (4-B)=Z]>T
4’ 4
Also, sec(4+B)= 2
’ NG
= cos(4+B)= %
= (A+B)=z Nz
6 6



Here, we observe that 4 — B is +ve

So, A>B
= A+B>A-B
Avp="7 | ep=lm
6 6
or 5z
4-=%  |4-B=2Z
4 4
On solving, we get,
A:257L' :197r
24 24
or
p=127 _r
24 24

General values of tan(4—B)=1
is (A—B)=n7r+%,nel
General values of sec(A+ B)=—
(4+B) 5
is (A+B)=2nn:+%,ne]

On solving (i) and (ii), we get

A=(2n+m)£+£
2 24
B=(2n-m)E_ 2%
2 24

5. Given sinx =2siny

. . (27: )
= sinx = 2sin ?—x

sinx=2 —300sx+lsinx
= 2 2

= sinx =+/3cosx+sinx
= x/gcosxzo
= cosx=0
b4
= x=(2n+1)5

when x=(2n+l)§,then y=n77:—%

Hence, the solutions are

x=(2n+1)£
2
,nel
S .
4 6

. 2
6. Given x+y=T7t and cos x + cos y =

N | W

10.
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Now

N | W

cosx +cosy=

(27: ) 3
= COS X + COS BN

2
= COSX——COSX+—sSinx=—
2 2 2
= —cosx+—sinx=—
2 2
= cosx++/3sinx =3

It is not possible, since the maximum value of L.H.S
is 2.

So, the given system of equations has no solutions.
Given equations are

rsinf =3

and 7=4(1+sin 0)
Eliminating (i) and (ii), we get,
4(1+sin0)sin6 =3

=  4sin’6+4sinf-3=0
=  4sin’0+6sin6—2sin6-3=0
= 2sin9(2sin0+3)—1(2sin9+3)=0
= (2sin6+3)(2sin0-1)=0
= sin9=—§,l
2 2
. 1
= sinf=-—
2
= sz,s—ﬂ
6 6
. Given x+y=% and tan x + tan y = 1

= tan(x+y)= tan(%)

tan x + tan y
= —=1
1—tan x.tan y
= I-tanx.tany =1
= tanx.tan y =0
= tanx=0 & tany =0
= X=nmw=y.

Thus, no values of x and y satisfying the given
equations.

Therefore, the given equations have no solutions.
Given equations are

sinx+siny =1 (1)
and cos2x—cos2y=1



160 Comprehensive Trigonometry with Challenging Problems & Solutions for Jee Main and Advanced

11.

12.

Now, cos2x—cos2y=1

=  1-2sin’x—1+2sin’ y=1

= —2sin® x—1+2sin® y =0

= 2(sin2)c—sin2 y)=—1

= (sinx+siny)(sinx—sin y) = —%

= (sinx—siny)z—% ...(ii)

On solving, we get,

sinx=0,siny=1

V4
= x=nn,y=(4n+1)5,nel
Hence, the solutions are

X=nw
y=(4n+1)§’n€[
Given curves are y =cosx & y =sin2x
Thus, sin2x =cosx
= 2sinxcosx = cosx
(2sinx—1)cosx =0

=
= (2sinx—1)=0,cosx=0
=

U

=

Il
Y

then
Hence, the solutions are
[E,QMS_”,_ ﬁ),(z,oj,(-’)_ﬂ,oj

6 2 6 2 2 2
Given equation is

3
= cosx+cosy+cos(x+y)=—5

= 2(cosx+cosy)+2cos(x+y)+2=1

= 4cos Xty cos ) +4cos’ xry =1
2 2 2

+ - +
= 4cosz[u)+4cos(x y)cos(x y)+1=0
2 2 2

For real x and y

16 cos? (x;zy)—mz 0

13.

2

= cosz(x_y)ZI
2

- (5

= x=y

= cos’ (u) =1

The given equation

+ - +
4cos2(uj+4cos(x y)cos(x y)+1=0
2 2 2

reduces to 4cos’ (x) +4cos (x) +1=0

= (2c0s(x)+1)2=0
= cos(x)z—%

= x:z—n:
3

Given equation is
8cosBO cos@ cos(B+¢@)+1=0

Y

= 2cochosgocos(9+(p)=—%

= 4[cos(0+¢)+cos(0—¢)cos(0+¢9)+1=0
= 4cos’ (0+¢)+4cos(6—¢)cos(8+¢p)+1=0
Forallreal 0<0,p<m,

16cos* (0 —9)—16>0

= cos2(9—<p)21

= cos2(0—g0)=1
= 0-p=0
= =0

when g = ¢, then the equation

4cos’ (9+(p)+ 4cos(6 - (p)cos(e + (p)+1 =0
reduces to

= 4cos” (20)+4cos(26)+1=0

= (2cos(26)+1)" =0

N (200s(29)+1)=0

= 005(29) = —%

= (20)= ZTﬂ

T
= 9:—:
3 o



EXERCISE 5

1. Given equation is

L

U

=

Yx=1

4sin* x=1-cos* x

4sin* x + cos

4sin* x = (1 +cos’ x)sin2 X

sin’ x(4sin2 x — cos’ x—l) =0
sin? x = 0,(SSin2 x—2) =0

. . 2
s1nx=0,s1n2x=—

.- 2
x=nmw,x=nnto,0 =sin 1[\/;

2. Given equation is

L e T Ay

L4l

=

4cos’ xsinx —2sin® x = 2sinx
4(1—sin2x)sinx—2sin2x=2sinx
) . .2

2|1—sin” x)sinx —sin“ x =sinx

. .3 .2 . _
2sinx—2sin” x—sin”“ x—sinx =0
. .3 2
sinx—2sin” x—sin“x=0

.3 .2 . _
2sin” x+sin”“ x—sinx =0
sinx(25in2x+sinx—1)=0
sinx=0,(2sin2x+sinx—1)=0

. . -1%3
smx=0,smx=T

sinx=0,sinx=1,sin x =2

sinx=0,sinx=1

x=nﬂ,x=(4n+1)§,nel

3. Given equation is

sin3x+cos2x=1
sin3x=1-cos2x

sin x(3 — 4sin? x) =2sin% x
sin x(3>—4sin2 x—2sinx)= 0

sin x = 0,(4sin2x+23inx—3)=0

—2+J4+48
8

sin x=0,sinx =

—1+413
4

sin x=0,sinx =

=

n . -1
= x=n7r,x=n7r+(—1) o, 0 = sin [

The Trigonometric Equation

J13 -1

4

sin x=0,sinx =

4. Given equation is

L

U

=

2cos2x++/2sinx =2
\/Ewlsinx =2(1—cos2x)
\/5 sinx = 4sin® x

A/sinx = 2\/§sin2 X
,/sinx(l - 2\/§sin3/2 x) =0
1

sin x =O,sin3/2x=

202

sinx=0 sin)c—L
’ V2

x=nm,n=nx+(-1)" (%)n el

5. Given equation is

U

U

=

. 3.
1+sin® x +cos’ x = 5s1n2x
1+ (sin3 x + cos’ x) =3sin xcosx

1+(sin3 x + cos’ x)—3sinxcosx.1 =0

(sinx+cosx+1)(2—sinxcosx

J13 -1

4
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|

—sinx—cosx)=0

(sinx+cosx+1)=0

sinx+cosx =-1
1 . 1 1
—sinx+—=cosx=———

V2 V2 V2
sin(x+%)=—%

6. Given equation is

=

. 7
sin® x + cos® x = —
16

1—3sin® xcos’ x = —
6
?asinzxcoszx:l—l6 0
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=

| w

sin’ xcos® x =

1

4sin” xcos’ x =

Alw D

3
in? (2x)=2
S ( )C) 2

n
2x)=nmEs
(2x)=n=x 3

x=ﬂ+£ nel
3 6

7. Given equation is

=

. 7
sin® x + cos® x = —cos? 2x
16
2 . 17
sin® x + cos x) —2sin* xcos* x = ECOSZ 2x

4

(
( —2sin® xcos x)2—2sin4xcos xzi—Zcos2 2x
= |

1—4sin’® xcos x)+251n4xcos4x—%cos 2x
16(1 —4sin® xcos® x + 2sin” xcos* x)
= 17(cos4 x+sin® x—2sin? xcos? x)
=17(1—4sin2xcos2x)
32sin* xcos* x + 4sin® xcos’ x—1=0
2sin* (2x)+sin® 2x—1=0

—1+4/5
4

J5-1
4

sin? (2x) =
sin? (2x)=
4

2x=nmwxo,o =sin_1[

x=—+g o =sin"'
2 2’

8. Given equation is

L Ul

U

U

2sin® x+2 = cos® 3x
2sin® x+2 =1-sin?3x
2sin’ x+sin?3x+1=0

2
25in3x+(3$inx—4sin3 x) +1=0
2sin’ x +9sin? x— 24sin* x +16sin® x+1=0

16sin® x — 24sin* x + 2sin® x + 9sin® x+1=0

= sinx =-—1
= x=(4n—1)§,ne]

9. Given equation is

cos4x = cos® 3x
= 2c0s? 2x —1=cos> 3x

= 2cos” 2x =1+ cos® 3x
It is possible only when

2¢cos? 2x =1+ cos> 3x
It is true for x = 0.

Hence, the solutionis x=nm,nel

10. Given equation is

cos2x = 6tan’ x — 2cos> x

)
= 2c0s>x—1=6 sm2x —2cos? x
cos” x
= 2cos* x —cos? x=6—6¢cos’ x—2cos”* x
= 4cos* x+5¢c0s’x—6=0
= 4cos* x+8cos’ x—3cos>x—6=0
= 4cos2x(c052x+2)—3(coszx+2)=0
= (4c0s2 x— 3)(c0s2 x+2) =0
= (4cos2x—3)=0
= coszx—g
4
= xX=n +£ nel
6’
EXERCISE 6

1. Given equation is

2sin2x+sinx—1:0,

. —-1£3 1
= sinx = =—,-1
2
1 .
= sinx=—,sinx=-1
2’
n St 3w
= X=—,—,—
6°6° 2
2. Given equation is

5sin® x+7sinx—6=0
= 5sin® x+10sinx —3sinx—6=0
=  Ssinx(sinx+2)-3(sinx+2)=0
= (5sinx—3)(sinx+2)=0



= (55inx—3)=0,(sinx+2)=0
0

= (5sinx-3)
. 3
= sinx =—
5
n - =1 3
= x=n7r+(—1) o ,0 = sin g
Hence, the solution is
. _1(3) , _1(3]
x=sin" | = |,r—sin" | =
5 5
. Given equation is

.2 1
SIn” X —COSX =—
4

= 4sin® x—4cosx—1=0
= 4—4cos’> x—4cosx—1=0
= 3—4cos’ x—4cosx =0
= 4cos® x+4cosx—3=0
—4+8 1 3
= cosx = =—,——
8 22
1
= CcoSXx =—
2
T Sw
= xX=—,—
3°3

. Given equation is

tan® x—2tanx—3 =0
(tanx—3)(tanx+1)=0
(tanx—3)=0,(tanx+1)=0
(tanx-3)=0,(tanx+1)=0

tanx=—1,tanx=3

L

. Given equation is

2cos? x—~3sinx+1=0
2—-2sin> x—~3sinx+1=0
3-2sin? x—3sinx=0

= 2sin®x++/3sinx-3=0

—3£27 _ 333

4 4

_ 3 23

4 4

= sinxz—ﬁ,g

U

U

= sinx =

= sin x

x=n7r—§,x= nm+o,0=tan” (3)-

The Trigonometric Equation

. 3
= sinx=—
2

= x:nﬂ+(—1)n(§],nel

EXERCISE 7
1. Given equation is

cosx—cos2x=sin3x

< uf2)ul)
o ol

when sin (%x] =0

X (3x)
cos| —
2

o

2
~—
b

Then 3—x=n7'c
2
2nmw
= xX=—
3

Il
o

when (sin(

N | =
N—
|
(@)

o
w2
VR

[U8)
|2

)

U
/TN
a.
=
TN
N7
Il
(]

@]
w2
TN
o]
~
N—

N | =

= sin

o
2

I/~ 7

le N | =
N
| o
3 2
7] 7/ N

Sa Nl
|

SARS

N—

=

- (2):2"”i(§_§]

Taking +ve sign, we get,

|2

dx=2nm+ 2
2

/4
= X=nm+—
4
Taking —ve sign, we get,
/4
x=2nn—-—,nel
2
2. Given equation is
sin7x +sin4 x +sinx=0

= (sin7x+sinx)+sin4x=0

= 2sin4xcos3x+sindx =0

163



= sin4x(2cos3x+1)=0
=  sin4x=0,(2cos3x+1)=0
1
= sin4x=0, cos3x=—§
= 4x=nrm, 3x=2n7ri2?7r
= x:ﬂ,xzzn_n-iz_ﬂ:’nel
4 3 9
Hence, the solutions are
vo0 T
9 42

. Given equation is

cos3x+cos2x=sin(37x)+sin( ]
5x X .
= ZCOS(—)COS(—j=ZSIHXCOS( j
2 2
= 2 cos(s—xj—sinx cos(f)zo
2 2
5x .
= 2(005(7j—smxj=0,cos( )zO
5x . X
= cos| — [=sinx,cos| — [=0
(5 )-smmeod3)
5x T X
= cos| — [=cos| ——x |,cos| = [=0
(5 )eo5-)en(3)
= (5—x)=2nﬂi(£—x),(f)=(2n+1)£
2 2 2 2

N | =

N | =

0o | =

4
= x= nﬂi(n’—Zx),x:(2n+l)7t
dnm
= x=Ti(7t—2x),x:(2n+l)7t
N w n 3n 13n 17n 7 St 29¢
D e B S e e
3'5°5°15 15 5 3 15
. Do yourself.
. Given equation is
cos2x+cosdx=2cosx
= 2cos3xcosx =2cosx
= (200s3x—1)cosx=0
= (2cos3x—1)=0,cosx =0
= cos3x=l,c0sx=0

= x=2n—ﬂ:i2—ﬂ:,x=(2n+1)z
3 9 2
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6. Given equation is

sin2x+cos2x+sinx+cosx+1=0

=

=

=

(1 +sin 2x) + (sinx + cosx) +cos2x=0
(sinx +cos x)2 + (sinx + cos x)

+(0052 x —sin? x) =0
(sinx+cosx)(2cosx+1)=0

(sinx+cosx)=0,(2cosx+1)=0

1
tanx =—1,cosx=——
2

xznﬂ—z , x=2nni2—”,nel
4 3

7. Do yourself.
8. Given equation is

tan3x +tanx = 2tan2x

=

U

U

LUl

=

sin4dx  2sin2x

cos3xcosx  cos2x
2sin2xcos2x _ 2sin2x

cos3xcosx  cos2x
2sin2x( cos 2x — ! ij
cos3xcosx cos2x

2sin2x=0,( cos2x _ 1 )
cos3xcosx cos2x
sin2x=0, 2cos? 2x = cos 4x + cos 2x
sin2x=0,200s22x=200s22x—1+cos2x
sin2x=0, cos2x =1

2x=nm,2x=2nw

nw
x=7,x=nn,nel

9. Given equation is

(1- tan x)(1+sin2x) = (1+ tan x)

=

2

2tan x
l-tanx)| 1+ ——— |=(1+tanx
( )( 1+ tan xj ( )

(1= tan.x)(1+ tan x)* = (1+ tan x)(1+ tan” x)
(1 — tan’ x)(l +tanx)=(1+tan x)(l +tan’ x)
(1= tan? x) - {1+ tan? x))(1+ tan x) = 0
tan” x(1+ tanx)=0

tan® x=0,(1+tanx) =0

tan2x=0,tanx=—l



T
= X=nmw,x=nm——,nel
4
10. Given equation is
sin x —3sin 2x + sin 3x = cos x — 3¢c0s 2x + cos 3x

= (sin3x +sinx)—3sin2x
= (cos3x + cosx)—3cos2x

= 2sin2xcosx—3sin2x =2cos2xcosx —3cos2x

= sin2x(2005x—3) = (2cosx—3)cos2x

= sin 2x (2cosx—3)=(2cosx—3)
cos2x
sin 2x

= =1
cos2x

= tan2x=1

b4
= 2x:nn’+z

= x=—+—,nel
2 8

EXERCISE 8

1. Do yourself.
2. Do yourself.
3. Given equation is

sin4xsin2x = cos6x — cos2x
sin4xsin2x =-2sin4xsin2x
3sindxsin2x=0

sin4x=0,sin2x=0

L

4x=nr,2x=nn,nel

U

x=—-,x=—,nel
2

4
4. Given equation is

secxcosSx+1=0

= cosSx+cosx=0

= 2cos(3x)cos(2x)=0

N 2cos(3x)=0,c0s(2x)=0
= cos(3x)=0,cos(2x)=0
=

3x=(2n+1)§,2x=(2n+1)§,ne[

= x=(2n+1)%,x=(2n+1)%,nel

Hence, the solutions are

The Trigonometric Equation

5. Given equation is
cos(6x)cosx =—1
= 2cos (6x)cosx =-2
= cos7x+cosSx=-2
It is possible only when
cos (7x) =-1,cos (Sx) =-1

= x=(2n+1)§,x=(2n+l)%,ne]

EXERCISE 9

1. Given equation is
5sin® x—7sinxcosx+10cos® x =4

Stan® x—7tan x+10 =4sec’ x

=
= 5tan® x — 7tan x+10 =4+ 4 tan” x

= tan’ x—7tanx+6=0

= (tanx—l)(tanx—6)=0

= tanx=1,6

= x=nﬂ+%,x=n7t+(x,(x=tan_1(5)

2. Given equation is

2sin® x — 5sin xcos x — 8cos” x = —3

= 2tan” x — Stan x — 8 = —3sec’ x
= 2tan’ x —5Stanx—8=-3—3tan’ x
= 5tan’ x—5tanx—5=0
= tan’ x —tanx—1=0
1£+/5
= tanx =
2
~ (145
= X=nmw+o,0=tan 5

3. Given equation is

165

sin® xcos x + sin® xcos® x + sin xcos® x =1

sinxcosx[1+sinxcosx |=1
2sinxcosx[2+2sinxcosx]= 4

sin (2x)(2 +sin (2x)) = 4

L

sin® (2x)+2sin(2x)—4=0

—2+20

2

U

sin(2x) =

sin x cos x[sin2 x + sin x cos x +cos> x] =1
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24+2J5

= mn@xyz——z——-z—lidg

It is not possible .
So, it has no solution.

EXERCISE 10

1. Given equation is
(cosx— sinx)(Ztanx+ secx) +2=0

= (cosx—sinx)(2sinx+1)+2005x=0

=

[l—tan2 (x/2)

2tan(x/2) ]

1+tan2(x/2) 1+tan2(x/2)

( 4tan(x/2) +1j+2[1—tan2 (x/2)
)

1+ tan? (x/2)

1+tan2(x/2

Put tan(%) =t and then solve it.

2. Given equation is

.3 X 3 X

sin” ——cos” —
2 2 Cosx
2+sinx 3

3 [x) .X
= ——=|cos| — |+sin—
2 ( 2 2

It is not possible.
So, it has no solution.
3. Given equation is

X X
cot| — |—cosec| — [=cotx
(2) (2)

X
cos| — |—1
= ———<—=cotx

| (x)
sin| =
2
= 2sin’ (f) =—sin (f) cotx
2 2

= (2si

N | =

N | =

o
- (o

)+cotx)=0,sin(

N | =

ool

J-o

jz

0

when sin (Ej =0
2
= x=2nm,nel

when [2 sin (%) + cot x] =0

. ([ x CcoS X
= 2sin| — [=——
2 sin x

= cos’ £)+4sin2 f)cos(f —sin? X =0
2 2 2 2

- o))
= s
- o %os(w(z)ﬂlo

= sin(E =0
2

= x=2nn,nel

. Given equation is

sin(@ + Oc) =ksin(29)

N sin @ cos & +cos Osin =k sin (26)

2tan (9] 1—tan® (9)
_\2) . \2)
1+ tan? (Gj 1+ tan? (6)

2 2
2tan (zj 1— tan? (zj
=2k 0 0
1+ tan? () 1+ tan? (]
2 2

coso+ sino




( 2 jcos(x+ [l sino
= 1+ 1+7
2t \[1-¢
=2k.
(1+t2)(1+t2J

= 2t(1+12)cosa+(1—t4)sina =4kt(1—t2)

= (sin a)t4 — (4k +2cos O!)t3

+(4k —2cosa)t—sina =0

Let ¢, t,, t; and ¢, are its four roots

4k +2cos

2= sinoc !
2t =0=1s,
Sttt = 2c0s.a—4k _s,
sina
2l =_w=_1=54
sina
91+02+93+04J 51— 8,

1—5,+s8,

Now, tan(

= tan

- n (61+92+03+94j ( )
6,+6,+6,+0, - +(_)
2 2

= (6,+6,+6,+6,)=(2n+1)m,nel .

(91+92+03+04

EXERCISE 11

1. Given equation is

sinx+cosx=1-sinxcosx ... 1)

Put sinx+cosx =t¢

|
2

Now, equation (i) becomes

= sinx.cosx=

= 2u=2-1+1

= £ +2-3=0

=  (t+3)(r-1)=0

=  (t+3)=0,(t-1)=0

sinx+cosx =1,sin x+cosx =—3
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= sinx+cosx=1
= Lsinx+Lcosx—L
V2 V2 V2

1
= sm(x+ Jz—
4 2

g

) 3. :
1+s1n3x+cos3x=5s1n2x (1)

= xX= I’l7'L'+

2. Given equation is

= 1+ (sinx+cosx)(l-sinxcosx)=3sinxcosx
Put sinx+cosx=t¢

2 -1

= sin x .cos x =

Now, equation (i) becomes

1+t(1—t22_1j=%(t2—1)

2+1(3-22)=3( 1)

=
= 243t—1 -3 +3=0
= -1 -3 +5=0
= £ +32-3t-5=0
= C A2 +202+2t-5t-5=0
= e+ +2(t+1)=5(¢+1)=0
= (P+2-5)(+1)=0
2+
= t=—1,l=2_—@
2
. —2+24
= sin x+ cos x=—l,T\/_
sinx+cos x=-1
= Lsinx+icos X=———
V2 2 2

= sin()chEj——L
4) 2

= x:nﬂ+(—1)n(—%)—%,nel

. Given equation is

sin2x—12(sinx—cosx)+12=0
2sinxcosx—12(sinx—cosx)+12 =0
sinxcosx — 6(sinx — cosx)+6=0 (i)

Put sinx+cosx=t¢



|

= sinx.cosx=

Now, equation (i) becomes

2_
= 2l gi6-0
= 2 -1-12t+12=0
= 2 —12t+11=0
= (t-1)(t-11)=0
= sinx+cosx=1

U

Q.

=
/N

=

+
N
N——

1
S

=
Il
3
3
+
i
—_
SN—
BN
N\
N
N—
|
I
3
m
~

T
= x=0,—,27
2
Hence, the solution is
. . 3¢
sin 6x = sin— -

. The given equation can be written as
sin6x+cos4x=-2

= sin 6x =—1 and cos 4x =—1
. .3
= s1n6x=s1n7n-, cos4x =cosm
kY4
= 6x=2n7r+7,4x=2n7r+7r,neZ
n T n T
= X=—+—,x=—+—,ne€”Z
3 4 4
w Sz T 1w
= X =y Ty e
4 4 12 12
(L 7 3n 5w In
PRI
TS5
= xX=—,—
4° 4

Hence, the general solution will be,

. Given sin” x + cos” y = 2sec” z
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It is possible only when
sin*x= l,tan8 x=0

= sin2x=1,tanx=0

T
= xznﬁig,xznn',nel

There is no common value which satisfies both the

above equations
Hence, the equation has no solution.

2
Here, LH.S<2 and RH.S>2

It is possible only when

sin x=1,cos> y=1,sec’ z=1
cos? x=0,sin’ y= 0,cos’z=1
cos? x = O,sin2 y= 0,sin’z=1

cosx=0,siny=0,sinz=0

L

x=(2n+1)§,y=mn’,z:kr£

where, n,m,kel

. Given equation is

sin3x+cos2x+2=0
It is possible only when

sin3x=-1,cos2x=-1

= 3x=3—”,2x=7t
2
T b2
= X=—,x=—
2 2

Hence, the general solution is

x=2n7r+§,nel

. Given equation is

cos 4x +sin 5x =2
It is possible only when

cosdx=1,sin5x=1

V3 hY/4
= x=2n7r+—,2n7t+7,neZ = 4x=2n7r,5x=(4n+1)§
= x=2nn+£,(2n+1)n+£,neZ — Lo 2nw x=(4n+1)£
4 4 4 10
_ T T
= xX= m7r+z,m €z Thus, x = satisfies both
EXERCISE 12 Hence, the solution is

2. Given equation is y=onm+F_ (4n+ 1)£ nel
2 2’

4

sin* x=1+tan® x



EXERCISE 13

1. Given equation is

2 3 4 S
21+\cosx\+cos xteos af +cos® xcos x +..to 0o _ 4

1

- 21—\cosx\ :4:22
N —
—|cosx|
= 1—|cosx|=—
= |cosx|=1—l=l
2 2
1
= cosx=*—
2

Hence, the values of x are *

2. Given equation is

1+sin®+sin 6 +...

1
= =4+23
1-sin@
= 1-sinf = !
4+243
= sin@=1- !

4+243

1

T 2n

373

=4+23

= sin@=1-

44243

= 9=nn’+(—1)n(§),nel

3. Given equation is

3. 1
sin? x—2 sin x+—
|COS x| 2 2

) 3.
= sin x—Esmx+

. . 1
= smle,smxzz

. 1
= smx=—,|cosx|=1
2

=1

%)log|cosx| =
2sin® x —3sinx + 1)10g|cos x|

= (sinx—1)(2sinx —1)log|cos x| =0
(sinx—1)=0,(2sinx—1)=0,log|cos x| =

,log|cosx|=0

. 1
= smx:E,cos:l,cosx:—l

The Trigonometric Equation
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= x=n71:+(—1)n(%),x=2nn,x=(2n+l)n’

4. Given equation is

sinx_ —sinx —4=0

1 .
t—-—4=0,r=""
t
F—4t-1=0
(-2 =5

t=2+5
smx 2+\/7
sinx =log, (21\/5)

sinx = log, (2+\/§)

= sinx=10g6(2+x/§)>1

It is not possible.
So, it has no solution.

5. We have

L

e[sinz x+sin? x+sin® x4, toeo]log, 2

sin” x log, 2
—e l-cos® x ¢ — etan2x10g62 — 2tan2x

Let a=29""

Thus, a’>-9a+8=0
= (a—l)(a—8)=0
= a=1,8

when a = 1, then 210’ * — 1 =20

= 2tan2x:1=20
= tan? x =0
= x=nmw,nel

when a = 8, then ptan’x _g 93

= tan® x =3
= tanx = \/§
Ccosx
Now, ——
COSX +SsIinx
1 1

1+tanx_\/§+l
(¥3-1)

2
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6. Given equation is EXERCISE 14
log,,, tan x +log;,  cotx =0 1. Given equation is
N log sin x +log,. COSXY | _p 2cos’ (fjsinzxzx2 +L2
O cosx " sinx 2 x
= 10805 (sin x) +logg, (COS x) =2 Here, LH.S. <2 for 0<x< %
It is possible only when and RH.S. >?2
sin x = cosx So, it has no solutions
N tanx =1 . Given equation is
2
271 X +Xx _ AX —x
N ng 2cos [ s j_z +2
_ o It is possible only when x = 0.
7. Given equation is Hence, the solution is x = 0.
3sin 2x+2cos? x + 3lfsin 2x+2sin’ x =28
N 3sin 2x+2c0s x + 31—sin 2x+2-2cos’ x =08 LEVEL 1l ' .
; 1. Given equation is
N 3sin 2x+2cos’ x + 3 —= 28 X X
3sin 2x+2cos” x cot E — cosec E =cotx
27 ;
N a+_:28’a:3sm2x+20052x COS(X/Z)—l
a = — Y = cotx
=  a*-28a+27=0 s1n();/2)
2si /4
L (a-27)(a-1)=0 L L CT0) .
- 71 s1n(x/2)
’ . 2sin® (x/4)
_ sin 2x+2 cos? x _23 - =cotx
when a =27, then 3 3 2sin(x/4) cos(x/4)
. 2
= sin2x+2cos” x =3 = tan(x/4)+cotx =0
= sin2x+1+cos2x =3 N sin(x/4) cosx_o
= sin2x +cos2x =2 cos(x/4) sinx -
It is not possible. *\_y
when a = 1’ then 3sin 2x+2c0s> x — 30 = cos| X~ Z B
= sin 2x+2cos” x = 0 = cos(3—xj =0
= sin2x+1+cos2x=0 4
= sin2x+cos2x = -1 =4 %x:(znﬂ)%
= Lsin2x+L0052x=—— T
2 NG 2 = x=(4n+2)§,nel
. /4 1 . .
= sm(2x + Z) = _E 2. Given equation is
sin 6x
P ey 8cos x.cos2x.cosdx = —
= 2x+= |=nm+(-1)"| == sin x
4 4 = 4sin 2xcos2xcos4x=sin 6x
= x—%.,_(_l)”(_zj_z’ne] = 2sin4xcos4x=sin 6x
8) 8 =  sin8x—sin6x=0
8. Do yourself. = 2cos(7x)sinx =0




= cos(7x)=0,sinx=0

= (7x)=(2n+1)§,x=n7t
T

= x=(2n+1)—,x=nn’,ne]
14

2. Given equation is

tanx tan2x
+ +2=0
tan2x tanx

(tan X+ tan ?_x)2 =0
(tan Xx+tan 2x) =0
sin(2x+x)=0
sin(3x)=0

3x=nrw

L A

= x=—,,nel
3

4. Given equation is
COS X COS (6x) =-1
= 2cos(6x)cosx =2
= cos(7x) +cos(5x) =2
It is possible only when
cos(7x)=-1,cos(5x)=-1
= 7x=(2k+1)7r,5x=(2m+1)7r

= x=(2k+l)§ x= (2m+1)%

when k= 3 and m = 2, then common
value of x is 7.
Hence, the general solution is

x=2nm+n=2n+)m,nel
5. Given equation is

cos(4x)+sin(5x) =2

It is possible only when

cos(4x)=1,sin(5x) =1

-  4x=2knm ,5x=(4m+1)%

k—ﬂ ,x=(4m+1)£,k,me]
2 10

= xX=
when k=1 and m = 1, then the

. T
common value of x is E

Hence, the general solution is
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x=(2n7‘c+£)=(4n+l)£,nel
2 2

. Given equation is

(1+sin2x)+5(sinx+c0sx) =0

(sin)c-kcosx)2 +5(sinx+cosx)=0
((sinx + cosx)+5)(sinx +cosx) =0
((sinx+cosx)+5) = 0,(sinx+cosx)= 0

(sinx + cosx) =0

L

tanx =-1

V3
x=nn——,nel
4

. Given equation is

sinx + sin 2x +sin 3x = cos x +cos 2x +cos 3x
= (sin3x+sinx)+sin2x = (cos3x + cos x) + cos 2x
= 2sin2xcosx +sin2x =2cos2xcos x + cos 2x
= sin2x(2cosx+1)=cos2x(2cosx+1)
= (sin2x—cos 2x)(2 cosx + 1) =0
= (sin2x—cos2x)=0,(2cosx+1)=0
when (sin2x—cos2x)=0

= tan2x=1
= 2x=n7t+£
4

nmw
x=—+=
2 8

when 2cosx+1=0

1
= Ccosx=-——
2

2
= x=2n7ri?n-

Hence, the solution is

w St 97 137 2m 4w

. Given equation is

sinx cos’x .
+ —2sinxcosx =2

cosx  sinx

sin® x + cos* x .
——— =2sinxcosx+2
sin xCcos x

2

= 1—2sin? xcos® x = 2sin” xcos® x + sin (2x)

= 4sin2xcos2x+sin(2x)—1= 0
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10.

= sin’ 2x + sin (2x) -1=0
R Sin(zx):—li\/1+4=—1ix/§
2 2
= sin(2x) = _1_;\/5
N sin(2x)=sina,azsin_l(_lz\/gj

nw n

= (2x) =nr+ (—l)n o
= x=7+(—1) %

. Given equation is

sin’ 4x + cos> x = 2sin4xcos* x

= sin 4x — 2sin4xcos* x + cos® x =0
= .2 4 \? 2 8

(sm 4x —cos x) +cos“x—cos" x=0
= . 2 4 \? 2 6

(sm 4x —cos x) + cos x(l—cos x)=0

It is possible only when

(sin2 4x —cos* x) =0, cos’ x(l —cos® x) =0

Now, cosx = 0,cos2 x=1

when cosx=0 then x= (2n + 1)%
) 1

So, s1n4(n+5j7t=0

which is true
coszle,then X=nn

which will not satisfy the equation

when

sin(4x)—cos*x=0
Hence, the solution is x = (2n + 1)%

Given equation is

sin* x + cos* x = —sin xcos x
. 7 .
= 1—2sin® xcos> x =Zs1n (2x)

4 —8sin” xcos” x =7sin (Zx)
4-2sin” 2x—7sin(2x) =0

2sin® 2x+ 7sin(2x)-4=0

2sin” 2x + 8sin (2x) —sin (2x) = 3=0
(2 sin(2x)+ 1) (sin (2x)+ 4) =0

L

—  (2sin(2x)+1)=0,(sin(2x)+4)=0
= (2sin(2x)+1)=0

= sin(2x) = —%

—  sin(2x)= sin(—EJ

6
N 2x = n7r+(—1)" (—%)
= x:%+(—l)”(—%),ne]

11. Given equation is

. 1
sin® x + cos* x = cos (4x)+ 5

= 1—25in2xcos2x=cos(4x)+%
= 2—4sin2xcos2x=2cos(4x)+1
=  2-sin’2x=2cos(4x)+1

= 2cos(4x)+ sin2x =1

= 2(1-2sin? 2x)+sin’ (2x) =1

= 3sin? (2x) =1

= sin® (2x) = %

= sin’ (2x)= % =sin?a

= 2x=nmwto

= xzﬂig,nel,ozzsin_1 l
2 2 3

12. Given equation is
sin® x +sin* (x + Ej = 1
4) 4

= 4sin4x+4sin4(x+§j=1

= (2sin’x) +£2sin2 (w%Dz —1
= (1-cos(2x))’ +(1—cos(2x+§)j2 ~1

= (1 —cos (2x))2 + (1 +sin (2x))2 =1
1-2cos(2x)+1+2sin(2x)=0
= 2-2 (cos (2x) —sin (Zx)) =0

U



13.

14.

15.

16.

N (cos (2x)-sin (2x)) =1

- (%cos(Zx) - %sin (Zx)j - %

= cos(2x+£)—L
4) 2

= (2x+z)=2n7riE
4 4
T
= x=n7‘L’,x=nn’—Z,neI

T
We have a = COS(X + 3) +cosx

T . . T
COS X COS (E) — S1n x S (g) +cosx

1 .
T —COSX———SInx+Ccosx
2 2
= —cosx——sinx
2 2
The equation will provide us a real solution if
3 .
—Ccosx———sinx
2 2
=  3<a<iB

Let f(x)zcosx—x—k%

1 3
Now, £(0)=1+-==>0
f0)=1+2=7
T T 1 1 =&
and f| = |=0-—+—-=——-—<0
2 2 2 2 2

By intermediate value theorem there is a root

lies in [O,Ej.
2

Hence, the number of roots is 1.
Now, cos(xy)tan(xy)=xy

= sin (xy) =Xy

It is possible only when xy =0
= x=landy=0

Thus, the solution is (1, 0).
Hence, the number of integral ordered pairs is 1.
Given equation is

in2016

S 2016x:1

X —COS

2016 x

= sin?"1® x = cos +1
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It is possible only when

sin?1® x =1 , cos? x =0

= sinx=1,cosx=0

Hence, the solution is

T
x=2nm+—,nel

Thus, the number of solutions is 1.
17. Given equation is

x* + 2xsin(xy) +1=0

= (x +sin (xy))2 + (1 — sin? (xy)) =0
= (x +sin (xy))2 +cos” (xy)=0

It is possible only when,

(x +sin (xy))2 =0,cos” (x)=0

= (x +sin (xy)) =0,cos (xy) =0

= cos(xy)=0

= xy=(2n+1)§,nel

when x =1, n= 0, then yzg

when x =—1, n=1, then yz%t
Hence, the number of ordered pairs are

(3%

18. Given equation is
sin 5x . cos 3x = sin 6x . cos 2x

173

sin (5x)cos (3x) = 2sin (3x)cos (3x) cos (2x)

(sin (5x) — 2sin (3x) cos (2x))cos (3x) = 0

sin(x)cos(3x)=0
sin (x)= 0,cos (3x) =0

= (sin (Sx) —sin (Sx) —sin (x))cos (3x) =0

x=nﬂ,x=(2n+1)%,n el
5_71:
"6
f solutions is 5.

[

T
x=0,7L',—,
6

o N

Hence, the number
19. Given equation is

cos 3x . tan 5x = sin 7x

= cos(3x)sin (5x) = sin (7x)cos (5x)
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20.

21.

22.

= 2cos (3x) sin (Sx) =2sin (7x) cos (Sx)
= sin (8x)+ sin (2x) = sin (12x) +sin (2x)
= sin(8x) =sin(12x)
= sin(12x)—sin(8x)=0
= 2cos(10x)sin(2x)=0
= cos(10x)=0,sin(2x)=0
= 10x=(2n+1)§,2x:n7t
= x=(2n+1)£,x=m,nel
20 2
= xX= O,i

20
Hence, the number of solutions is 2.

Given equation is
2tan x — /l(1+ tan? x) =0
= Atan® x—2tanx+ A =0
Let it has two roots, say, tan B and tan C

Now, tanB+tanC = %

= tanB.tanC =1

tan B+ tanC

NOW, tan (B + C) = m

= tan (7 — A)=co
s
= -AN==
= A=E
2

Given equation is

cos4x—(a+2)coszx—(a+3)=0

= c0s4x—20052x—3=a(1+0052x)
= (cos2 x—3)(0052 x+1) = a(1+cos2 x)
= (coszx—3)=a

= a+3=cos’x

Clearly, 0<a+3<1

= —-3<a<s-2

Given equation is

sinx+sin%(\/(l—cosx)2 +sin® x) =0

=

=

=

. (7
smx+s1n(§)( 2(1—cosx))— 0
sinx= —sin(%) 2(1—cosx)

sin 2x= 2sin? (%)(1 —Ccos x)

sin “x= (1 - %)(1 — cosx)

RONCYSIE

M)

l+cosx=(1_%j
1

COSX=——=
2

%)
COSX =CoS| —
4

x=2nn’i37n,nel

[\
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Hence, the solution is x = T

23. Given equation is

U

LU

U

sin® x — (k +2)sin” x— (k+3)=0
sin® x — 2sin? x—3:k(sin2x+1)

= sin* x —2sin® x -3
(sin2 x—i—l)

(sin2 x+ 1) (sin2 x— 3)

sin x +1
(sin?x+1)

k:(sinzx—3)
k+3=sin’x
0<k+3<1

-3<k<2

24. Given equation is

U

U

4 16Sil’l2 e — 26 sin x
4 42 sin® x _ 43 sin x

41+2$in2 x _ 43sinx

1+ 2sin® x=3sinx



2sin® x—3sinx+1=0

=
= 2sin’ x —2sinx—sinx+1=0
= 2sinx(sinx—1)—(sinx—1)=0
= (2sinx —1)(sinx—1)=0
. 1
= sinx=—,1
2
TSt w
= X=—,—>,=
6 6 2

Thus, the number of principal solutions is 3.
25. Given equation is

secx =1+ cosx+cos’ x+cos> x+.....

= secx=
l1—cosx
1 1
e =
cosx 1l—cosx
= 2cosx =1
1
= cosx=—
2
T
= x=2n7ri§,nel

INTEGER TYPE QUESTIONS
1. Given equation is
3sin® x—7sinx+2=0
= 3sin® x —6sinx —sinx+2=0
3sinx(sinx—2)—(sinx—-2)=0
= (3sinx—1)(sinx—2)=0

U

= sinx=—,2

= sinx =

W= W~

Hence, the number of real solutions is 6.
2. Given equation is

2cosx+3sinx=k+1
=  B<k+)<V13
=  —JI3-1<k< 13 -1

= k=-4,-3,-2,-1,0,1,2
Hence, the number of integral values of & is 7
3. Given equation is

sinx COSX COSX
cosx sinx cosx|=0

cosXx cosx sinx
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sinx+2cosx COSX COSX
sinx+2cosx sinx cosx|=0

sinx+2cosx cosx sinx
(C,>C+C,+Cy)

1 cosx cosx

(sinx+2cosx)[l sinx cosx{=0

1 cosx sinx

1 coSXx CcoS X
(sinx+2cosx)|0 sinx—cosx 0
0 0 sinx — cosx

sinx + 2cosx)(sin x —cosx : =0
( ) )

tanx=1,—2

. . T .
So, there is only one solution x =— in

5]

. Given equation is

sinx+sin y = sin(x+y)

ol 5 o35

4sin Xty sin X sin 2 =0
2 2 2

. (x+

sin

x+y=0,x=0,y=0

It is also given that |x|+|y|=1
when x =0, then |y|=1 = y=4#1

when y =0, then |x|=1= x==1
when y =—x, then |x|=%:>x=i

1
and then y = 15

Hence, the pairs of solutions are

(0,1),(0,—1),(1,0),(—1,0),(%,—%),(—

Thus, the numbers of pairs is 6

5. Given expression is

2 2

y)zO,sin(f)zo,sin(Z)zo
2 2

1+sin“x cos” x 4sin2x

f(x)=] sin®x l+cos’x  4sin2x

2 2

sin” x cos“x 1+4sin2x

1

2°2

=0



l+sin’x  cos’x 4sin2x
=| sin?x l+cos’x 4sin2x
sin’ x cos’x  1+4sin2x

l+sin’x cos’x 4sin2x
= -1 1 0
-1 0 1

R, - R, - R

4sin2x + (1 +sin?® x + cos’ x)

= 4sin2x+2
So, the maximum value is 6.

6 We have, —1<sinx <1
|
= -1<—<1
10

=  -10<|x<10

/N [\,

T onllonn AL N

4
Clearly, the number of solutions is 6.
. Given equation is

tan x+cot x=2cosec x
1 2

= = =—
SIN XCOS X sin x
1
= COSX =—
2
5
= x=xZ 47
3773

Thus, the number of solutions is 4.
. Given equation is

1
cosx.cost.cos3x=Z

2(2cos3xcos x) cos2x =1

(
2(cos4x +cos2x)cos2x =1
2(cos4x)cos2x +2 cos?2x=1

2(2cos? 2x—1)0052x+20052 2x=1

10.
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4(cos® 2x)+ 2c0s” 2x — 2cos 2x = 1
2cos” 2x(2cos2x +1) = (2cos2x +1)
(2c08? 2x—1)(2c0s 2x +1) =0
4cos4x(2cos2x+1)=0

4cosdx =0,(2cos2x+1)=0

cos4x=0,cos2x = —%

4x=(4n+1)§,2x= 2n7ti%

x=(4n+1)£,x=nﬂi£,ne[
8 6
TSt rwS
x:—’—,—’—
8 8 6 6

Hence, the number of solutions is 4.
Given equation is sinx.cos y=1
It is possible only when

sinx=1,cosy=1

= x=£’3_” and y=0,2x

2
Also, when sinx=-1,cos y=—1

R
2,)’

Hence, the number of ordered pairs is 5

e [ Zol[Zarl[2Z 022 [3% 2n
2 2 2 2 2

When cot x is positive
The equation becomes

cotx =cotx+

S x

cosecx=0

It is not possible,
when cot x is negative.
The given equation becomes

= —cotx=cot x+—
sin x
= 2cot x+——=0
sin x
= 2cosx+1=0

1
= CoSx=——
2



N x=2nni2§,nel
2n 4w

= =—,—
3°3

Hence, the number of solutions is 2.
11. Given equation is

tan (4x)tanx =1
cos (4x)cosx —sin (4x)sinx =0

cos (Sx) =0

5x=(2n+1)§

x=(2n+1)%,ne]

_m 3n St It 97

Hence, the number of solutions is 5.
12. Given equation is

sinx(sinx+cosx)=n
= n= sinx(sin x+cos x)
= sin’x+sinxcosx

1- cos(2x) . sin(2x)

2 2
= sin(2x)— cos(2x)=2n—1
=  L<wm-1<\2
= l_ﬁﬁnﬁl-’-ﬁ
2 2

= n=0,1
Hence, the number of integral values of # is 2.
13. Given equation is

sin{x}= cos{x}
= tan {x} =1

= x=z,1+£,2+£,3+£,4+£,5+E
4 4 4 4 4 4

Hence, the number of solutions is 6.
14. Given equation is

(V3+ 1)2x +(v3- 1)2x = g%
= (\/§+1)2x+(\/§_1)2x:(2\/§)2x

\/§+1 2x+ \/5_1 2x_1
= 22 22 )
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It is satified only when x = 1.
Thus, the number of solutions is 1.

15. Here, 1< |sin(2x)|+|cos(2x)| <2 and |Sin(J’)| <1

It is possible only when |sin ( y)| =1
= sin(y) =*1

= yzi%,i%.

Thus, the number of values of y is 4

PAST IIT-JEE QUESTIONS

1. Ans. (a)
The given equation is sinx+cosx =1

1 . 1 1
= —=sinx+—=cosx=—
V2 V2 V2

T U
x=|2nrt—+—
- ( 4 4)

T
= x=2n7‘c,2nn’+5

But x=2nm + ) does not satisfy the given equation.

Therefore, the solution is x =2nmw,nel

2. We have cosx =sin3x

cosx =sin3x = cos(% - 3x)

= x=2nﬂi(§—3x)

Taking +ve sign, we get,

x=2nn’+(£—3x)
2

= 4x=2n77:+£
2
2nw W@
= x= +—=
4 8
nmw T
= x=—+—,nel
2 8

Taking —ve sign, we get,

b
=2nm—| = -3
= x=2n ( xj
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-  2x=2un-=
2
/4
= x=-nw+—,nel
4
As —ESxSE, x=£,—3—ﬂ,Z
2 2 8 8 4

Thus, the point of intersections of two curves are

8 b 8 b 8 b 8 b 4 b \/5
3. The given equation is

4cos? xsinx — 2sin’ x = 3sin x

4(1—sin2 x)sinx—Zsin2 x=3sinx

=
= 4sinx — 4sin® x — 2sin® x = 3sinx
= sinx —4sin’ x —2sin’x=0
= 4sin® x+2sin’> x—sinx=0
= sinx(4sin2x+25inx—l)=0
= sinx =0, (4sin2x+2sinx—l)=0

. . 2425
= sinx =0, smsz

. . —1£4/5
= sinx=0, sinx= 2

. 1| —1x+/5

= X=nr, x:n7t+(—1)"sm 1[ 4IJ
where nel.

4. The given equation is
sin* @ —2sin*6-1=0
~  (sin?6- 1)2 =2
~  (sin?6-1)=%2
o sin?0=(1%42)
o sin?0=(1+42).(1-42)

since (1+\/5)>1 and (l—\/i)<0,so

there is no value of 0 satisfying the given equation.

5. No questions asked in 1985.

6. We have cosx+cosy = 5

200s(x+y)cos(x—y):§
2 2 2

b3 x-y) 3

2 — = —

= COS(3JCOS( > ] 5
1

x—y) 3
COS =—.
- ( 2 ) 2

It is not possible, so the solution setis x=¢ .
7. The given inequation is

2sin’ x —3sinx+1>0

= (Zsinx—l)(sinx—l)ZO
= sinxsé & sinx>1

) 1 .
= smxSE & sinx =1

xXe€ O,E U 5—7[,77: arldxzE
6 6 2

Hence, the solution set is

BENER

8. Ans. (¢)
As we know that tanx = x

. T
So there is no root between (O,E)

(E,ﬂ:) and [3—77:,277.')
2 2

. . 3r
But there is a root in (77:, 7) .

9. Ans. (b)
The given equation is

sinx —3sin2x +sin3x = cosx —3cos2x + cos 3x
= (sinx +sin 3x) —3sin2x

= (cosx + cos3x)—3cos 2x

= 2sin2xcosx —3sin2x
=2cos2xcosx—3cos2x
= (2 CcOSX — 3) (sin 2x —cos 2x) =0

=  (sin2x—cos2x)=0, ("~ 2cosx—3#0)

tan2x =1

= tan2x =1=tan (%j
= 2x=(n7r+%),nel

x= M+£ nel
= 2 8)



10.
11.

12.

13.

No questions asked in between 1990 to 1992.
Ans. (c)
The given equation is

tanx +secx =2cosx

= sinx+1=2cos”x
sinx+1=2(1—sin2 x)
(sinx+1)= 2(1—sinx)(1+sinx)

(sinx+1)(1-2(1-sinx))=0

L

. . 1
sinx=-1,sinx=—
2
T St 3w
XxX=—,—,—.
6 6 2

U

RY/4 . . .
But x :7 does not satisfy the given equation.

Hence, the number of solutions is 2.

The given equation can be written as

tan(x +100°) cot x = tan(x + 50°) tan(x — 50°)
sin(x +100°) cos x

cos(x +100°)sin x

_ sin(x —50°)sin(x — 50°)

B cos(x +50°) cos(x —50°)

Applying compenendo and dividendo, we get,

=

sin(x +100°) cos x + cos(x +100°)sin x

sin(x +100°) cos x — cos(x +100°)sin x
_sin(x +50°)sin(x — 50°) + cos(x + 50°) cos(x — 50°)
a sin(x + 50°)sin(x — 50°) — cos(x + 50°) cos(x — 50°)

sin(x +100° + x)

sin(x +100° - x)

cos(x+50° - x +50°)
~ —cos(x+50°+x—50°)

=  sin(2x+100°)cos 2x = —sin(100°) cos(100°)
= 2sin(2x+100°)cos2x = -2sin(100°) cos(100°)
=  sin(4x +100°)+sin(100°) = —sin(200°)

=  sin(4x+100°) = —(sin(200°) + sin(100°))

= sin(4x+100°) = -2sin(150°) cos(50°)

=  sin(4x+100°) =-2x % % sin(40°)

=  sin(4x +100°) = —sin(40°) = sin(220°)

=  (4x+100°)=(220°)

= 4x=120°

= x=30°

Hence, the result.
Ans. (d)

14.

15.
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Let 9=£
2n
The given equation reduces to
sin@ +cos@ = -
2
= (sin9+cos(9)2 =%
. n
= 1+251n000s9=z
n n—4
sin20=——1=
- 4 ( 4 ]
As per choices, n >4
=  0<20<Z
2
= 0<sin260<1
= 0<(n_4j<1
4
= 0<(n—4)<4
= 4<n<8
The given in-equations are
2sin® x+3sinx—2>0 and x> —x-2<0
= (2sinx—1)(sinx+2)>0
= (ZSinx—l)ZO('.' sinx+2>0, VxeR)
= sinle
2
T o<t .
= 6 6 e @)
Also, x> —x—-2<0
- (x—2)(x+1)<0
= -l<x<2 L. (i1)

From (i) and (i1), we get,

X€E (z, ZJ
6
The given equation is

cos(psinx)=sin(pcosx)

. T

= cos(psinx)= cos(z—pcosx)
. T

N (psmx):Zmri(E—pcosxj

= p(sinx+cosx)=2nn-i§
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16.

17.

T

= \/Epsin(an%):Znniz

As we know that, —ISsin(x+%)S1
—\/Ep Sﬁpsin(x+%j£x/§p
= —ﬁpﬁZnni%Sﬁp
T
= \/§p22n7ri5

= \/§p22nn+§, 2n7r—§

As we require smallest +ve value of p, so we consider,

Vp==Z
2
o= T
242
For this value of p, x =% is a solution of the given

equation.
The given equation can be written as

(1-tan?6)(1+ tan? 8) + 2" =0

—  (1-tan?6)(1+tan?0)+2"% =0
~  (1-n'e)+2% =0

o 2" =(tan'0-1)

= 2"=(x"-1), where x=tan’6

It i true for x = 3

Thus, tan® 0 =3

= tan’ 0 = (\/g)z

- tanOzi(\/g)

- oft)

The given equation is

tan” 0 +sec20 =1

1+tan? 6
= tan29+—2=1
1—tan- 0
1+x
= x+——=1, where x = tan” 0
—Xx
= x—x*+l+x=1-x

= x> =3x=0
= x=0,3

. tan’0=0, 3

tan® =0 and tan@zi\/g

T
= O=nm,0=nnt—, nel
3
18 The given equation is cos’ x+sin* x=1
cos’ x=1-sin*x
= cos’ x = (1 —sin? x)(l +sin’ x)
- c0s7x=coszx(2—cos2 x)
2 5 2 \\_
N cos x(cos x—(2—cos x))—O
N c0s2x=0, (cossx—(Z—cos2 ))=0
= coszx=0, cos’ x+cos’ x=2
= cosx =0, cos’ x+cos x=2
= cosx=0, cosx=1
T
= x=x—,0.
2

19.

20.

T
Hence, the real roots are {i;, 0} .

The given equation is
= 3sin® x—7sinx+2=0
- (3sinx—1)(sinx—2)=0

= sinx=—, 2

W= W]~

= sinx =

There is 2 solutions in its period 27.
So, the number of solutions is 6.

We have sin(n6)= Y b,sin” 6
r=0

= sin(n6) = [bo +b; sin 6 + b, sin” 6
+bysin’ 0+ ...+ b, sin" 0|
Put 6 =0, then b, =0
Thus,
sin(n6) = b, sin@ + b, sin” O +......+ b, sin" @
sin (n@)

~— = p +b,sin@+.....+b,sin"" O
sin @




22.

23. No questions asked in between 2003 to 2004.

24.

25.

Taking limit 8 — 0, we get,

b=n

Therefore, b, =0, b, =n.

We have —/74 < 7cosx+5sinx <+/74
74 < (2k+1) <74

=
= J14-1<2k<74 -1

o, -8-1<2k<8-1( 74 <9)
 -9<2k<7

—,  —45<k<35

-

k=-4,-3,-2,-1,0,1,2,3.

Thus, the number of integral values of k is 8.

Ans. (d).

Given -t <a,b<rm

= —-n<asn, —n<b<nm
= —n<asnm, —n<-b<nw
= —2r<a-b<2rm

Given cos(a—b)=1

a=b

Also, cos(a+b)= 1
e

= cos (2a) = l
e

It has one solution in its period 7.
So it has 4 solutions in [O, 47r] .

5x% —2x+1

3x? —2x—1

= (3y—5)x2—2(y—1)x—(y+1)=0
As x is real, so

(=1 +(3y=3)(y+1)20

= Y =2y +143)° =2y-520

Let y=

= 4y* —4y—4>0
=y -y-120

)

5
= Ys|\—/——1 )=

2 2

26.

27.

The Trigonometric Equation

1_2\/5} ZSintZ(lJr\/g

2

= sints(1_4\/§j, sint2(1+4\/§j

= sint < sin _r , siansin(3—ﬂ
10 10

T T
As ——<t<—, we get,
2 2

= 2sint£[

o T T g <T
2 1010 2

Thus, ¢ € —E,—E U 3_7r’£ .
2 10 10 2

The given in-equation is

2sin’0—5sinf+2>0
= (23in6—1)(sin9—2)>0
= (2sin6-1)<0

= sin0<l
2

-~ 0 e(o,f)u(s—”,znj .
6 6

The given equations are

2sin? 0 —cos20 =0 and 2cos’6—3sinf=0

Now, 2sin? 9—(1—2sin2 9) =0

= 4sin*0=1
1 2 T
= sinzez(—) =sin2(—)
2 6
= 9=n7ri£
= 9:2’5_’7_’%
6 6 6 6

Also, 2cos’ 0 —3sinf =0

= 2-2sin’6-3sinH=0
= 2sin’ 0 +3sinf-2=0
- (2sin9—1)(sin9+2)=0
=

sin@ =

N | =
[\S)

sin@ =

U

U

>

Il
K
ox|f\_]" N | —

|
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28.

29.

T 5w

6 6
Therefore, the number of solutions is 2.
The given equation is sin@ =cos ¢

b4
—-0|=
cos(2 j cos @

Hence, the solutions are 6 =

= (%—9)=2n77:i(p,nel
- —2n7t=(0i(p—£]
2
o (9i(p—£)=—2nn
2
= l(@i(p—z)z—Zn
/4 2

1 . .
Thus, —(9 to- g) is an even integer.
T

ot
2 cosec[9+( 41) jcosec(0+m7ﬂ)= N

¢ #{lo o))
= il[cot(m(Tl]n)-cot(emn)):4

= (cote cot 9+%D=4

Mea

= [

3
i

= (cotf +tan6) =4
1 —
= sin @ cos 6
1 —_—
= 2sinf@cosO
1
= —_— =
sin 260
= sir129=l
2
= 26=£,5—7r
6 6
= Gzz,s—ﬂ.
1212

30.

31.

Hence, the solutions are E, 5—” .
12" 12

We have tan 6 = cot 50

sin@ _ cos50
cos@® sin50
= 2c0s560cosO =2sin50sin 0
= cos 60 + cos40 = cos 46 — cos 60
= 2c0s660=0
= cos660 =0
PN L

2 2 2
= :is_ﬂ:’_:;_ﬂ:’ l

127 12 12
T S L

12° 4 12

Also, sin(26)=cos(40)

n
= cos(49) = cos(5—29)
=  40=2nr i(% - 29)
Taking +ve sign, we get,

46 = 2nm +(% - 29)

= 69=2n;r+E
2

= p=""
3 12

7r57t T

i J—
T12°120 4

Taking —ve sign, we get,
46 = 2nm —(% - 29)

= 29=2n7r—£
2

= o=nr-=
4
= 9=n7‘c—E
Hence, the solutions are 9—1 5—” —E.
12°12° 4
Let£=9
n

Then the given equation becomes



32.
33.

1

(

1

= sinf sin(30) " sin (20)
sin360 —sin O 1

= sin@sin (36) - sin (
2c0s20sinf 1

20)

= sinHsin30  sin20

2co0s20 1
= =

sin 36 sin20
= sin 40 =sin 30
=  sin46 =sin(7-30)
= 40 = —30
= 70=m
= 9="
7

T T
= —==

n 7
= n=17.

Hence, the integral value of n is 7.

No questions asked in between 2012 to 2013.
Ans. (d)

The given equation is

sinx+2sin2x—sin3x=3
= sin x + 4sin xcos x — 3sin x + 4sin° x = 3

= sinx|:—2+4cosx+4(1—cos2 x):|=3.

= sinx|:2—(4cos2x—4cosx+1)+1]=3

34.
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_ sinx[3—(2005x—1)2}=3
It is possible only when

sinx=1 and(2c0sx—1)= 0

T V4
= x=—andx=—.
2 3
Thus, the values of x does not saitsfy the given
equation.
Ans. 8

The given equation can be written as

5 . .

= cos? 2x +cos* x +sin* x + cos® x +sin® x =2
5 .

= Zcos2 2x+ (1 —2sin? xcos? x)

+(1—3sin2 xcos? x) =2

gcosz 2x+ (1 - lsin2 2x)
4 2

=
+(1—§sin2 Zx) =2
5 5 4
= Zcos? 2x—=sin’2x=0
4 4
= cos? 2x —sin® 2x =0
= cos? 2x =sin? 2x
= tan® 2x =1
T
= 2x=n7riz,nel
= xz%iz,ne].

Hence, the solutions are
x 3% 5t 7r 9n llx 13 5%
e

B



41 TRIGONOMETRIC INEQUALITIES

Suppose we have to solve f(x) > k or f(x) < k.

When we solve the inequation, we often use the graphs
of the functions y = f(x) and y = k.

Then, the solution of the inequality f(x) > k is the values
of x for which the point (x, /(x)) of the graph of y = f(x) lies
above the striaght line y = .

YA

/T 4

\ A4

Similarly, when we solve f(x) < k, then the solution of the
inequalition f{x) < k is the values of x for which the point (x,
f(x)) of the graph of y = f(x) lies below the striaght line y = £.

Y 4

/N

y=k
- X

Y’

Type - I: An inequation is of the form sin x > k.

Rule: Find the smallest values of x that satisfies the given
inequation and then add 2n7z with that values of x.

JEVA /\YT/\ A
[\ [

) ry /o
VLV

Y

y=k
X

X<

Y

Ex-1.

Soln.

Solve sin x > 1/2.
Here, we should construct the graph of y = sinx and

y=1/2.

/\/\[/\/\

> y=1/2

i

Ex-2:

Soln.

VAVLVAVA

Hence, the solution set is

x= (2n7r+£, 2n7z:+5—n).
6 6

nel

Solve: sin x > 1/3.

Here, we should construct the graph of y = sin x

and y=sin™' (l)

A

X<

Y

A /\T AN
I

o / \ > X
1 T— sm 1
sin; 3 3
Hence, the solution set is

e R,

-— i

.<
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Ex-3. Solve: sinx > 1. Ex-2. Solve: sinx < 1/5.
Soln. We have sinx > 1. Soln. Here, we should draw the graphs of y = sin x and
=1/5.
) Y

A

y=1
/1 1 1 YN AN N
X’ y

) y 2 \/ w2 x <L f\ 5 Ny
—msin™ (E)\\/ sin™' \\/

Y

Y’ v
b Hence, the solution set is
= x=(4n+1)=, per.
2 (Zn 1) —sin 1
Ex-4. Solve: sinx >0 x=U
Soln. We have, sinx >0 nel
2nmw+sin” | —
Y
A
y= V3
+ + + Ex-3. Solve:sinx < —
.. / \ 0 \” / \ . S
\ / \ / y=—1 Soln. Here, we should draw the graphs of y = sin x
A 4
Y and y= ?
= x=U (2nm, (2n+1)7) 4
nel
Type - II: An in-equation is of the form sin x < £. JA .y = V3
2

Rule: Find the smallest values of x which satisfies the given

mAWAN
in-equation and then add 2n7 with that values of x. \/ \/ E2 \/ \/ g
Y 3
A

4

;y:k

PEEVA\ N | |
X< / \ / | | \ / \ . Hence, the solution set is

\/ \/ \/ =V [zm_“{,znmﬂ

;;/ Type - III: An in-equation is of the form cos x > k.

Rule: First we find the smallest interval for which x satisfies

Ex-1. Solve: sinx <1/2 the oi . i d then add 2 th each
Soln. Here, we should draw the graph of y = sinx and Vaelzu,cigvce)rfl;n-equa ton and then a 7 with cac

=1/2 vy
Y A
A
/\ y:k
y=1/2 /T T\

X,j /f\\ //:, |\ //\\ . X’<\/ 5 \/rx
VAVAVAY ;,

Y

4 1
Y’ Ex-1. Solve: cos x> —=.
2
Hence, the solution set is Soln. Here, we should draw the graphs of y = cos x

r T 1
xX= 2nw——,2nmw+—|. =
U ( 6 6} and y \/5

nel
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Y
A
/N ot
e /1 I\ oy V2
X< /7 0 I3 X
4 4
4
N
Hence, the solution set is
x=U (Znn:—z, 2n7‘c+zj .
nel 4 4
Ex-2. Solve: cosx > l
2
Soln. Here, we should draw the graphs of y = cos x and
y=172
Y
A
/ \T\ y=1/2

> X

X
J
w\lak
(e}
w|y

4
Yy’

Hence, the solution set is

T T
x U[n 32 3}

nel

Type - IV: An in-equation is of the form cos x < £.

Rule: First we find the smallest interval for which x satisfies
the given inequation and then add 2ns with each

values of x.
Y

A

AR\ N\
A I N/ S

Ol cos™ 27— cos™!
(k) (k)

Ex-1. Solve: cos x < 5

y=k
> X

Soln. Here, we should draw the graphs of y = cos x

and y=§.

\ > y=1/3

VA=

Hence, the solution set is

217 + cos”! (lj,
3

.y 2(n+1)7r—cosl(%) .

nel

V3

Ex-2. Solve: cosx < 7

Here, we should draw the graphs of y = cos x

3

andy= —.
Y 2

Soln.

o
ol
<|\>
B
|
ol

v
Hence, the solution set is

x=U |:2n7r+%,2(n+1)7r—%:|.

nel
Type - V: An in-equation is of the form tan x > k.

Rule: First we find the smallest interval for which x satisfies
the given in equation and then add nz with each

values of x.

Y
, /: /: I /: \ /:
A
SR S /3 7 S 3/ I N B A
! 2! 12 i i
v o oy oy
v
Ex-1. Solve: tan x > 1.
Soln. Here, we should draw the graphs of y = tan x
and y=1.
Y
) /: \ /: PO TR /: \ /:
2
S S /3 o7 [ .y B R B A
: 20 /] 412 : :
VT R A oy




Hence, the solution set is

V3 /4
xX= nw+—,nm+—|.
J ( 4 2)

nel
1
Solve: tan x> —.

Ex-2.
NG
Soln. Here, we should draw the graphs of y = tan x
1
and y=—F.
3
Y
1 / 1 J 1 ! \ !
NIy NI
| | | | MG
SR S 3 7 [ 3/ B R B A
! 2! 612 i i
v o oy oy
v
Hence, the solution set is
x=U |:n7r+£, n7r+£)
nel 6 2
Ex-3. Solve: tanx > 2.
Soln. Here, we should draw the graphs of y = tanx
andy =2.
Y
, /: /: I /: \ /:
B /2 S V2 S V2 S V2 S 2 T
i i 5 i i
)< i i 12 i L
X R T
i 2 i i i
v o oy oy
v

Hence, the solution set is

x= (mr+tan_1(2), n7r+§j.

nel

Type -VI: An inequation is of the form tan x < k.

Rule:

First we find the smallest interval for which x satisfies
the given in equation and then add nz with each

values of x.
| / | / | /

NS

Y

Trigonometric In-Equation
Ex-1. Solve: tan x < 1.
Soln. Here, we should draw the graphs of y = tan x
andy=1.
Y
\ A H A H A - A \
B 2 O O Y B IV B WA N
/AN E N/ S/ VAN
L /-E oz i i
VI UiV
0N AR A T T I A
Y/
Hence, the solution set is
T n
x=U (nﬂ:——, n7r+—j.
nel 2 4
Ex-2. Solve:tanx <+/3.
Soln. Here, we should draw the graphs of y = tan x
andy= /3
Y
\ ! A ! A ! A ! y \
A N A
, i i A i i i
SR I N/ N R L X
NI A
Y ] A 2| N ] AR
v’

Hence, the solution set is

T T
= -, +— .
X |:I’Z7Z nri 3:|

nel

4.2 SOME SOLVED EXAMPLES

Ex-1.
Soln.

Solve: sin x > cos x.
We have sin x > cos x

= sinx-—cosx>0

1 . 1
—sinx— —cosx>0
V2 2

= sin(x—zj>0
4
= xe[Znﬂ+%,(2n+1)n’+%)

Hence, the solution set is

x= U(2nn’+%, (2n+1)7r+%)-

nel

187
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Ex-2.
Soln.

Ex-3.

Soln.

Ex-4:
Soln.

Ex-5.

Solve: cos x > sin x.
We have cos x > sin x

= cosx—sinx>0
1 1 -0
= —= cosx— —— sinx
V2 2

T
= cos|x+—|>0
( 4)

= xe(Znn—3—n, 2n7r+z)
4 4

Hence, the solution set is

x=U (2n7r—3—ﬂ, 2n7‘c+zj.
4 4

nel

Solve: —% <cosx< L

V2

1 1
We have cosx<—= and cosx>——.
2 2

= xe(2nﬂ+£, 2n7r+7—n-)
4 4
and
X€E |:2n7r—z, 2n77:+£}
3 3
Hence, the solution set is

x= U(2n7r+z, 2n71:+7—n-j
4 4

nel

UI:ZI’ZTL'+£, 2n7t+£}.
3 3

Solve: [sinx + cos x| = [sin x| +|cos x|.
We have |sinx + cos x| = [sin x| + |cos x|
As we know that, if

@)+ g ()=l @+ (x)

then f(x)g (x) >0
Thus, sinxcosx >0

= sin2x=>0
T
= x€|nm, nw+—
[ 2 }
Hence, the solution set is

x= U|:nn', n7t+§}.

nel

Solve: sin x sin 2 x <sin 3 x sin 4 x,

‘v’xe(O,zj.
2

Soln.

Ex-6.
Soln.

Ex-7.

Soln.

We have, sin x sin 2x < sin 3x sin 4 x
2sinxsin 2x <2 sin 3x sin4 x
€OS x — ¢os 3x < cos x — cos 7x
cos 3x > cos 7x

cos 3x—cos 7x>0

2 sin 5x sin 2x >0

Ll

= 0<5x<nm
= O<x<£
5

Hence, the solution set is

oz

Solve: cos x —sinx—cos 2x >0, Vxe (0, 27r)
We have cos x —sinx — cos 2x >0

= (cosx—sinx)—(coszx—sinzx)>0
= (cosx—sinx) (1l —cosx—sinx)>0

= (sinx—cosx)(sinx+cosx—1)>0
= sin(x—%)(sinx+cosx—l)> 0
Hence, the solution set is
X€ (0, E)u(s—ﬂ,m]

4 4

5., 1.,
Solve: Zsm x+ Zsm 2x>cos2x

1
We have, %sin2 x+ Zsin2 2x>cos2x

= 52 sin’ x)+2 (sin2 2x) > 8 cos 2x

= 5(1—cos2x)+2(l—cos®2x)> 8 cos 2x
=  5-5c082x+2—2cos> 2x — 8 cos 2x >0
= 2cos’2x+13cos2x—7<0

= 2cos’2x+ 14 cos2x—cos 2x—7<0

= 2cos2x (cos 2x +7)—(cos 2x +7) <0

= (cos2x+7)(2cos2x—1)<0

= 2cos2x—-1<0

= cos2x<1/2

/4 hY/4
= xe€|lnm+—,nn+—

6 6
Hence, the solution set is

T S
x= nw+—,nw+—
U( 6 6)

nel

sin 5 x > 0 (since sin 2x is +ve for 0 <x < 71/2)



Ex.-8
Soln.

Ex-9.

Soln.

Solve: 6sin’ x —sinxcosx—cos’x>2 .
) . 2
We have, 6sin” x —sin xcosx —cos” x> 2
6 sin® x — sin x cos x — cos> x
> 2 (sin® x + cos’ x)

=

4 sin® x — sinx cos x — 3 cos> x> 0
4tan’ x —tanx —3 >0

4tan’ x—4tanx +3tanx—3> 0
4tanx (tanx—1)+3 (tanx—1)>0
(tanx—1)(4tanx+3)>0

tan x <—3/4 and tan x > 1

T _1(3)
Xe|nrt——,nr—tan | —
2 4

T T
and xe|nm+—, nw+—
( 4 2)

L v Ul

=

Hence, the solution set is

T 1(3)
X=| nw——, nw—tan —
2 4

(nn’+£ n77:+£) nel
U 1’ 5 )
. 13
Solve: sin® x+cos® x> —=
16
.6 6 13
We have, sin” x + cos x>E
=

(1—3sin2 xcos? )>£

1- %(2 sin? x)(2 cos? x)j > %

1—%(1—00s2 2x))>£

l—gsin2 2x |> E
4 16

(

= (1—%(1—cos2x)(1+cos2x)j >£
(
(

Ex-10.

Soln.

Ex-11.

Soln.

Trigonometric In-Equation

= cosdx>1/2

= 4xe(2nn’—£,2n7r+£)
3 3

Hence, the solution set is
XZU(M_E,E+£]
L2 1272 12

3 3

. . 5
Solve: cos” x.cos3x —sin” xsin3x > g
The given inequation is

. . 5
cos> x.cos3x —sin’ xsin 3x > g

=  (cos3x+3cosx)cos3x
- (3sinx—sin3x)sin3x>%
= sin?3x+cos’ 3x
. ) 5
+3 (cos3xcosx—s1n3xs1nx)>5
5
= 3cosdx+1> 5
1
= cosdx>—
2
= 2nﬂ—§<4x<2nﬂ+§,ne[

<x<
2 12 2 12

LU
2 1272 12

. . . 13
Solve the inequality: sin® x + cos® x> 6

nel

The given inequation is

» s 13
SIn" XxX+CosS x>—
16

3
= (sin2 X+ cos’ x) —3sin® xcos’ x
) 1
(sm2x+cos2 )>—3
16
= 1—3sin2xc0s2x>1—
= 1—§(sinzzx)>E
4 16

189
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Ex-12:
Soln.

Ex-13: Solve: sin 3x sin 4x >sin x sin 2x Vx € (O, %) .

= 1—3(2sin2 4x)>E
8 16

1
= l—g(l—cos4x)>—3
8 16
5 3 13
= —+-—cosdx>—
8 8 16
3 3
= —cosdx>—
8 16
1
= cosdx>—
2

= 2nn—§<4x<2nn+§,ne]

_ U(ﬂ_i ﬂ+lj
TP\ 2 1272 12)

. 1 .
Solve: %sm2 x+ Zsm2 2x>cos2x

The given inequaton is
5. 1.
Zsin® x +—sin? 2x > cos 2x
4 4

5sin? x +sin? 2x > 4cos 2x

=
= 5(2 sin’ x) + 2(sin2 2x) >4cos2x
= 5(1-cos2x)+ 2(1 —cos® 2x) >8cos2x
= 2cos’2x+13cos2x—7<0
= 2c0s?2x+14c082x —cos2x—7<0
=  2c0s2x(cos2x+7)—1(cos2x+7)<0
= (2cos2x—1)(cos2x+7)<0
= —7<cos2x<%

1
= cos2x<—

2

= 2n7t—§<2x<2n7r+§,ne]

T T
= mr—g<x<mr+g,nel

Hence, the solution set is

Soln.

Ex-14:

Soln.

Ex-15.
Soln.

The given inequation is

sin3x sindx > sinx sin2x

2 sin 3x sin 4x > 2 sin x sin 2x.
COS X — COS 7x > oS x — cos 3x
—cos 7x > —cos 3x

cos 7x < cos 3x

cos 7x —cos 3x <0

-2sin5xsin2x<0

L v Ul

sin 5x sin 2x >0

U

sin 5x > 0, since sin 2x is +ve in (0, 5)
= 0<5x<nm

T
= 0<x<g

Hence, the solution set is

(o

Solve: [sinx + cos x| = [sin x| +|cos x|

We have, [sinx + cos x| = |sin x| + |cos x|
sinxcosx >0

2sinxcosx >0

sin2x >0

2ng <2x<2nw+m,nel

G el

nn’SxSnn’+§, nel
Hence, the solution set is
x=U (nit , n7t+£j

nel 2
Solve: |secx + tan x| = |sec x| + |tan x|
We have,

= secx.tanx>0

secx + tan x| = |secx| + |tan x|

sin x
= 3 >0
COS X

= sinx=0, cos’ x#0

= sinx>0, x¢(2n+1)§,ne]

b4
= 2mr<x<2nw+m, x¢(2n+l)z, nel
Hence, the solution set is

x=J(2nz, (2n+1)7r)—(2n+1)%

nel



Ex-16. Solve for x: sin® x + sinx —2 <0

and x> —3x +2 <0.

Soln. We have, sin’x +sinx—2<0
= (sinx+2)(sinx—1)<0
= —2<sinx<l1
= sinx<1

RY/4 T

=> ——<x<=
2 2

Also, x* =3x+2<0
= (x-1)(x-2)<0
= 1<x<2
Hence, the solution setis 1< x < %

Ex-17. Solve for x: 2 sin® x +sinx— 1 <0
and x> +x-2<0
Soln. We have, 2 sin®x +sinx—1<0

= (@2sinx—-1)(sinx+1)<0
= -1<sinx<2

T T
= ——<x<—

2 6
Also, x> +x-2<0
= x+2)x-1)<0
= 2<x<I1

. . b3 /4
Hence, the solution set is, 3 <x< "

Ex-18. Solve for x: tan’ x — 5 tan x + 6 > 0
andx*—16<0
Soln. We have, tan’x — 5 tanx +6>0

= (tanx-2)(tanx—-3)>0

= tanx<2andtanx>3

= x<tan"'(2) and x>tan"'(3)
Also, x>~ 16<0

= (x+4)(x-4)<0

= —4<x<4

Hence, the solution set is

x& (-4, tan™! (2)) U (tan”" (3), 4)

Ex-19. Solve for x: o

- X

Soln. We have, tan” x+tanx—6<0

<0 and tan? x+tanx—6<0-

Trigonometric In-Equation

= (tanx+3)(tanx—-2)<0
= B3<tanx<2

—  tan’ (-3)<x< tan™! (2)

Also, al
5-x

x—1

<0

>0
X—

= x<landx>5

Hence, the solution setis x € (1, tan”! (2))

Ex-20. Solve for x: [ sinx ] =0, where [, ] = G.L.F
Soln. We have, [sinx]=0

= 0<sinx<l
Case I: When sinx >0
= 2n7t£x$(2n+1)7t,ne]

Case II: When sinx < 1

= 2n;r—3—7r<x<2n7r+E
2 2

= xe ((471 -3)7. ((411 + 1)%))

Hence, the solution set is

[2n7 ,(2n+1)7]

=4 u((4n —3)%, (4n+1)§)

LEVEL I
(QUESTIONS BASED ON FUNDAMENTALS)

Q. Solve for x:

. 1

1. sinx>—
2

2. sinx =1

3. sinx<

N&ﬁd.—

7. cosx<——=
2

191
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8. cosx< l
3

1
9. tanx>—

3

10. tanx >1

11. sin2x<l
2

12. sin3x< —3
2

13. cosS5x = l
2

14. sinx+cosx>1

15. sinx—cosx<1

16. 3sinx+cosx>1
17. sinx—+3cosx<1
18. sin’x+sinx—2<0
19. sin® x+3sinx+2<0

20. cos’x—cosx>0

LEVEL 11
(FOR JEE MAIN & ADVANCED EXAMS ONLY)

1. sin(3x—1)>0
2. cos(2x—-3)<0

3. |sinx| < l
2

4. |cosx|< €

J2

|sin 2x + cos 2x| = [sin 2x| + |cos 2x|

2cos® x+cosx<1
4sin>x—1<0
4cos>x—3>0

|sin x| > |cosx|

e A

10. |cosx|>[sinx]
11. sinx+cosx—cos2x>0

12. ¥*+x-2<0 and sinx>%
2 1
13. x*—=1<0 and cosx<5

1
14. 4x*-1>0 and tanx > —
NE)

15. x> —3x+2<0 and (sinx)’ —sinx>0

LEVEL III

(FOR JEE ADVANCED EXAM ONLY)

Q. Solve for x:

1.

2.

10.

sin x + cos x
sinxteosx | g
sin x — cos x

|sin x| > |cos x|

sin x + cosx > +/2 cos2x
4 sin x sin 2x sin 3x > sin 4x

2
cos” 2x
>3tanx

0082 X

cos x + 2 cos” x + cos 3x

>1

cosx+2cos’ x—1

Z(ﬁ—l)sinx—2cos2x+\/§(\/§—l)< 0

sin2x>\/§sin2x+(2—\/§)cos2x

, xe(0, 27)

1+log, sinx +2log s cosx >0

Comprehensive Link Passage
PASSAGE I

If x,x,,x; € R, then

f(x1)+f(x2)+f(x3)<f(xl TX X
3 - 3
Then
1. The value of sin +sinB+siny is where
o+ p+y=180°
(a) <1 (b) <3
33 3
<2 d) <=
(c) 5 (d) 5
2. The value of cosa +cos B+ cosy is, where
o+ fp+y=180°
(a) £2 (b) < 3
2
(c) £3 @ < g

3. The value of coto +cot B+coty is, where

o+ p+y=180°

() =1 (b) =23

(c) 232

d 2

4. The value of cotor cot 8 coty is, where

o+ p+y=180°

V3

2



(a) S% (b) S% (c) S% (d) S%
5. The value of sin® o +sin” B+sin” y is, where

o+ p+y=180°

(a) £9/4 (b) <3/4 (c) <32 () <12
6. The value of sina.sin B.siny is, where

o+ p+y=180°

3 33 1 1

(a) S% (b) ST\/_ (©) Sﬁ (d) Sm
7. The value of cot” ¢ +cot? B+ cot® ¥ is, where

o+ fp+y=180°

@ =1 () =3 (=B @ =23/2

PASSAGE 11

if |/ (x) + g (x)| =]/ ()| +g (+)], then £ (x).g(x)=0
On the basis of the above information answer the
following questions

1. If |secx + tan x| =|sec x|+ |tanx| V xe&[0,27],
then x does not satisfy the equation is

(@ 0 (b) m
© 3 (@ 27
2. If [x=1|+|x=3|=2 then x is
(a) x>1 (b) x>3
(c) x<1 (d 1<x<3

3. If |sin X + cos x| = |sin x| + |cosx

, V xel0,27]
then the solution set is

4
(a) _0’5}

(b) O,%} U [n,%} u{2r}

(© n,%} u{2r}

(d) [0,27]

MATCH MATRIX
(FOR JEE ADVANCED EXAM ONLY)

1. Match the following columns:

Column -1 Column-1I
(A) The number of solutions P) 6
. 1. .
of smx>§ in (0,271:) is
(B) The number of solutions Q 0

of |tanx|<1 in (-7, 7) is
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(C) The number of solutions R) 4
of [cosx|>1 in (0, 20137) is
(D) The number of solutions of S) 2
|sinx + cos x| = |sin x| + |cos x|
in (0,27) is
2. Match the following columns:
Column - I Column - 11
(A) If sinx.cos® x> cos x.sin’ x, -~
x€[0,27] Then x is (P) —7, — 3771
[ om
Ul ——, —
4 4}
37 }
Ul —>
| 4

(B) If 4sin® x—8sinx+3<0,

x €0, 27r] then x is

Q) [37”,24 u{o}

(C) If |tanx|<1, x e[-7, 7]
then x is

(D) If cosx—sinx>1,

x€[0, 27r] then x is

ASSERTION AND REASON
(FOR JEE ADVANCED EXAM ONLY)

Codes:
(A) Both 4 and R are true and R is the correct
explannation of 4
(B) Both 4 and R are true but R is not the correct
explanation of 4
(C) A istrue but R is false
(D) A4 is false but R is true.

1. Assertion (A): The value of tan3a.cota
cannot lie between 3 and 1/3.
Reason (R): In a triangle ABC, the maximum

1 fsinésingsing'1
value o 5 5 5 1s8

2. Assertion (A): The minimum value of
a” tan” 6 + b* cot® @ is 2ab.
Reason (R): For positive real numbers
AM >2GM

3. Assertion (A): The minimum value of

a? b?
+

is (a + b)2

cos>x sin’x
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Reason (R): The maximum value of Reason (R): In a triangle ABC, the maximum.

3sin’ x +4cos’ x is 4 sin4d+sinB+sinC . 3
value of 1S —
cotA+cotB+cotC 2

4. Assertion (A): Forall 8 € [O,E} ,
2 5. Assertion (A): cot ' x>2 =>x & (oo, 2]

i > si 1. . .
cos(smG) st (cos@) Reason (R): cot 'xisa decreasing function.

ANSWERS
LEVELI
51 18. xe(2nﬂ—3—”,2nn+£),nel
1. 2nw+— 2n7r+—j,nel 2 2
6 6 19. x=¢
2. x=(4n+1)E el T S
N 20. xe|2nm+—2nn+—|,nel
2 12 12

5
2nn—7”,2nﬂ+%j,nel LEVEL II

2n7 +1 2n7r+1)7z:+1]
3 ,nel

b4
n7'c—— nrw— nel
4)

nT—Tm nn’——) nel

2n7t—§,2n77:+§),ne] 3. (mr— T+ = j,nel

T
9. xe|nw+=, nw+ ],nel 7 nﬂ—g,mﬁL ,nel
10. n7r+n nﬂ+£j nel 8. xe(nﬂ—z,nn:+£j,nel
4 2) 6 6
T T
11. xe n7r+£,n7r+5—n- ,nel 9. xe U{(Znﬂ——,nﬂ——)
12 12 nel 2 4
T T
12. xe 2’1—7r—4—71-,211—ﬂ+E ,nel U[nﬂ?+—,nn:+—)}
3973 9 4 2
13, xe[YE_E2E T o 10. (__jz
5 1575 15 4 4
14. xe(2nm,2n+)7),nel 1. xef0 o3 17
4 4° 4
15. xe|(2n-1)x,2nw+= )ne]

12. oyt
6

16. xe(Znn’,Znn’+2Tﬂ:],nel 13. x=0¢
17. xe(

5 14 xe[z 5}
2nn—?ﬂ,2nﬂ+§j,nel ’ 372



15. xe(m,2m)
LEVEL III
T T
1. nw+—, nw+—
,,LEJI ( 4 12]

T RV
2. T+—,nr+—
Y (" 4" 4)

nel

T T
3. 2nw ——, 2nw+ —
U(" 3" 3)

nel

u(2nn+§,(2n+l)nj

4. Ul onm+ L, 2n7r+3—7t)
12 4

nel

U 2n7t+17—ﬂ, 2n7t+7—n
12 4

5. U (nn—z, nnju(nﬂ+£, n7t+5—ﬂ)
8 2 8

nel

( P 37rj
|l nm+—,nt+—
8 8

6. U mr—7—ﬂ, nn—z)
nel 12 2

T T
ulnr—-=,nr+—|.
[ 2 12)

T T
7. 2nw——, 2nw+—
U( ey 3)

nel
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T T
8. 2nmw ——, 2nw +—
U( e 6j

nel

u(2n7r+5—”, 2nﬂ+5—ﬂ)
6 4

9. (tan_l (V2-1), fj

4

u(n +tan”! (\/E - 1),5—7[)

4

10. U(znml, 2nn’+5—nj
et 12 12

COMPREHENSIVE LINK PASSAGES
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PASSAGE I
1. () 2. (b) 3. (b) 4. (b)
5. (a) 6. (b) 7. (a)

PASSAGE II
1. () 2. (d) 3. (b)

MATCH MATRIX

L (A) = (5); (B) = (5); (O) = (Q); (D) = (R).
2. (A) = (R); (B) = (5); (C) = (P); (D) = (Q).

ASSERTION AND REASON
1. (B) 2. (A) 3. (B)
4. (B) 5. (A)



SAINTRODUCTION

The first mention of the natural logarithm was by Nicholas
Mercator in his work Logarithmotechnia published in
1668, although the mathematics teacher John Speidell
had already in 1619 compiled a table of what in fact were
effectively natural logarithms. It was formerly also called
hyperbolic logarithm, as it corresponds to the area under a
hyperbola. It is also sometimes referred to as the Napierian
logarithm, named after John Napier, although Napier’s
original ‘logarithms’ (from which Speidell’s numbers were
derived) were slightly different (see Logarithm: from Napier
to Euler).

NOTATIONAL CONVENTIONS

The notations ‘Inx’ and log x both refer unambigously to the
natural logatithm of x.

‘log x” without an explicit base may also refer to the
natural logarithm. This usage is common in mathematics and
some scientific contexts as well as in many programming
languages.

BASIC FORMULAE ON LOGARITHM:

Step I:

1. If a* =n, then x=log, n, where n> 0,
a>0anda#1.

2. Exponential function is always positive.

3. log,a=1
Pf. We have, a'=a
= l=log,a

4. log,1=0,a#1,a>0

Pf. We have, a’ =1

= 0=log,1

5.

log,0==% o0

Pf. Case i: whena > 1
We have, a~ =0

= —oo=]og, 0
Caseii: when0<a <1
We have a™ =0

= oo =log, 0
Hence, log, 0 =% o
log, %0 = o

Pf. Case i: when a > 1
We have a™ =0

= log, co=c0

Step 11
1.

log,, a+log,, b=1log,, (ab).
Pf. Let log,, a = x,log,, b= y,log,, (ab)=z
m* =a,m” =b,m" =ab

Now, ab=m"

= m*.m” =m*

= g

= xty=z

= log,, a +log,, b=1log,, (ab)

log,, a —log,, b=1og,, [%)

Pf. Let log,, a=x,log, b=y,log, (%) =z



a
Now, |—|=m"
b
X
m
= =m’
m’
= m*Y =m’
= X—-y=z

= log,, a—1log, b=log, (%)

3. log, a" =nlog, a

Pf. Let log,, a" = x,log,, a=y

= m*=a",m’"=a
X n
= m =(my)
= m* =m"Y
= x=ny
n _
= log,, a" =nlog,, a

4. %" =p

Pf. Let log, n=x

= a*=n
N alogan =n
Step 111

1. log,bxlog,a=1
Pf. Let log,b=x,log,a=y

= a*=b,b’ =a
- )
= bV =b=b
= xy=1
= log, bxlog,a=1
2. log,b=
log, a

Pf. As we know that, log, b x log, a =1

= log, b= !
log, a

Logarithm

Pf. Let log, b =x,log, b=y,log,a=z

= a*=b,m’=b,m’ =a
a*=b
= (mz)xzmy
= mer =m?
= Zx=y
= x=2
z
log,, a
= log, a=
log,, b

alogn b _ blogn a

Pf. Let log,b=x,log,a=y

= n*=b.,n’ =a
= n=b"* n=a"
N Pl = g\

= b =a*

=

1 1
aognb — plogna

Note. 1. log,bxlog, cxlog,. d xlog,; a=1

2. log,bxlog,cxlog,.dx....... xlog,a=1

Step IV

1.

log , b= iloga b
“ a

Pf. We have log . b

L
log, (aa)
o
o log, a
1 1

= —x
a log,a

1

—xlog, b
o

B

loga“ (bﬁ) - a

Pf. We have log . (bﬁ)

- ,Blogaa (b)

= Exlogab

o

log, b

197
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Step V
l. Ifx>y = log, x>log, y,whena>1.
Y
A
X’ = o > X
Y
v’

2. Ifx>y = log, x<log, y,when0<a<l.

'
X < > X
v
5.2 SOME SOLVED EXAMPLES

Ex-1. Find the value of log, (64)+ log, (256)
Soln. We have log, (64)+ log, (256)
= log, (2°) +log, (4*)
= 6log, (2)+4log, (4)
=6+4
=10
Ex-2. Find the value of logg 64
Soln. We have logg 64

= log23 (43)
= log, (4)
= log, (22)
=2
1 1
+
log, (36)  log;(36)
1 1
+
log, (36)  log,(36)
= logy (2)+1logss (3)

Ex-3. Find the value of

Soln. We have

Ex-4.
Soln.

Ex-6.

Soln.

Ex-7.
Soln.

Ex-8.
Soln.

Ex-9.
Soln.

= logs4(6)

= log (6)

=12

Find the value of log, 4.log, 5.10ogs10.log;, 32
We have log, 4.log, 5.log510.log,, 32

= log, (32)

— log, (25)
=5

I
Find the value of 2 825 (125)

We have 2% (125)

210gzﬁ(125)

% log, (125)

_ 210g2 (125)2/3

= (125)
2/3

- (%)

=25

Find the value of 3022 _ plogs3

We have 31852 — plogs3

_ 210g53 _ 2log5 3

2/3

=0

If log, (ab) = x , then find log, (ab).
Given log, (ab)=x

= log,a+log, b=x

= l+log,b=x

= log,b=x-1

Now, log, (ab) =log, a +log, b

Find x, if log, x+log, x+logg x =11
We have log, x +log, x+logg x =11

= log, x+log, x+log; x=11

1 1
= (1+§+§jlog2x=11



Ex-10.
Soln.

Ex-11.

Soln.

11
= — |log, x=11
(6] 23]

= log,x=2
x=20=32

Hence, the value of x is 32.

=

If a=log,5 and b=1og; 6, then find log, 2
Now, ab=1log, 5.logs 6 =log, 6

= log,, (6)
1
= 5log (6)
= llog2 (2.3)
2
= l(log (2)+log, 3)
508, 2
1
= E(I—i-log2 3)
= 2ab=(l+log,3)
= log,3=(2ab-1)
1
7 log,3 (2ab-1)
1
log; 2= ——
I YT

If x=1log, bc, y=1log, ca and z =log, ab then

ﬁndthevalueofH_)C 1-iy+141-z
Given x =log, bc

= a'=bc

= aa’ =abc

= a'=abc

= x+1=log, (abc)

1 1

- x+1:10ga(abc)

Similarl — S
Ay log, (abc)’ z+1  log, (abc)
Thus, ! + !

N 1
x+1 y+1 z+1

1 1 1
log,, (abc) " log,, (abc) " log, (abc)

logabc (a) + logabc (b) + logabc (C)

Ex-12.

Soln.

Ex-13.

Soln.

Ex-14.

Soln.

Logarithm

= logabc (abc) =1
It loga _ logb _ logc

, then prove that

b—c c—a a-
a® b’ =1
Let 1oga:10gb _ logc —k
b—c c¢c—a a-b
aloga  blogh  clogc —k
= a(b—c)_b(c—a)_c(a—b)_
loga® logb® logc©
—Y = = :k
a(b—c) b(c—a) c(a—b)
= 10g(a“)+log(bb)+log(cc)
=k(ab—bc+bc—ba+ca—cb)=0
= log(a”.bb.cc)zo
= (a”.bb.c”)zeozl

If log, x+log, y = 6, then find the least value of

xty.
Given log, x+log, y 26
= log,(xy)=6
= xy22°=64
+
As we know that, al yZ,/xy
+
= xzyzx/6_4=8
= xy=228=16

Hence, the least value of x + y is 16.
If x' = y21 =72 , then prove that,

3,3log ,x,3log. y, 71og , z arein A.P.

Given '8 = 2! =228

= log(xlg) = 10g(y21)= log(zzs)

= 18logx=21logy=28logz =k (say)

logx 21 7
logy 18 2
logy 328 _4 and
logz 1
logz 18 9
logx 28 2
Thus, 3, 7/2, 4, 9/2 are in A.P
Hence, the result.

Now, 3log, x=3.
3log, y=3.

Tlog, z="1
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Ex-15.

Soln.

Ex-16.

Soln.

Ex-17.

Soln.

7
If log; 2, log, (2" - 5), log; (2x —5) are in
A.P., then find the value of x.
7
Given log; 2, log; (2x - 5), log;, (2x - Ej

= 2log; (2" - 5) =log; 2 +log, (2" - %)

= log, (Zx —5)2 =log, 2.(2)‘ —%)

= (2”—5)2 =227

= (2’6)2—12.2%32:0
= a’-12a+32=0,a=2"
= (a—4)(a—8)=0,a=2x
= a=4,8

Whena:4:> 2x:4:22 :>x:2

whena=8= 2" =8=2" = x=3

But x = 2 does not satisfy the terms.

Hence, the solution of x is 3.

If a, b, ¢ are in G. P, then prove that
1 1

1+loga’ 1+logh’ 1+logc

are in H.P.

Given a, b, c are in G.P

b*=ac

=
= 10g(b2)= log(ac)
= 2log (b) =log(a)+log (c)
= loga,log b, logcarein A.P
= l+loga, 1+log b, 1 +logc are in A.P
= ! s ! , are in H.P.
1+loga 1+logh 1+logc
1
If + > X , then find the value of x.
log;mr logym
We have + !
log;w log, 7
= log,3+log, 4
= log, (3.4)

= log, (12) > log, (7‘[2) =2
Hence, the value of x is 2

Ex-18.
Soln.

Ex-19.

Soln.

Ex-20.

Soln.

Find x, if 4°°%3 4 9log24 —jloe. 83
. . . log, 3 log, 4 _ 1plog, 83
Given equation is 4 +9 =108

1
451°g3 . 92log2 _ [qloe. 83

2+81=10"&%

83 = g3log. 10

log, 10=1

x=10

Hence, the solution is x = 10.

If log, 10=1, b=1log;; 24 and c=1log,s36

1
then prove that (abc il ) =2.
c

Lue v v

We have, abc =log,,12 xlog,; 24 X log,e 12
= log,g 36 X logs 24 X log,, 12
= log,g 12
Now,abc+1
= log,g12+1=1log,s12 +log,s 48
= log,s (12x 48)
Also, b ¢ = logy 24 x log,e 36
= log,g 36 X log, 24
= log,g 24
Thus, (abc + 1) _ logyg (12 x 48)
bc log,s 24
= log,, (12x48)

= log,, (24 % 24)

= log,, (242)
=2

Hence, the result.
. /4 1
If log;,| sin x+z =§(10g106—1), then

find the value of log,, sin x + log;, cosx

Given log, (sin(x + %D = %(log10 6— 1)

= 2log, (sin(x—k %D = (log10 6— 1)

= 2log, [Lz(sinx +cos x)) = (log10 6— 1)



= 2log, (Lj +2log, (sinx + cosx) = (logy, 6 — 1)

V2

=  2log,(sinx+cosx)=(log,, 6+2log,y2—1)
24

= log, (sin X+ cos x)2 =log,, (Ej

(sinx+cosx)2 = (24)
N _[ =2
10

= 1+si112x=ﬁ
10

_ 14

= sin2x=ﬁ—l——
10 10

. 7
=  SINX.COSX=—
10

: 7
Thus, log), (sm X oS x) =log, (E)

log,, (sinx) +log;, (cosx) =log,, 71

5.3 LOGARITHMIC EQUATION

Type 1: A logarithmic equation is of the form

Ex-1

Soln.

Ex-2.

Soln.

logg(x) fx)=b

= f()=g@", gx)>0,g(x)#1
Solve for x: log, (3x2 + 10x) =3.

The given equation is log, (3x2 + IOx) =3
= (3¢ +10x) =2’ x> 0,x %1

= x-3x'"-10x=0

= x(x2 —3x—10)
= x(x—S)(x+2)

= x=0,-2,5

= x=5

Hence, the solution of x is 5

Solve for x: log, ., (xz —3x+ 5) =2

The given equation is log,.,, (x2 -3x+ 5) =2
= (X =3x+5)=(x+1)x+1>0,x%0
= ()c2—3x+5)=(x+1)2

= (x2—3x+5)=x2 +2x+1

Logarithm

= 5x=4
= x=4/5

Hence, the solution of x is 4/5

Type 2: A logarithmic equation is of the form

logfl (x) {logfz(x) f(x)} = 0

= HW=f(): {

H()>0, fi(x)#1
S (x)>0, f,(x)#1

201

Ex-3.  Solve for x: logx2+6x+6 {logsz +2x+3 (x2 B 2x)} =0

Soln.

Ex-4.

Soln.

Given equation is

2 —
Ing2+6x+6 {10g2x2+2x+3 (x B 2x)} =0

= (x2—2x)=2x2+2x+3
= X’ +4x+3=0

= (x+1)(x+3)=0

= x=-1,-3

Also, x> +6x+6>0,x> +6x+6#1

= xe(e-3-3)U(3+V3,%0), x % -1,-5

Also, 2x* +2x+3>0,x> +x+120
= xeR

Hence, the solution is x = ¢

Solve for x: log .., ., {10g2x2+3x+5 (x2 + 3)} =0.

Given equation is

]ng2+x+1 {10g2x2+3x+5 (X2 + 3)} =0

= 27 +3x+5=x"+3

= x> +3x+2=0

= (x+1)(x+2)=0

= x=-1,-2

Also, x* +x+1>0,x* +3#1

= X€R

Again, 2x? +3x+5>0,x" +3#1
= X€R

Thus, the solution is x = ¢

Type 3: A logarithmic equation is of the form

log, fi(x)=log, f>(x),a>0,a#1.

=  A£(X)=1(),A0>0 0 f,(x)>0
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Ex-5 Solve for x: logs (x2 —4x+ 3) =logs (3x+21)

Soln. Given equation is

logs (x” —4x+3) = log; (3x +21)

= (¥’ —4r+3)=3r+213x+21>0
= (@ =7x-18)=0.x>-7

= (x-9)(x+2)=0,x>-7

= x=-2,9andx>-7

Hence, the solution of x is {-2,9}

Ex-6: Solve forx: log,; [2(%) - IJ =log,;3 [(%) - 4J

Soln. Given equation is
lo 2 1 x—l =lo (l)x—4
8173 5 =108/3 4
- z(l) _1=(1) 4
2 4
2x x
- (A
2 2
2 1
= a —-2a-3=0,where a= 5

= (a—3)(a+1)=0

= a=3,-1

U

a =3, exponential function is always +ve

= (l) =3
2
277 =3

-x=1log,3

= x=-log,3=log, (%j

U

U

L 1
Hence, the solution is x =log, (5)

Type 4: A logarithmic equation is of the form
log /() A=logy ) A4

[(0)>0, fi(x)#1
= A=K, or
[(x)>0, f(x) #1

Ex-7

Soln.

Ex-8

Soln.

Solve for x: IOg(@) 3:10g(;1) 3

3 x+1

Given equation is log(is) 3=log(;1j 3
3

(x+5 i ),x+5>0,x+5¢1
3 x+1 3

(x+1)(x+5)=—3, x>-5x#-2

x+1

=
= X +6x+8=0, x>-5x%-2
= (x+2)(x+4):O, x>-5x#-2
= x=-2, -4, x>-5x#-2
Hence, the solution is x = —4

Solve for x: log(%) 5=10g(é) 5
Given equation is log(iz) 5= log(ij 5
3

(“ﬂ:[ 4 ),x>—2, X+2%3
3 x—3

(x+2)(x=3)=12,x>-2,x#1

x=3

=
= x2+5x—6=0,x>—2,x¢1
= (x+6)(x—1)=0,x>—2,x¢1
= x=-6Lx>-2,x#1

Hence, the solution is x = 1

Type 5: A logarithmic equation is of the form

Ex-9

Soln.

108 1) &1 (x) =108 ;) &2 (%)

g1(x)>0, f(x)>0,#1
=  g(x)=g,x), or )
2, (x)>0, f(x)>0,%1

Solve for x: log | (x3 + 6) =log ., (4x2 - x)

Given equation is log > , (x3 +6)=10gxz_1 (4x2 —x)
= X46=4x-x,x+6>0,x>-1>0,%1
= P4 4x+6=0,x>-6,x>>Lx# /2
Now, ¥ —4x? +x+6=0

= X +x2—5x-5x+6x+6=0

= X (x+1)=5x(x+1)+6(x+1)=0

= (x+1)(x* =5x+6)=0

= (x+1)(x-2)(x-3)=0
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= x=-1,2,3 _ 144 100
Also, ¥* >—6= x>-6 32732
: 2 71 25
Again, x >1:>xe(—oo,—1)u(l,oo) = 7o
Hence, the solutionis x =2, 3
Also, x > 15/4
Type 6: A logarithmic equation is of the form Hence, the solution set is x = 25/4
logg, vy S(x)=logg, 4 f(¥), Ex-12. Solve for x: 2log2x = log (7x —2- 2x2)
g (x)>0,#1, f(x)>0 Soln. Given equation is 2log2x = log (7x -2- 2x2)
= g (¥)=g), or 5 ,
2, (x)>0,#1, f(x)>0 4x"=Tx-2-2x",x>0

6x°—7x+2=0,x>0
6x>—3x—4x+2=0
3x(2x-1)-2(2x-1)=0

Ex-10 Solve forx: log ;. (xz - 4) =log, » (xz - 4)

Soln. Given equation is
log ., (x* —4)=log, . (x*-4)

LUl

(2x—1)(3x—2)=0
= x3+x=4x2—6,x3+x>0,x3+x¢1,x2—4>0 1 2
= x3—4x2+x+6=0,x>0,x3+x¢1,x2>4 x=5,§
= (x+)(x-2)(x=3)=0 Also, x>0
=_ . . 1 2
= x=-1,2,3 Hence, the solution setis x = E’E

Also, x>0 e .
Type 8: A logarithmic equation

(2n+1)log, fi(x)=log, f>(x),
a>0,azl,neN

= A=), £(0)>0

Again, x> —4>0= x € (~c0,—2)U/(2,0)
Hence, the solution is x = 3

Type 7: A logarithmic equation is of the form
2nlog, fi(x)=log, f/,(x), a>0,a#l,ne N
= [M@)=/0), [(0)>0

Ex-11 Solve for x: log; 2x =2log; (4x—15)

Ex-13 Solve for x: log (8 —-10x— 12x2) =3log(2x-1)
Soln. Given equation is

log(8—10x—12x?) =3log(2x - 1)
Soln. Given equation is log; 2x =2log; (4x—15)

= (8-10x-12¢)=(2x-1)" ,x>1/2
2 15
= (4x—15) =2x,x>—
4 = 8x +16x-9=0
2 —
1224(122)? - 64x 225 = x=12
- s 3 Also, x> 1/2
_ 122+ /14884 - 14400 Hence, the solution setis x=¢
32 Type 9: A logarithmic equation is of the form
_122+/484 log, f(x)+log, g(x) =log, m(x),
32 a>0,a#l
_ 122422 f(x)>0
32 = g(x)>0

S (%) g(x)=m(x)
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Ex-14

Soln.

Solve for x:
2log; x + log, (x2 - 3) =log; (0.5)+1log; 8
Given equation is

2log; x + log, (x2 - 3) =log;(0.5)+log; 8

= xz(x2—3)=4,x>0,x2—3>0

= xz(x2—3)=4

= ¥ -3x*-4=0
= (x2 —l)(x2 +4)=0
= x==1

Also, x>0

Again, x> —3>0=x¢€ (—w,—\/g)u(\/g,W)

Hence, the asolution set is x = 1

Type 10: A logarithmic equation is of the form

Ex-15.

Soln.

log, f(x)—log, g(x)=log, h(x)—log, t(x),
where a>0, a #1

log, f(x)+log, t(x) =log, g(x) +log, h(x)
{f(x) >0,t(x)>0,g(x)>0,h(x)>0

=

S ()1(x) = g(x).h(x)

. (3m
Sln(4) 1
log, (3—x)—log, P =5+log2 (x+7)

Solve for x:

Given equation is

. (3%)
sm| —
4

5—-x

log, (3—x)—log, =%+log2 (x+7)

log, (3—x)—log, [ﬁ] = % +log, (x+7)

=
= 10g2(3—x)+log2(\/E(S—x))zé+log2(x+7)
= 10g2(3—x)+%+log2(5—x)=%+log2(x+7)
— log, {(3-x)(5-x)} =log, (x+7)

= (x—3)(x—5)=(x+7)

= x*—8x+15-x-7=0

= x*-9x+8=0

= (x—l)(x—8)=0
= x=1,8
= x=1,x=_8isrejected.

Hence, the solution setis x = 1.

5.4 LOGARITHMIC INEQUATION

Type I: A logarithmic inequation is of the form

log, /(x)>log, g(x) | 970
= a>1
a>1
F()>g(x)

Ex-1 Solve for x:

108 (34 x? <log(,.4y) (2x+3),x>-1
Soln. Given equation is
log 5,1 x? <log ;.4 (2x+3)
X <2x+3,2x+1>1,2x+3>0
x?—2x-3<0,x>-1/2,x>-3/2
(x=3)(x+1)<0, x>-1/2,x>-3/2
-1<x<3,x>-1/2,x>-3/2
Hence, the solution setis x € (—%,3)

Type II: A logarithmic inequation is of the form

log, f(0)>log, g | 7070
= O<axl

O<acxl
f(x)<g(x)

Ex-2  Solve for x: logys (x—1) <logg gy (x—1)

Soln. Given equation is logy 3 (x—1) <logg e (x—1)

= logys(x—1)< log(oj)2 (x-1)

1
= loggs(x-1)< Elog(m) (x-1)
= 2logy;(x—1)< log(0_3) (x-1)
= logy;(x— 1)2 <logy 3 (x-1)
o (1P > (x-1)
= (x—l)(x—2)>0
= x<landx>2
= x>2
= xe(2,»)



Type I1I: A logarithmic inequation is of the form
L log, x>0 - x>0
a>1 a>1

{logax>0 {0<x<1
2. =

O<axl 0O<axl
log,x<0 O<x<l

3. =
a>1 a>1
log, x<0 x>1
4. = .
O<axl O<ax1

Ex-3  Solve for x: log;,, (2x+3)>0.

Soln. Given inequation is log;, (2x+3)>0

S (xe3)< Gjo

= (2x+3)<l

= 2x+2<0

= x+1<0

= x<-1

Also, (2x+3)>0=x>-3/2.

Hence, the solution setis x € (—%,— 1)

Ex-4. Solve for x: log;,, x >log;; x

Soln. Given in equation is log,,, x > log;;; x

log,, x J

= lo x>
B2 (10&/2 (1 / 3)

1
= logy,x|1-———|>0
S [ logy 5 (1/ 3)}

1
= 1 >0 |v|l-———F——= >0
ofu2 [ ( 10g1/2(1/3)] ]

1 0
= x>0andx<(5)

= 0O<x<«<l

Ex-5. Solve for x: log;,, x +log; x >1

Soln. Given inequation is log,;,, x +log; x >1
= —log, x+log;x>1
= logy;x—log, x>1

logjox _logjo x

= >1

logjp3 log2

logyg x| ————— |>1
- B10 log;p3  log,2

Ex-6.

Soln.

Ex-7.

Soln.
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1 1
= logoxxM>1|"M= -
log;y3 log;,2

1
= logj,x> Vi

= x>10"M

Hence, the solution setis x e (101/M’ oo)

1

- <1
log, x log,x—1

Solve for x:

1

- <1
log, x log,x—1

Given inequation is

1 1
= ————<lLa=log,x
a a-
= l—1— ! <0,
a a—1
= l_a— ! <0,
a a—1
—(l—a)z—a
— 71 <o,
- a(a-1) )
(l—a)2+a
—>0
= a(a—l) g
a’—a+1
—>0
- a(a-1) g
1
0
= a(a—1)>

= a>landa<0
= log,x>1and log, x<0

= x>2andx<1

Also log, x is defined only when x > 0.
Hence, the solution setis 0 <x <1 and x > 2
e, xe(0,1)U(2,00)

Solve for x: log(2x+3) x* <1
Given inequation is 10g,,.5) <1

It is defined only when x #0,2x+3>0,2x+3#1
= xz0,x>-3/2, x#-1.
Casel: when 0 <2x+3<1
Then x> >2x+3

= x?-2x-3>0

= (x-3)(x+1)>0

= x<-landx>3
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Ex-8.

Soln.

Ex-9.

Soln

Also, 0<2x+3<1

3
= ——<x<-1
2

Thus, from (i) and (ii), we get,

xe(—é,—l)
2

Case II: when2x +3>1
Then x* <2x+3
x*-2x-3<0
(x=3)(x+1)<0
-1 <x<3
xe(-1,3).

Hence, the solution set from (iii) and (iv) is

xe(—%—l)u(—l,s)—m}

=

=
=

=

2 —
log” x—3logx+3 <1

Solve for x:
logx—1

2 f—
log” x—3logx+3 <1

Given inequation is
logx—1

2_
a—3a+3<1,wherea=logx
a—1
a’ -3a+3
———1<0
a—1
a’>-3a+3-a+1
<

a—1

0

a’*—4a+4
—_— <
a—1
1
a—1
O<a<xl1

O<logx<1

0

U

<0

0<logyx<l1
I<x<10

tL el

Hence, the solution setis x € (1,10)
log, (x+1)

(x=1)
log, (x + 1)

(x-1)

It is possible only when x > 1, log, (x+1)>0
and x > -1

Now, log, (x+1)>0

Solve for x:

Given inequation is

Ex-10.

Soln.

Ex-11.

Soln.

= (x+1)>2°=1

= x>0.

Hence, the solution set is x € (1,°)
1

1
<
10g4(x+1) log, (x+3)
x+2

Solve for x:

1
<
10g4(x+1) log, (x+3)

Given inequation is

x+2
N 10g4(;:;J210g4(x+3)
= 10g4(;c:;)—10g4(x+3)20
- (o)
. (x+1)—(x+2)(x+3)j2
(x+2)(x+3)

. (i,
= (;:2)4();53)]“

- (rmiem)

= 2<x<3

Hence, the solution setis x € (—2,3)

(-

Solve for x: ————<0
log, (x2 - 1)
U G
Given inequation 1S ————— <0
log, (x2 - 1)

It is possible only when x* —4>0 and
1

logy/, (x2 - 1)

when x> —4>0

= <0



¥?-2<0

—\/§<x<\/5

when 2 _150
= (x+1)(x—1)>0

AT
=
)
n

=  xe(—o,—1)U(l,o) .

From (i), (ii) and (iii), we get,

x € (e~ 2) U (—2.-1) U (1.2) U (2.0

which is the required solution set.

PROBLEMS FOR JEE ADVANCED EXAM

Ex-1. If a*b’ =1, find the value of log a(a5b4)
Given a'h’ =1

Soln.
= log(a*h’)=log()=0
=  4loga+5logh=0
=  4loga=-5logh
1
N ogaz_é
logb 4
= lo a——é
&b 4
Now, log a(a5b4)
= Slog, a+4log, b
= S5+4log, b
=5+ 4
log, a
o 4x4 25-16 9
5 5 5
Ex-2. If x=1log,,5xlog;, 20+ (log,y2)* and
2log2 +log3 that
=———=———— prove thatx =
4 10g(48)—10g(4)’poe Y
Soln. We have

x =log,, 5xlog, 20 + (log,, 2)*

= (1-log,, 2)(1+1log,, 2) + (log,y 2)*

Ex-3.

Soln.

Ex-4.

Soln.

Logarithm

2 2
= 1—(logy2)" +(logy 2)
=1

2log2 +1log3

log (48) —log(4)
_ log(12) _log(12) _
log(448) log(12)

Thus, x=y
Hence, the result.
Find the sum of all the equations

2logx—log(2x—75)=
The given expression is
2logx —log(2x— 75) =2

Also, y =

= log(xz)— log(2x— 75) =2

| X’
0 =
= 8|5 75

2
x
= logy [ﬁ] =log, (1 02)

2
X
=100
- (2x—75j

= x?=200x-7500

= x*=200x+7500=0
Hence, the sum of the roots = 200.

If log, (1og18 (V2+ \/_)) —_— findx.
Given log, (log18 (\/5 + \/§)) =__
= log, (10818(\/§+2\/§))=—%

e S
= logx( )( 2p) 3J—)
= IOgX(E):_E

= —log,2=--

= log,2=—

= \/;=2

= x=4

207



208 Comprehensive Trigonometry with Challenging Problems & Solutions for Jee Main and Advanced

Ex-5. If logg 9 —logy 27 + logg x = loge, x — log, 4 Also, logsc =3 + logsa

then find the value of x. =  4logya=3+log;a, from (i)
Soln. Given log, 9 —log, 27 + logg x = log, x —log, 4 = 3logza=3
=  logg x—loge, x =logy 27 —log, 9 —log 4 = logya=1

= a=3

1 3
= loggx—zloggx—log32 (3)" —log, 36 Again, log, b=2

= %loggng—log6 (62) = logsb=2
= b5=3"=9
= %log8x=%—2=—% Further, log, c=2
1 1 = logyc=2
= plomr=—y = c=97=8l
= loggx=-1 Thus, (a+b+c)+7
vt =3+9+81+7

8 =100

Ex-6. If x=\/12+6\/§ +\/12—6\/§ , then find the value

Ex-8. If logyx+log, y= z and logy x —logg y = _§
of logys x. 2 2

1 +y-3
Soln. We have 12 + 6\/§ then find the value of log, (x y )

=12+23.3 Soln. We have 10g9x+10g4y=%
2
= 3? +(\/§) +2343 | | ;
= —logyx+=log, y=—
2 3 2
— (3+\/§) 2 2 2

, = logyx+log,y=7 L i
Similarly, 1263 =(3-+3)".

Now, x =12+ 63 +12— 643

Also, logy x—logg y = —%

= logyx—log,y=-3 ... (i1)
= (3+3)+(3-3) Adding (i) and (ii), we get,
=6 2log; x=4
Thus, logs, x = logyx=2
= logs 6 = x=3"=9
= log62 6 Subtracting (i) and (ii), we get,
= %10g66 2log, y=10
| = log,y=5
=3 = y=2=32

H he soluti = =32
Ex-7. If log,b=2,log, c=2 and log;c=3+log;a ence, the solutions are x =9 and y =3

then find the value of (a+b+c)+7 Ex-9. If a=log,,2,b=1log,,3 such that 3*** = 45
Soln. We have log, bxlog,c=2x2=4 then find x (in terms of a and b).

= log,c=4 Soln. Given 3"*2 =45

o e, (i) = x+2=log; (45)

logy a



Ex-10.

Soln.

Ex-11.

Soln.

= x+2=10g3(5><9)
= x+2=log;5+log;9
= x+2=logy;5+2
= x=logy5
1
- _logyo5
log(3
log (10)
10| 5 _
- _ 2 :loglolo log;, 2
log;, 3 log;, 3
I-a
= x=
b

Let the number N =6log,, 2 +log;,31.
If N lies between two successive integers,
then find their sum.

We have N =6log,,2+log;,31

= log,, 2° +logy, 31
— log,, (64 x31)

— log,, (1984)
<log,(1000) =3

Also, N =log, (1984) > log, (10000) =4.

Thus, the sum of successive integers
=3+4=17

1
Z),N logz\/— (8) and

P =log; (1og3 (\/ 39 9 ) then find the

value of (K +P+ 3)
N

Let M = 1ogf/5(

2
We have M =log’ 5 G) = (1og 527 ))
(75
= (0]
/2087
= (—4) =16
3
and N = log32ﬁ (8)= (logzﬁ (8))
3
(logz\f 2f )
3

= (3) =27

Ex-12.

Soln.

Ex-13.

Soln.
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Also, P=log; (log3 (\/%))
= log; (log; (9°))

= log; (log3 (32/10))

= logs ( j(loga (3))
_ logs (57)=-1
Thus, (% +P+ 3)

=E—1+3
27

= E+2

27

70

27
If log; (x)=a and log, (x)=5, then find

the value of log,, (x)
We have 1 + 1
a b
= log,3+log, 7
= log, (21)
1
1 =—

1 ab
1.1 a+b
a b

If x and y are satisfying the relations

logg x +log, y? =5 and logg v +log, x*=7

then find the value of 2xy.
We have logg x +log, y=5

1 2

—log, x+—1o =5
3 253 5 gy
+log, y=5

logz( 1/3 ) 5
(xmy): 2° =32

Also, logg y +log, x*=7

=
= log,x"?
=
=

1 2
= glog2y+510g2x=7
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Ex-14.

Soln.

Ex-15.

Soln.

= log, y3 +log, x=7

- log, (y1/3x) =7
(»°x)=27 =128
Multiplying (i) and (ii), we get,
(x4/3y4/3) — 2597 o2
()Cy)4/3 _ 2’]2
3

12x~
4

=

(xy)=2
() =2’

(2xp)=2"" =1024

=
=

=

If logy, (xz + x) =log), (x3 - x) , then find the
product of all the solutions.

We have log,, (x2 + x) =log, (x3 - x)

x* - 1)

(
(x+1)(x—l)
1

(x+1)=
(x+1)
(x-1)
x=2

Hence, the solution is 2

=
+

A

Thus, the product of all the solutions = 2

If log,, (x—2)+1log;y y=0 and

Jx+[y=2=x+y, then find the value of
(x+y—2\/§)

We have log,, (x—2)+log;y y=0
logyo (y(x—2))=1log,y1

= r(x-2)=1

Also, Vx+4/y=2=fx+y
x+y—2+2x(y-2)=x+y
2+2x(y-2)=0
x(y-2)=1

From (i) and (i), we get,

=

=
=

=

=

X=y
Put x =y in (ii), we get,

Ex-16.

Soln.

N x(x—2)=1
— xX’=2x-1=0
- X’ -2x+1=2
= (x_l)zz

o (x-1)=x2
= x=12
= x=1+x/§=y

Thus, the value of x+ y — 22

= (1+\/§+1+\/§)—2\/§

=2

7
If a,be R" such that logy; a+logy b= 5
2
and log,, b+logya = 3’ then find ab.
7
We have log,,; a +logy b= 5

7
= logsa+log,b= 5

1 1 7
= —log;a+—log;b=—
3 g3 2 g3 )

=  2logza+3log;b=21

2
Also, log,; b+logga= 3

[SSHR )

1 1
= glog3b+zlog3 a=

= 2logyb+3logya=4

On solving, we get,
4logya—9logya=42-12

=
= —5logya=30
= logya=-6
= g=3°

From (ii), we get, 2log,b—18=4

= 2logyb=22
= logyb=11
= b=3"

Hence, the value of ab = 370 %3 =33 =243



Ex-17.

Soln.

Ex-18.

Soln.

Ex-19.

Find the number of values of x satisfying the equation

log .. (2 +4cos x) =2in[0,27]

Given equation is log,, (2 +4cos’ x) =2

= (2+4cos x)—tan X
>

= (2+4cos’x)= z;nsz’;
= (4cos®x+2cos” x—sin”x) =0
—  (4cos*x+3c0s’ x—1)=0
—  (4cos*x+4cos” x—cos’ x=1)=0
—  4cos”x(cos” x+1)-1(cos’ x+1)=0
—  [4cos’ x—1)(cos? x+1)=0
—  (4cos’x-1)=0

2 (1Y _
- il
= x=n7ri§,nzO,1,2
— T 2mam 5w

3’37373

Hence, the number of values of x is 4
If cos(In x) = 0, then find ( x log (x)+ 10)
Given cos (ln x) =0

T
= Inx=—
2

- x=e?

2
Thus, the value of (; x log (x) + 10)

2 L3
= —xlog| e |+10
T

= (%x%log(e)+10j

=1+10 =11

If c(a—b)za(b—c) such that a # b # ¢, then find

log(a+c)+log(a—2b+c)
log(a—c)

the value of

Soln.

Ex-20.

Soln.

Ex-21.

Logarithm 211

Given c(a - b) =

a(b—c)

= ac—-bc=ab-ac
= 2ac:ab+bc=b(a+c)
_ 2ac
= (a+c)
log(a+c)+log(a—2b+c)
Now, log(a—c)
_ log{(a+c)(a+c-2b)}
log(a——c)
log{(a+c)(a+c—(:_icc))}
B log(a—c)
B log{((a+c)2 —4ac)}
- log(a——c)
_ log(a=c)’
log(a—c)
_ 2log(a—c) _
log(a——c)

If x=log,, (A+\/§) is a solution of 10" +107" =4,
then find the value of (4+ B+3).

Given 10 +107" =4

- 10°+—=4
10
. (10?‘)2 4(10%)+1=0
. (10x)=4i ;6—4
S (107)= 422
2
- (10")=(2+\@)
= —10g10(2+\/§)

Thus 4=2,B=3
Hence, the value of A+ B+3=2+3+3=8.

Solve for x:

log; (98+\/x3 ¥ 12x+36) =
[Roorkee-1975]
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Soln.

Ex-22.

Soln.

The given equation is

log; (98+\/x3 — —12x+36): 2

(98+\/x3 — —12x+36)=102 =100
X —x?—12x+36=4

X —x?—12x+32=0

X +4x% —5x% —20x+8x+32=0

x° (x+4)—5x(x+4)+8(x+4)=0
(x+4)(x* =5x+8)=0

(x+4)=0

x=-4

L A A

Hence, the solution set is {—4}
Solve for x and y:

d1+3»+5+ ..... +(2y-1) 20
M ALT7410+ +(By+1) Tlogyx
[Roorkee-1987]

/4

We have log;, x +log, X2 +log,p X" +...=y

| 1
= log, x+§log10 x+Zlog10 X+..=y

—(1+l+l+ )lo x
- S+ oo

143+5+....+(2y-1) 20
Also, =
4+7+10+...+(3y+1) 7logx

y
5(1+2y—1)_ 20
. =
y y
=(4+3y+1 z
S (4+3y+1) 7(2)
2y _ﬂ
= (By+5) 7y
y _20
T (By+s) Ty
— 7y =60y+100
—  7y*=60y—100=0
= (y-10)(10y+7)=0

Ex-23.

Soln.

Ex-24.

Soln.

= »y=10,-10/7

when y =10, then 2log;, x=10

= x=10
when y=-10/7, then 2log,, x=-10/7
= x=10""7
Solve for x:
log, xlog; alog, 5—3logo| =
6 log, xlogyalog, 210 0, 910g100 x+log, 2
~a =
5
[Roorkee-1988]
We have
log, xlog,, alog, 5-3log,o| =
6 log,xlog,yalog, 210 10) _ glogip x+log, 2
—-a =9
5
logx log5

N _aloga'loglo' 3(loglo X 1) _ 9log100 x+10g22 2
- E aloga xlog;o 5.-3(log;o x-1) _ 910g102 x+log » 2

5

6 l(log x+1)
- O log,xlog, 5.-3(logyg x~1) _ g2 B0

5
- é aloga xlogjo 5.-3(logyp x—1) _ 3(logIO x+)

5

2 log, xlog;y 5 3-3log;,x log;, x
= g% 10° 4 0% — 31081

5
N zalogmxlogQS'aZ%%logmx — 3log10x

5

2 blog,5 3-3b _ b
= —a a7 =3 ,b=log, x

It is possible only when, b =1
Thus, log;, x=1
x=10"=10

Hence, the solution is x = 10

=

Solve for x:

|)C _ 1|10g3 x27210gx 9 _ ()C _ 1)7

We have

[Roorkee-1990]

|)C _ 1|10g3 x*—2log, 9 _ ()C _ 1)7

when x > 1, then (x— 1)10g3 X -2log,9 _ (x- 1)7

= logyx*—2log, 9=7



Ex-25.

Soln.

= logyx*—2log, 3> =7
= 2log;x—4log,3=7
= 2logyx— =7
log, x

= 2(log3 x)2 —T7log;x-4=0
= 2d°-T7a-4=0 ,a=log;x
= 24 -8a+a-4=0
= 2a(a-4)+1(a-4)=0
N (a—4)(2a+1)=0

1
=

a=4,——
2

when a =4, then log;x=4

= x=3"=81
1 1
when a =——, then log; x=——
2 2

1
NG

It is not possible, since x > 1

o x=31"22

Hence, the solution is {2,81}.

Solve for x and y

1
log; g9 |x + y| = 5 and log,, y —log, |x| =loggo 4

We have log;g, |x + | =%

1

= log,. |x+y| = 5
Liogy x4 3] =1

= 5 1o Y= >

= log,|x+y=1

= |x+y| =10

= (x + y) ==10

Also, log,, (ﬁj =log,oy 4

= log [ﬁ] =log)y 2

[Roorkee-1996]

Ex-26.

Soln.
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= |xl=%
= x=i§ ........ (ii)

and xzi?,i 10

Hence, the solutions are
20

10
x=—,y=—;x=10,y=-20
{ 3773 g }

Find all real number x which satisfy the equation

2log, log, x +log,, log, (Z\Ex) =1
[Roorkee-1999]

We have 2log, log, x +log,, log, (Zﬁx) =1

= 2log, log, x —log, log, (2\/5)6) =1
= log,(log, x)2 —log, (10g2 (Zﬁx)) =1
(log, x)2 _
= (log2 (2\/§x)) :
(log2 x)2 _
= (10g2 (2\/§x))
(log, x)2 —9
- (log2 (2\/5) +log, x)
(log2 x)2 s
= (log2 (23/2 ) +log, x)
- glog2 x)2 _,
(2 +log, xj
a2
=2,a=1
= 3 L a=10g, x
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Ex-27.

Soln.

2
= (iazaj:z
= 2d°-4a—-6=0
= a*-2a-3=0
= (a-3)(a+1)=0
= a=-13

1
when a=-1=log, x=-1=x=2" =3

when a=3=log, x=3=x=2"=8

Hence, the solution is x = 8

Solve for x;

log, 4 logg (x2 + 7) +log,/, log, 4 (x2 + 7)_1 =2
[Roorkee-2000]

We have

log, 4 logg (x2 + 7) +log,,, log, 4 (x2 + 7)_1 =-2

= logs,, 1og23 (x2 + 7)+ logz,1 log2_2 (x2 + 7)_1 =2
= logs,, (% (log2 (x2 +7)))—log2 (%(logz (xz +7)))= -2

= logy, (%)J —log, (%J’) =-2,y= (log2 (XZ + 7))

Ex-28.

Y Y
logs /4 (5) —log, (E) =-2

=
= y=4 by trial
— log, (x2 +7)=4
= (F+7)=2"=16
= 2 =9

- x=13

Hence, the solutions are {—3,3}
Solve for x and y:

log, x+log, x+loggx+.....= y

5+9+13+...+(4y+1)
14+3+5+...+(2y-1)

=4log, x

[Roorkee-2001]

Soln. We have y =log, x+log, x+logg x+....
1 1
= y=10g2x+510g2x+zlog2x+....
1 1
= y= 1+§+Z+.... log, x
- y= log, x =2log, x
1——
2
5+9+13+...+(4y+1)
Al =4log, x
O 315+ +(2y-1) 84
%(2.5+(y—1)4)
- Vs " =4log, x
z .+ J—
S+ (r-1)2)
(10+4y—4)
~———~=4log, x
= (2e2y-2)  H
(6+4y)
=4log, x
(3+2y)
N =4log22x=210g2x=y
2 _
= Yy =2y+3
= ' -2y-3=0
= @-3)y+1H=0
= y=-1,3
= y=3(y=-11isnot possible)
when y = 3, then 2log, x=3
= lo x—E
g2 B
= x=23?
Hence, the solutions are x =22 and y =3
LEVELI

(PROBLEMS BASED ON FUNDAMENTALS)

EXERCISE 1

1. Find the value of
(1) log, 32

(i) log, (ﬁj

(iii) logss 5



(iv) logee (0.1)
(V) lologlo m+log,, n
(vi) logslogs logy(243)
2. Find the value of
(i) log, log; log, (64)

(ii) yiee’
(iii) 2 2oz S
(iv) ologs 5 _ 510g 3
(v) logy 27 —log,; 9

3. Find the value of

2

(1) log,, tan40°+log,, tan41° +log,, tan 42°

+.......+log;, tan 50°

(i1) log,, tanl®+log,, tan2° +log,, tan 3°
e +log,, tan89°

(iii) log,4.log, 5.logs 6.log, 7.log, 8.logg 9

4. Find the value of
1) x,if logsa.log,x=2,

(i) x, if log, x.logs k =log; 5, where
k#1, k>0
(iii) 4 + B+ 10, if 4=1log, log, log, 256
and B =210g\/5 2,
(iv) log 300, if a=log 55, b=log ;2
5. Find the minimum value of
(1) log,a+log,b
(i1) log, a+log, b+ log, c.
1 1
+
log,n logyn log,n
11
log,sn  logys n
7. If n=1983, then prove that
1 1 1 1
+ + +
log,n logyn log,n

6. Prove that

8. Determine b satisfying
. 1
(1 log\@ b= 35
.. 1
(iii) log, 2.log, 625 = log,,16.log, 10
(iv) log, log, log ;5 (625)=b

9. If log, ab = x , then find the value of log, ab .

10. Iflog,, 2 =x, then find the value of log;, 5.

11.
12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.
26.

27.
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If a=log,5 and b=1logs 6, then find log; 2.
Find the value of log, 54, where b =log,, 24.
1 1
+
log,36 log;36
1 1

Prove that ——— +
logym log,m

Find the value of

>2

16 25 81
Simplify: 7.log— +5.log— +3.log—
PHLY: 1108 52108 08 %)

If 42 +p% =7ab , then prove that
1 1
logg(a + b) = 5(loga + logb)

If ¢> + b> =11ab , then prove that

log(a_b)zé(loga+logb)

3

log

Prove that —2¢’ =1+ log,b.

logab n
If log 225 = g and log 225 = b, then prove

2
that log[(é) J+ log (ﬁ) =2a-3b-1.

Ifa, b, carein G.P, thenprovethat, log,, #, log,, n, log, n
are in H.P.

If log; 2, log; (2x - 5), log; (ZX - %) are in A.P,,

then find the value of x.

1 1

“logs ¥ =g 7% then prove

Ify=a1
1

-1
that, x=a ~ %<7,

If x=log,b+log,c, y=Ilog,c+log,.a
and z =log, a +log, b, then find the minimum value
of x* +y2 +22 — Xyz.

It loga _ logb _ logc

, then prove that 4% pb o =
b-¢c c¢c—a a-

1 4
Find the value of 81'°8s3 4270836  3log;9

Prove that
1 1

+
l+log,a+log,c 1+log.a+log.b

1+log,b+log,c

Find x, if log, x +log, x +logg x =11
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28

29.

30.

31.
32.

33.
34.

35.

36.

37.

38.

39.

40.
41.

42.
43.

44,

45.
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. Find x, if log, x+log4x+10g8x+10g16x=%

Iflog, x=a, log, x=, log, x=7% and log, x=0,

then find the value of log,,.; x.

If x=log, bc, y=log, ca and z =log, ab , then find
1 1 1
the value of + +
I+x 1+y 14z

1
If y=2 "°¢+* then find x.

If N =6"8040 5102036 then find the value of N +10.

+L+ ............ to wj
16 .

If x=2"%% and y=3"¢02 then find a relation
between x and y.

Find the value of

210g10 3-log;o 5 % 310g10 5—log;, 2 x 510g10 2-log, 3.

11
Find the value of (0.5)10% [Tg

If a =logy,3 and b =logs, 5, then find the value of
log; 8.

If a =log;,18 and b =log,, 54, then prove that
ab+5(a—b)=1

If a =log,12 and b =log;, 24, then find the value of
logs,168.

If a=log,30, b=1ogs 24, then prove that
2ab+2a-1
log, 60=| ———
B2 ( ab+b+1 j

Find x, if log; (logs (vx+5 +x)|=0

If log, x +1og, y = 6, then find the least value of
Xty

log X — 3 log y’ (3 x)log 3 :(4y)10g 4

Solve for x and y: 4
If x'® = y21 =By , then prove that,
3,31log, x,3log, y, 7log, z are in A.P.

1 1
+

If > x, then find the value of x.

log;m  log, 7

If log;(x—1) <logyy(x—1), then find x.

46 If log, log; (\/Zx -2+ 3) = 0, then find the value of x.

47

48

. Find the least value of 2.1og,, x - log, (0,01) forx>1.

Find x, if 4'°%3 4 gloz24 —loe.83
. b

49. Findx, if 3410gy (x+1) _ 52log; x | 3
50 If a= 10g24 12 . b = 10g36 24 and c= 10g48 36

then prove that (abl: * lj =2.
c

: 1
51. If log;, (sm(x + %)] = E(IOglo 6— 1) , then find

the value of log;, sinx +log;, cosx .

52. If a, b, c are in G.P., then prove that

1 1

R R are in H.P.
I+loga 1+logh 1+logce

53. Find x, if 5"°%0% =50 — x1°8103
54. Find x, if logs[2+log(3+x)]=0.

Q. Find the number of real solutions of
55. log, (x—1)=log, (x—3)

56. log, (x—2)=log, (x—2)
57. logy(x—1)=logy(x—1).
58. log, x+log, (x+3)=1/4

59 log, (x2 + x) —log, (x+1)=2

60.

61.

62. log;o(x — 1)’ — 3 log,o(x — 3) = log,, 8
Q Solve for x:

63. logs(x’ =3x+3)>0

1+2log ., 5=logs (x+2)
log, x+log, (x+2)=2

64. log, (logs (x* = 7x+15))>0
65. log (logs (+* - 7x+17)) >0
log, (1og5 (tog, (x* ~ 6+ 40))) >0
log, (1og5 (tog, (x> ~9x+ 50))) >0
log, (’6‘ - i) >0

log 1 py > log 5%

66.

67.

68.

69.
70. logos (x* =5x+6)>-1

71. logg(x* —4x+3)<1

35-x2 1
72. lo e
g(1/4)( . ] >



Q Solve for x:
73. log (x —1) log2 25y (xz—l)

74. log(3x” +x—3)=3log(3x-2)
75. log (x +6) (Zx +5x)

76. log, (x —3x—5)=log3 (7—2x)
77. log(\/x—1)+%log(2x+15)=1

78. 10g(s,,q) (457 +4x+1)+logy, ) (657 +11x+4) =4

79. 51%0%= 50 — x/8107
80. 4108% _ g ologox | plog;27

Q (Solve the inequality, wherever base is not given, take
it as 10)

2
5
81. (logzx)4—(log1/2(%n —20log, x+148<0

82. (10g100x)2 + (1og10x)2 +logx <14
83. log;,, (x+1) > log, (2—x)
84. log,s (2x2 +5x+ 1) <0

85. log;,, x+log; x>1

6. logx[2x+5)<—1

—5x

87. logoiz(x+2jﬁl
x

88. log,y (x* ~16) < log;y (4x—11)

LEVEL II
(MIXED PROBLEMYS)
1. Ifa,b,carein G.P. then log,g;6 @,108516 £,1085016 €
are in
(a) G.P. (b) AP
(c) H.P. (d) A.GP.
1
2. If y=3"%7 thenxis
(a) » (b) y
(© »* @ ¥’
1 1 2
3. If + = ,then a, b, c are in
log,x log.x log,x
(a) AP (b) G.P.
(c) H.P. (d) A.GP.
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If x=1log,;5 and y=1log,, 25, then

(@) x>y (b) x=y

() x<y d 2=y

If log,, 2,log;, (2x + 1),log10 (2" + 3) are in A.P.
then

(a) x=0 b) x=1
() x=log,2 (d x= %log2 5
If log, (ab) = x , then log, (ab) is
(a) —— (b) ——
1-x 1+x
) — (d) None
x=2
. The value of 42°%3 is
(@ 9 (b) 2
(c) 4 (d 3

If log; 2 =x, then logyg (28) is

1 1
@ (x+3) ® (3]
© (3] @ —(Héj

9. If logy6 (log5 (\/2x -2+ 3)) =0, then x is
(a) 1/3 (b) 12
(© 3 (d 2
1
10. If + > X, then x is
log, ®# logsm

(@) 2 (b) 3
(c) 4 (d s

11. The value of 5'°%7 — 7925 jg
(a) 5 (b) 0
(©) 7 (d 2

12. If log;, 2= x, then log;, 5 is
(a) 1 (b) 1—-x
() x+1 (d) 2x

13. The number of real solutions of
log, x+log, (x+2)=2 is
(@ 1 (b) 2
(© 3 (d o

14. The number of real solutions of
1+log, (x—1)= log(,_yy4 is
(@ 1 (b) 2
(© 3 (d 0

15. The number of real solutions of x 5% (=2) _ 9 is
(a) 4 (®) 3

() 2 (d 1
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1 .
16. The value of ( + J lies between
logym log,m
@ (L2) (b) (2,3)
© (3.4) @ (0.1)
17. The number of real roots of xIn x—1=0 is
(a) 2 b) 1
(c) 3 (d) infinite
18. The number of real roots of 2—x—Inx=0 is
(a) 1 (b) 2
(© 0 (d) infinite
19. If 3" =10—1log, x, then x is
(a) 0 (b) 1
(c) 2 (d) 3
20 If [1—log, /s x|+ 2 =[3—log, /5 x|, then x is
(a) 2 (d) 5
(© 1 (d) 3
LEVEL III
(TOUGHER PROBLEMS FOR JEE ADVANCED )
1. Solve for x: x +log,, (1 + 2") =xlog,, 5+log,, 6
2 — —
2. Solve for x: log xz—xl =0
X +x-2
3. Solve for x: |4 +log,/; x| =2+ |2 +log,,, x|
4. Solve for x
4 4 2
log? (1+— +log, (1——) =2log? (——1
b x+4 x—1
5. Solve the system of equations:
8
log, x—log, y= 3
xy =16
6. Solve for x:
log(3x +12x+19) - log (3x + 4) + log;, 4
7. Solve for x:

log? (4—x)+10g(4—x).log(x+%)—210g2 (x+%) =0

8.

9.

Solve for x:
logs4 (10g8 (x2 + 7)) +logy (10g1/4 (x2 + 7)_1 ) =-2

Solve for x:

10. Solve for x:

%log5 (x+5)+logs (\/E) = %log5 (2x+1)
11. Solve for x:

%10g4 (x+2)" +3=1log, (4—x)’ +log, (6+x)’

12. Solve for x:
1+log, (x— 4)

2log, (ﬁ—\/ﬁ)

13. Solve for x:

(1+L)log3 =log 3427
2x 4

14. Solve for x:

=1

4log|0x+1 _ 6log10x _ 2.310g|0x2+2 =0

15. Solve for x:

log, (J} V- 1\)2 = log, (4\6 —3+4fx - 1\)

COMPREHENSIVE LINK PASSAGES

PASSAGE I
Let 4 be the sum of the roots of
1 4

5—4log, x ’ 1+log, x -
B be the product of m and n, where

2" =3and 3" =4

and C be the sum of the integral roots of

logs, (%) + (log3 x)z =1

Then
1 The value of 4 + B is
(a) 10 (b) 6
(c) 8 d 4
2. The value of B+ Cis
(a) 6 (b) 2
(c) 4 (d) 8
3. The value of (4+C +B) is
(a) 5 (b) 8
() 7 ) 4
PASSAGE II

A function f:R" — R is defined as f(x) = log,, x, x > 0,
a>0,a#1
Then D, = R*and R, =R
x=3
1. If f(x) = 10g(;j , then the domain of the

function f(x) is



@ (35) (® (=3
(©) (5:) (d) None
2. Let f(x) = (—x2 +3x— 2) . Then the domain of the
function f(x) is
(@ (-1.2) ® (1.2)
(©) (==1] d) [2.)
3. Let f(x)= Vx—2++/4—x . Then the range

of the function f(x) is

@ [V2,2]
© (2.4)

(b) [1,2]
(d) [2.4]

MATCHING LIST TYPE
(ONLY ONE OPTION IS CORRECT)

This section contains four questions, each having two
matching list. Choices for the correct combination of
elements from
List-I and List-II are given as options (A), (B), (C) and
(D), out of which ONE is correct.
1. Match the following lists

List I List IT
P) The value of | —2220— | ; 1) 2/7
(P) The value o 10g3\/% 18 (1)
(Q) The value of 2 2

( 210g,)6 6 J is
108,016 12 + 1085916 3

-2
(R) The value of {logl/4 (%) ] is 3) 1

S) The value of logs16—1logs4 | . 4 2
(S) The value o log, 128 s 4
codes:
P Q R S
@A 2 3 1 4
@ 4 2 1 3
< 4 3 2 1
D) 3 1 4 2
2. Match the following lists
List-I List-II
2log2+log3 |
(P) The vaue of m is (1) 3
1 ) 64
(Q) The value of s og ? 57 (2) o.
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(R) The value of
log?,, 5+ log,, 5.1og;, 20 +log?, 2 -1 (3) 1
is

(S) The value of a for which

log, 7
%84 Z =log, 36 holds good is

“4) -1

AW wwo
— = N bW

,.\
™
SN—

WA Ao

R
1
1
2
2

MATCH MATRIX

Column-I
(A) If arthe root of
3x°84 pglomr =64

then Vo +1 is
(B) The integral value of

Column-II
P) 2

Q 4

of x in log?, x—log, x—2=0 is
(C) The value of 4log, x is

where x=\/3+2\/§ +\/3—2\/§
(D) If a* +b* =1, then the value

of log,, (a’b* +a’h’) is

®) 3

) 1

INTEGER TYPE QUESTIONS

n—1 _ 99
1. If Y log, (r—lj = I log, (++1), then find
=0 r+1) o

the value of .
2. Solve for x: 7% % =98 — y'&7
3. Solve forx: 4% =32 x5
4. If ocand B are the roots of
3log, 4 +2log,, 4+3log;s, 4=0, then find

th 1 fll+l
€ valuec o N\« ﬂ

5. Solve for x:

x+logy, (ZX + 1) =log,, 6+ xlog,, 5
6. Solve for x:

log,_, (x3 —9x+ 8).logx_1 (x+1)=3

7. If cand B are the solutions of
then fi
_ (x 3 2)3, en find

the value of (@ ++3)

|.X' _ 2|10g2(x3)—310gx 4
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8. If aintegral solutions of 7. Solve for x:
6(log, 2—1log, x)+7=0, then find logy,,3 (637 +23x +21) =4~ logy,,.) (427 +12x+9)
the value of (2055— 1). [IIT-JEE- 1987]
9 _ . (3/4)(log, x)2 +log, x—=
. Let The number N =6log;,2+log;,31. 8. The equation x 4 = /2 has
If N lies between two successive integers, then find (a) at least one real solution
their sum. ' (b) exactly three real solutions
10. Find the value of the expession (c) exactly one irrational solutions
111
(0.1 6)log2_5(§+3—2+3—3+ ...... ) (d) complex roots [IIT-JEE-1989]
X X 7 .
Questions asked in PAST IIT-JEE EXAMS 9. If log; 2 logs (2 =5).log; (2 2) are in A.P
1. For a> 0, solve for x, the equation then find . , LIIT-JEE-1990]
10. The number log, 7 is
2log, a+log, a+3log, a=0  [HT-JEE-1978] (a) an integer (b) a rational number
2. The least value of the expression (c) an irrational no. (d) a prime number.
2log,, x —log, (0.01),x>1 is [LIT-JEE-1990]
11. The number of solutions of
(@) 10 (b) 2 e mumbar o sofions o
(c) —0.01 (d) None of these og, (x~1)=log, (x~3) is
[IIT-JEE - 1980] (@) 3 (b) 1
v , : . (c) 2 (d o
3. ¥y=10" is the reflection of y =log,, x in the line [IT-JEE-2001]
h (51011 B T
WHOSE cquation 18 [IT-JEE-1982] 12. Let (xo ) yo) be the solution of the following equations
4. For 0 < a < x, the minimum value of (2 x)m = (3y)1“3 , 3 =23 hen X, is
log, a+log, x is ...... [IT-JEE-1984]
@) ® 1
5. If logy 5 (x — 1) <logg o (x — 1), then x lies in 6 3
1
(@) (2.) ®) (12) © 3 @ 6
IIT-JEE-2011]
2,-1 [
© (-2-1) (d) None of these 13 The value of
[[IT-JEE-1985]
6. The soluti f th ti 1 1 1 1
e solution of the equation 6+ log, , \/*\/4_ \/_\/4_ - 4 T ‘0 o0
log, (logs (Vx+5 +x))=0 is ... W2\ 32\ 32\ 32
[IIT-JEE-1986] is... [IIT-JEE-2012]
ANSWERS
LEVELI 10. (1 _ x)
1. ()5 (i) -5 (i) 2/3 1
@iv) -1/2 v)y m+n (vi) 0 11, ——
3..(1) 0 (ii) 0 (iii) 2 (2ab-1)
4. (i) 25 (i) 25 (i) 12 13. 12
5. (1) 2 (i) 3 15. log2
8. (i) 32 (i) 2 (i) 24  (iv) 21 21, x=3
9 b 25. 216
|72 27. 64
28. 25/4




29.

30.
31.

32.
33.
34.

40
41.
44.
45.
46.
47.
48.
49.
51.

53
54.
55.
56.
57.
58.
59.
60.
61.
62.
63.

64.
65.
66.
67.
68.

69.
70.

71.

72.
73.

74.

75.
76.
77.
78.
79.
80.

81. x

1
(a“ +B +y 45

xX=y
226

Il
NS

o

N
W 8§ N
~—

I
_—
o

|
—

x =100

— =
Il
—

o o~ o~ o~ = = = = N =

(4,6)

0<x<l1
(1,4)

|
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1
82. xe|—,10
LIO }

83. _1<x<1_2\/g or 1+2\/§<x<2

84. x&(—e0,—2.5)U(0,00)
1

85. 0<x <3183 (where base is 2)
86. 12<x<1

5
87. oo, =2 U (0,00
xe( , 2})(, )

88. xe(4,5]
LEVEL II
1. (b) 2. (o) 3. (@
5. (b) 6. (a) 7. (¢)
9. (c) 10. (a) 11. (b)
13. (a) 14. (b) 15. (d)
17. (b) 18. (a) 19. (c)
LEVEL III
1. 1
2. {_JE?E,JE}
2°2°\2
3. (0,49]
4. {\/Eor\/g}
5. 53
6. {-17}
. {O,Z,M}
4 2
8. x=3o0r-3

9. xe(0.1)U(1983%,e0)

10. (2,00)
5
COMPREHENSIVE LINK PASSAGES

Passage-I: I.(c) 2.(a) 3.(b)
Passage-II: 1.(a) 2.(b) 3.(a)

MATCHING LIST

1. (C)
2. (D)

4. (¢)
8. (a)
12. (b)
16. (b)
20. (b)

3. (A) = Q) (B) = (P); (C) = (Q): (D) = (R)
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INTEGER TYPE QUESTIONS

[am—

AQWOR —mU0R K W
Il Il
w NN

SOOI R WD

—_—

HINTS AND SOLUTIONS

LEVELIII

1. Given equation is

x+log, (1+2") =xlog;, 5+log;, 6

= x(l—log10 5)+log10(1+62 J:O

1+2°
= x(log10 2)+log10( 5 ij

1+2*
= logy [ +6 ] = _x(10g10 2)

1+2* x
= log [TJ =log;(2

1 X
( +2 j=2‘x=i
6 2%

(2")2+2"—6=0

U

a+a-6=0 ,a=2"
(a+3)(a-2)=0
a=2,-3

2¥=2,-3

2% =2

x=1

L

Hence, the solution is x = 1.

2. Given equation is

=

=

‘xz—x—l‘z‘x2 +x—2‘

(¢ —x—1)=# (x* +x-2)

Taking +ve sign, we get,

=

=

=

(xz—x—1)=(x2+x—2)
2x=1
x=1/2

Taking —ve sign, we get,

=

=

(¥ —x-1)=—(x* +x-2)

2x* =3

xzi\/E
2

Hence, the solutions are

L

3. Given equation is

|4 +log; 4 x| =2+ |2 +log, 4 x|

=

LU U

=

=

|4 +log, 4 x| =2+ |2 +log, x|
2(2+logy x) =0
(2 +log,/, x) 20

log,,, x=-2

)

x<49

Hence, the value of x is (0, 49]

4. Given equation is

log® (1+ﬂ)+log2 (l—i)zﬂogz (i—lj
by x+4 x—1
4




(=) (G5)

=
= X —x=3x+12—x*—4x
= 2x* =12

= =6

= x=i\/g

Hence, the solution is {_\6 , \6 }

8
. We have log, x—log y=—

3
logx logy 8
= — =z
logy logx 3
8
= (logx)" —(logy)’ = glogxlogy

- 3(logx)2 ——8logxlog y—3(log y)2 =0
= 34> —8ab—-3b* =0

where a =logx,b=1logy

3a> —9ab+ab-3b>=0

=
= 3a(a—3b)+b(a—3b)=0

=  (a-3b)(3a+b)=0

- (a—3b)=0,(3a+b)=0

= a=3b,b=-3a

= logx =3logy ,logy=-3logx
- log(%Jzo,log(yf):O

N (13]:1,(yx3)=1

Y

Now, Xxy=
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Hence, the solutions set are
1
—,641,(8,2
(464).s2)

6. Given equation is

3¢ 4124419 I
log| X 12X+ 0 g 4=14 ~log, (3256
g( 3x+4 ] 82 4 2 (¥256)

3 +12x+19) 2 1
log| X F12x*+190 2y Lyoe (4256
I U 5 =13 loe: (Y256)

3 +12x+19) 3 1
log| ———=—  —~ |==4+—] 28/
I G Y s*als()

3x +12x+19) 3 2
log| ===~ 2 =4 Z1og, (2
= o T 575 e (2)

" 3x* +12x+19 .
= g 3x+4

2412x+1
(3x+ X+ 9]:10

U

3x+4
= 3x% +12x+19=30x + 40
= 3x* —18x—-21=0
=  (x-7)(3x+3)=0
N x=-17
Hence, the solution set is {—1,7}

7. Given equation is

log (4—x)+log(4—x).log[x+%)—2log2 (x+%) =0
= a® +ab-2b* =0, where
= a=10g(4—x),b=log(x+%)

= (a—b)(a+2b)=0
= a=b,—2b

when a=5b

= 10g(4—x)=log(x+—)

X =—=—
= xy 16
1
= x=-—
4
1 1
when x=—,then y=— =64
4 X
Also, %zl
= y4=xy=16
= y=2

when y=2,thenx =38

when a =-2b
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= 10g(4—x)=—210g(x+%j

- (4—x)=(x+%)2

(H;)Z
= (4—x)(x+%)2 =1
(4—x)(x2 +x+i)=1

= (4—x)=

=
N (4-x)(4x* +4x+1)=4
= 16x” +16x+4—4x" —4x* —x=4
= 12x° +15x—4x* =0
- x4’ -12x-15)=0
N x=0,4x" —12x-15=0
12 /144 + 240
= x=0,x=—"—"-—""——
8
12++/384
= x=0,x=—-"-7-—
8
124424
= x=0,x=—-—"7-—"—
8
3+24
= x=0,x=
2
3++/24
= x=0,x=
2
Hence, the solutions are {0,%,%}

8. log,, log, (x* +7)+log,, log,, (x* + 7)_1 =2

-1

= log,, log,, (x2 + 7)+log2,1 log . (x2 + 7) -

= log,, G(Mgz (x*+ 7))) ~log, (%(logz (x2+ 7))) =-2

SIS ———

Yy b4
= log,, (5) —log, (5) =-2

= y =4, by trial.

-2

10.

11.

=log, (x2 +7)=4
(¥ +7)=2"=16
=x*=9
=x=1%3

Hence, the solutions are {—3,3}

. Given equation is

log,, (xz —x—6)—x=log]0(x+2)—4

X —-x—6
= log,, (7] =(x—4)

x=3)(x+2
= log,, (%j = (x - 4)
- log,, ((x—3))=(x—4)
= (x=3)=10""
Clearly x = 4 is the required solution by trial.

Given equation is

%logs (x+5)+log, (Vx=3)= %logs (2x+1)

U

%log5 (x—i-S)—i—%log5 (x=3)= %log5 (2x+1)
log, (x+5)+log, (x—3)=log, (2x +1)

log, {(x+5)(x—3)} =log, (2x +1)
(x+5)(x=3)=(2x+1)

X +2x—15=2x+1)

x’ =16

x=74

L 2

x =4 is the required solution

Given equation is

%log4 (x+2)" +3=log, (4—x) +log, (6+x)’
3log, (x+2)+3=3log, (4—x)+3log, (6 +x)
log, (x+2)+1=1log, (4—x)+log, (6+x)

log, {4(x+2)} =log, (4—x)(6+x)
4(x+2)=(4-x)(6+x)

4x+8=24-2x—x’

L

X +6x—16=0
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+8)(x=2)=0 11
= (x )(x ) Hence, the solutions are {E’Z}
= X=2,—8
14. Given equation is
Hence, the solution is x = 2. i
. . 4log,(, x+l 6logmx _ 2.3logm x“+2 — 0
. The given equation is
1+10g2 (x—4) —1 = 4'410glox _610g“,x _2‘32.31(’%10)62 -0
210g2( [x+3— /x—3) = 4.4 -6"-18.3 =0 ,a=log, x
= 44" —6"-18.3" =0
_  l+log,(x—4)=2log, (Vx+3—x-3) , ,
X = 4(20) —243"-18(3°) =0
. log2{2(96—4)}=10g2 (\/x+3—\/x—3) - 4b — b — 18 =0,b=(2a),c=3“
o 2(x-4)=(Vxr3-Va-3) = 4B —be—18¢* =0
N 2(x—4)=x+3+x—3—2 2-9 = 4b* —9bc +8bc —18¢* =0
N Ny = b(4b—9¢c)+2c(4b—9c)=0
- T o_ 4 —  (46-9¢c)(b+2c)=0
= xX-9=16 =  (4p-9¢)=0,(b+2c)=0
= x* =25 = 4b=9c,b=-2c
= x=%5 = 4.2¢ :9'30’2(1 =-2.3"
= x=3 = 42'=93
Hence, the solutionis x =5 N Qat2 _ 3a+2
. Given equation is 7)) 7\
- ()
( 1 ) Y3 +27 3 3
1+— |log3=1log
2x 4 = a+2=0
(1+L] 3+27 = a=-2
2x) __
= log3 = 1og[—4 R log,, x =2
(+5) _(B+27 S x=107=b
= ¥ U= 100
(HLJ 1 Hence, the solution is x =107 L
N 43" ) =3x 427 100
L1 15. Given equation is
= 4337 =3"+27 .
N tog, (v +[vx —1]) =log, (443 -3+ 4[Vx 1)
— 12.a=d*+27,a=3" ;
o 12.a=d+27 = (VxrNa 1) =(4v3 -3+ 4[x -1
N a’®—12a+27=0 = (\/;+2\/)_c‘\/;—1‘+x—2\/;+1)
a-3)a=9)=0
- (e=3)=) = (43 -3+ 4fx -1
= a=39
+ = (Ve -1)+ v (Vr - 1) = 4(Vr-1)
= 32r =3,3
11 +4[Vx -1
= xX=—,—
2°4
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o 2V (Vr— 1)+ 21| =4 (Ve 1)+ [Vr -1
2ot
o (2Vr-4)(Vr- 1)+ x-1))=

S (=)= 0 () Nr-]) =0

S Va=z (i) V-t =o

Jr=2,(Vx-1)<0

=
= x=4,x<l
= x=4,0<x<1
— xe(0,1)u{4}

Hence, the solution set is (0,1)U {4}

INTEGER TYPE QUESTIONS

L.

We have ilogz( ) Hlog, (r+1)

r=0 r=10

2 3 4 n+1
log,| = |+log,| = |+1log,| = |+...+]og,| —
1 2 3 n

= log,, (11).log,, (12)log,, (13)....log,, (100)
= log,, (100)

Thus,

= n+l=4

= n=3.

. . . 1 X log,
. Given equation is 72" =98 — x"%’

log2 98 xlogz

-
= 2x%7 =98
=  x™®7=49
=  7er=7
= log, x=2
= x=2"=4

Hence, the solution is x = 4.

. Given equation is

408 =30 —4lur
2.4 =32
4our =16=4
log, x=2

L4

x=3"=9

Hence, the solution is x =3

. Given equation is

3log 4+2log, 4+3log, 4=0

3 N 2 N 3 B
= log,x log,(4x) log,(16x)
3 2 3
= + + =0
log,x 1+log,x 2+log,x
3 2 3
= —+— =0,a=log, x
a l+a 2+a
3 3 2
= 4+ =—
a 2+a 1+a
6+3a+3a__ 2
= a(2+a) l+a
6(1+a)_ 2
= a(2+a)_ 1+a
—  6(1+a) +2a(a+2)=0
= 6a’ +12a+6+2a° +4a=0
= 8a* +16a+6=0
= 4a* +8a+3=0
= 4a* +6a+2a+3=0
= 2a(2a+3)+1(2a+3)=0
—  (2a+3)(2a+1)=0
I I |
22
3 1
= log, x=——,——
g4 )
= X = 4—3/2 4»1/2

1 1
a:—’ = —
= s P>

{1 1
H the value of —| —+—
ence, the value o 2(0{ ﬁj

(8+2)=5

l\.)l»—‘



5. Given equation is

x+log,, (2)C + 1) =log,, 6 + xlog,, 5

= x+log,, (2‘r +1)=logm (6.5)‘)

65x
- log,,| =—— 1 =x

6.5
=10"
= [2*+1]

10°(2" +1)=6.5"

N
= 2 (27+1)=6

= (27)+(27)-6=0
-  d+a-6=0,a=(2")
= (a+3)(a-2)=0

—~  a=2-3

-  2'=2-3

=  2'=2

= x=1

Hence, the solution is x = 1
6. We have

log(w) (xz +x- 6)2 =4
(x2 +x—6)2 =(x+1)4
xt+2x° —11x° —12x+36
= x'+4x° +6x° +4x+1
2x° +17x> +16x-35=0
2x° = 2x> +19x” =19x+35x-35=0
(x=1)(2x* +19x+35)=0
(x—1)=0
x=1
7. Given equation is

|)C ) logz(x3)—3logx4 _ (X _ 2)3

N log, (x3)—310gx4=3

= 3log, x - =3
log, x
log, x — =1
= g, 10g2x
2
= a——=1,a=log,x

a

Logarithm

= a-a-2=0
= (a—2)(a+1)=0
= a=2,—1
= log, x=2,-1
= x=4,l

2

Hence, the value of (@ +28+3) is 8.

. Given equation is

6(log, 2—log, x)+7=0

= 6(log 2- j+7=0
log, 4

6| lo +7=0
= [ 210& j

(a )+7 0,a=log 2

U
N

6(2a> =1)+14a=0

=
-  3(2¢°-1)+7a=0
= 6a’+7a-3=0
= 6a’ +9a—2a-3=0
= 3a(2a+3)—(2a+3)=0
=  (3a-1)(2a+3)=0
1 3
= a=—,——
372
1 3
log 2=—,-—
= 08, 2=,
L
= log,x 3 2
= 10g2x=3,—%
= x=227"

Thus, the integral solution of x is 8.
Therefore, =8

Hence, the value of (%)

(53

. We have N =6log,,2+log,,31

= log,,2° +log,, 31

227



228

10.

11.

Comprehensive Trigonometry with Challenging Problems & Solutions for Jee Main and Advanced

= log,, (64 x31)
= log,, (1984)
<log,,(1000) =3

Also, N =log,, (1984) > log,, (10000)
Thus, the sum of successive integers
=3+4=7.

Lot §=totpty =103

33 TI=(1/3)

N | =

We have

(0.16)"* )

We have ab
= log,, 18 xlog,, 54
_ logl8 « log54
logl2 log24
10g(2.32) 10g(2.33)
= X
log(3.2°) log(3.2°)
log2+2log3 ><10g2+310g3
10g(3)+210g2 log3+3log2
~ 1+2log,3
log, (3)+2
_ 1+2x><1+3x
x+2  x+3°

><1+310g23
log,3+3

x=log,3

_ 1+5x+ 6x
¥ +5x+6

Also, (a—b)

= log,, 18 —log,, 54
10g(2.32) 10g(2.33)
log(3.2°) log(3.2°)

4.

_ log2+2log3
log(3)+2log2

_log2+3log3
log3+3log2

1+ 2log, 3
log, (3)+2

1+2x 1+4+3x
= -——.,x=log,3
x+2 x+3

(i-+)

T (2+x)(3+x)

_1+3log,3
log,3+3

Hence, the value of 5(a—b)+ab
_5(1=2) +(1+5x+6x2)
(2+x)(3+x) (2+x)(3+x)
5(1—x7)+(1+5x+6x7)
(2+x)(3+x)

(2+x)(3+x)

(x + 2) (x + 3)

(2 +x)(3+x)

=1.

QUESTIONS ASKED IN PAST IIT-JEE EXAMS
1. The given equation is

2log,a+log, a+3log, a=0

210ga+ loga 3loga

+ =0
= logx log(ax) log (azx)
2 1 3
= + + =
logx loga+logx 2loga+logx
2 1 3
= +

y m+ 2b+y
where loga =b,logx=y
= 6y” +11by +4b> =0
= 6y +3by +8by+4b> =0
= (2y+b)(3y+4b)=0

loga

when yz—g , then logx=—

1
N logx* =—loga = log(—)
a
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when y = —?b , then logx = _ 1084

= 310gx=410g(l)
a

4
= logx’ = log(l)
a

—4/3
= xXxX=a .

. We have 2log,, x—log, (0.01),x>1

= 2log,, x —log, (10)_2

— 2(log,, x +log, (10))

222=4

Thus, the least value is 4.

. The curve y =107 is the reflection of y =log, x
with respect to the line y = x.

. We have log_a+log, x

= [logxa+ ! jZZ
) log a

Thus, the minimum value of the given expression
is 2.

. We have log,; (x—1) <log, (x~1)

_ logy (x-1)< log(m)2 (x=1)
1
= logy (x-1)< Elog(0_3) (x-1)

2 log(m) (x - 1) < log(os) (x - 1)

U

logy. (x— 1)’ < log . (x—1)
(x=1)">(x-1)

(x=1) =(x=1)>0
(x=1)(x=1-1)>0
(x=1)(x=2)>0

x<l,x>2

L

x>2 [x <1 does not satisfy the given
in-equation]

= log,, ., (6 +23x+21)=4—log,

Logarithm 229

Thus, x € (2,00) .

The given equation is

log, (log, (Vx+5+x))=0

(tog, (Va+5 +x))=7" =1
(\/m+x/;)=5' =5
Jx+5=5-+/x
X+5=25-10Jx +x

10/x =20
Jx=2

x=4.

Hence, the solution is x = 4

U

L L

7. The given equation is

)(4x2 +12x+9)

3x+7

— log,,.y (2x+3)(3x+7)=4—log( )(2x+3)2

3x+7
= I+log,, (Bx+7)=4-2 log;,.) (2x+3)
2

1 x+7)=3——mF——
= Og(2x+3)( x+7) gy (3x+7)

2
= y=3-=,wherey=log, (3x+7)
y

= »' -3y+2=0
= (r-1)(y-2)=0
- y=12
when y = 1, then log(2X+3)(3x+7)=l
= (3x+7)=(2x+3)
= x=-+4
when y = 2, then 1og(2x+3)(3x+7)=2
(3x+7)=(2x+3)’
(Bx+7)=4x" +12x+9
4x° +9x+2=0
4" +8x+x+2=0
4x(x+2)+1(x+2)=0
(x+2)(4x+1)=0

1

x=-2,——
4

L A

U
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3 1 =x=3,2
As x>——,s0 x=—— . . . .
2 4 =x = 3, since x = 2 does not satisfy the logarithmic
expression.

Hence, the solution is I
X u xX=—— .
4 Hence, the solution is x =3

8. We have 10. Ans. (¢)
(3/4)(log, x)z +log, x—é
t=\2 Let log, 7= £ , where
2 5 q
=z = P

:>((3/4)(10g2x) +log, x 4)logx log(f) g€ N and H.CF (p.q)=1

5 1 P
:>((3/4)b2+b—1)b=5,bzlog2x 0l =7
=3b’+4b° -5h-2=0 =27 =71
=3b —3b*+7b* = Th+2b-2=0 This is not possible for any p,q € N and 7 and 2 are

prime.

=36 (b-1)+7b(b-1)+2(b—1)=0
Thus, log, 7 is an irrational number.

(19—1)(31;2 +7b+2)= L. Ags. (b)

)(3b2+6b+b+2) The given equation is 10g4(x—1)=10g2(x—3)
= (b-1)(3b(b+2)+1(h+2))=0 1
=1 -1)=1 -3
= (b-1)(b+2)(3b+1)=0 3o (=) =loea(x~3)
2
:>b=1,—2,—§ = log, (x—1)=log, (x-3)
1 =(x=3) =(x-1)

:>10g2x:1,—2,—§ =x’—6x+9=x-1

= x> —7x+10=0
= (x=2)(x-5)=0

1
—x=2,22,2"

Thus, the equation has exactly three real solutions of
which exactly one is irrational. =x=2,5
=x =5, since x = 2 does not satisfy the equation.

. X X 7
9. Given log, 2, log, (2 -5 ),10g3 (2 - 5) €4p. Thus, the number of solution is one.

; 12. Ans. (c)
— 2log, (2*‘ - 5) =log, 2+ log, (2* - Ej The given equations are
. g o = ) 3 =0
= log, (2 —5) =log, 2.(2 _Ej Now, 3In¥ =l
. 7 1 3lnx =1 2lny
(2" - 5) 123 — log og
= log xlog(3) =log ylog(2)
:>(2) —10.2° +25=22" -7 logx _ log(y) )
= (27) -1227432=0 = log2  log(3) g
—(a) —12.a+32=0 Also, (2x)" = (3y)"™
= (a=8)(a=4)=0 —log(20)"?) = tog( (31"

=a=8,4

=2"=8,4=23 22

=log2log (2x) =log3log (3y)

= log2(log2 +logx)=log3(log3+log y)
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= log2(log2 + Alog2)=1log3(log3+ Alog3)
= (log 2)2 (1+4)= (10g3)2 (1+4)

_, (1+2)((1og2)" - (1og3)° ) =0
_(1+2)=0, ( (log 2)2 —(log 3)2 # 0)

=>A=-1
Thus, logx =-log2, logy =—log3

:logx—log( ) 1ogy—10g[;)

= X = ’y:

W | =

1
2
1
Hence, x, =—
2

Let

J 3H4 EE

322 +x—1242=0

Logarithm 231

322 +9x—8x—124/2=0
- 3x(V2x+3)-4y2(V2x+3) =0
o (V2x+3)(3x-442)=

3 40
TR
42
-2

Thus, 6 + logs),

6“%( lf J
)

= 6+10g3/2(

- vl [j
T (J

=6-



INVERSE FUNCTION
10

A f B

6
7
8
9
10

Let f: X — Y be a bijective function.

If we can make another function g from Y to X, then we
shall say that g is the inverse of /.

ie.g=/" ¢%
Thus, /7' (f(x))=x.
Note:

(i) The inverse of a function exists only when the
function £'is bijective.
(i) Ifthe inverse of a function exists, then it is called
an invertible function.
(iii) The inverse of a bijective function is unique.
(iv) Geometrically, /' (x) is the image of f(x) with
respect to the line y = x.
(v) Another way also we can say that [ B (x) is
symmetrical with respect to the line y = x.

Y

A
% (f—ux)
X< > X

Y

Y’

>

(vi) A function f{(x) is said to be involution if for all
x for which f(x) and f{f(x)) are defined such that

Sf(x)=x.
-l
(vii) Tf fis an invertible function, then (/') =1
(viii) If f: 4 — B beone one function, then f “lof =1 4
and fof ™' =1I,,where I, and I are the iden-
tity functions of the sets 4 and B, respectively.
(ix) Let f:4A—> B, g:B—C be two invertible
functions, then (g 0 f)_1 = (f_1 0 g_l) is also
invertible with £~ (x).

RULE TO FIND OUT THE INVERSE
OF A FUNCTION

(i) First, we check the given function is bijective or not.
(i1) If the function is bijective, then inverse exists, other-
wise not.
(i) Find x in terms of y.
(iv) And then replace y by x, then we get inverse of f.
ie. f:R—>R.



6.2 SOME SOLVED EXAMPLES

Ex-1.

Soln.

Ex-2.

Soln.

Ex-3.

Soln.

A function f:R — R is defined as

f(x)=3x+5. Find 7 (x).

Given f(x) =3x+5

= ['(x)=3>0

= fis strictly increasing function.
= f'is one one function

Also, R ;=R = co-domain

= f'is onto function.

Thus, fis a bijective function.

-1 - .
Hence, ™ is exists.

Lety=3x+5
I k]

- -5
Thus, f 1(x)=x3 .

A function f:(0,00) = (2, o) is defined
as f(x)=x"+2.Then find £ (x).
Given f(x)=x"+2

= f'(x)=2x>0 for every x> 0

= fis strictly increasing function.

= fis one one function.

Also, R = (2,“) = co-domain

= f'is ont function.

Thus, f'is a bijective function.

Therefore, the inverse of the given function exists.
Let y= x*+2

= x’= y—2

= x=4y-2

Hence, 7/ (x) =x-2.
A function f:R" —[0,1) is defined as

2
2x . Then find ™' (x)

x“+1

Ex-4.

Soln.

Inverse Trigonometric Function

1
= =1-
f(x) ¥ +1
S f()=—2E 50,V xeR*
(x2+1)

= fis strictly increasing function.

= fis one one function.
2

X
Also, let y =
2 +1

= yx’+y=x

= xz(y—l)z—y

—~
<
1=
—_
SN—
—~
—
|
=

= x=

= R;=(0,1) = co-domain

= f'is onto function.
Thus, f'is a bijective function.

= f(x) exists.

Hence, /' (x)=, /ﬁ .

A function f :[1, ) =1, ) is defined as
£(x)=2""Y Find £ (x).
Given f(x)= 2D

-
>

= f(x)=2"0Dx(2x-1)xlog,2 >0
for all x in [1, o)

= fis strictly increasing function.

= fis one one function.

Also, R, =1, o)

= R, = [1, oo) = co-domain

= fis onto function.
Thus, f'is a bijective function.
So its inverse exists.

Let y=2" (x-1)

233
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Ex-5.

Soln.

Ex-6.

Soln.

Ex-7.

Soln.

= y:2x2_x
= xz—leogz(y)
= x*—x-log,(y)=0

1EJ1+4 log, ()

2

1+ 1+4 log, (y)

2

1+ 1+4 log, (x)

Thus, (x)= 5
If a function fis bijective such that

10" =107
f )= 10° 4107’

Since f is a bijective function, so its inverse exists.
10" =107  10* -1

T10 4107 107 41

= 310" +y=10" -1

= 10*(y-1)=-y-1

o2 =y _y+l

= X

= X

then find /' (x).

Let v

= =
y=1 1=y
1
= 2x=10g10(&j
I-y
1 1+
= x=—10g10—y
2 I-y

_ 1 1+x
Thus, f : (x) =—log) (—)
2 1-x

A function f:R — R is defined as
f(x)=x+sinx . Find /" (x).

Given f(x)=x+sinx

= f'(x)=1+cosx20 forall x in R.

= fis strictly increasing function
= f'is one one function.

Also, the range of a function is R
= fis a onto function

Thus, f'is a bijective function.

Hence, /' exists.
Therefore, f~' (x)=x—sinx.

A function f:[2, o) =[5, o) is defined
as f (x) = x? —4x+9 . Find its inverse.

Given f(x)=x"—4x+9

Ex-8.

Soln.

> X

= f'(x)=2x-420 forallx in D,
= fis strictly increasing function.

= f'is one one function.

Also, R, = [5, oo) = co-domain

= fis onto function.

Therefore, fis a bijective function.
Hence, its inverse exists.

Let y=x2 —4x+5
= x2—4x+(5—y)=0

x|l aGy)

=
2
4+ J4y+16-20
= X= >
4+ J4(y-1
o a= i) PN (-1

= x=2+,/(y—1),since x=>2
=  fT(x)=2+(x-1)
Find all the real solutions to the equation

, 1 1
X' ——=,x+=
4 4

Consider the function
1
f: [0,00) - {_Z’wj , Where

1
2
X)=x"——
fla)=x" =7
Clearly, f'is one one and onto function.

So its inverse exists.

_ 1
Let its inverse is Jf ! 1{—2,“’) - [0> °°).

=/ WZH

Consequently, we can say that, the two sides of the
given equation are inverse to each other.

Thus, the intersection point is the solution of the
given equation.f(x) =x



= xz—le
4
B
= 2) 2
| 1
X——|=4—
= ( 2) p
11
o x=—t—
272

1

) 1
Hence, the solutions are {5

EXERCISE 1

1. A function fis defined as f (x)=3x+5
where f:R—> R, thenfind /™' (x).

2. A function fis defined as f(x)= il
X—

where f:R—{1}— R—{1}, then find /' (x).

3. A function fis defined as f(x) =— o
X

where f:R"U{0} = (0,1], find /7" (x).
4. A function fis bijective such that

2X =27 _
f(x)zm,thenﬁnd f 1(x).
5. A function f:[—l,l]%[—%,O)u(O,%} is

defined as f(x) = ZL-H , then find f—l (x)

X

6.3 INVERSE TRIGONOMETRIC
FUNCTIONS

As we know that sine function is defined only for every real
number and the range of sine function is [-1, 1]. Thus, the
graph of f(x)=sin(x) is as follows:

Graph of f(x)=sinx:

Inverse Trigonometric Function 235

From the graph, we can say that, it will be one one and onto
only when we considered it in some particlar intervals like

_mrm)(zm3m) (3% Sm
5 P\ and so on

If we consider the whole function, then it is not one one
as well as onto.

Also, when we think the inverse function, then domain
and range are interchanged.

So the graph of this function is as follows:

el

_3z

\ 2
=2

oz
2
-3z

Y 4 Y
x=1

x=-1 Y

As awhole, inverse of this function does not exist. Its inverse
exists only when, we restrict its range

. ir & T rn)\(rn 3w
So in thertvals | ——,— = [,| ——,—= |,| =>— |,
2 2 2°2 2°2

(3% SEJ
—,— | and so on.
22

In the conventional of mathematics, we consider it

Thus, sin inverse function is defined as
sin”! :[—1,1] — [—E,E}
22

Therefore, a function f:[-1,1]— {—%,%}

is defined as f (x)=sin"" x.

So the graph of f(x)=sin""x is
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Y
) A N
< >y =m2
X < > X
@)
< >y =-m2
\ Y
x==2 Y x=1

T
Thus, D, =[-1,1] and R, =[—5,ﬂ
Now, we shall discuss the graphs of other inverse
trigonometric functions and their characteristics.

6.4 GRAPHS OF INVERSE
TRIGONOMETRIC FUNCTIONS

1)CZ

(i) sin~
. T,
A function f:[-1,1] > [—E,E} is defined as

1

f(x)=sin"" x= arcsin x Graph of f (x) =sin " x.
Y
A A
< >y =m2
X = / - X
(0]
< > y=-m/2
Y Y 4
x=-1 Y x=1

CHARACTERISTICS OF ARC SINE FUNCTION

1. Dy=[-11]
2. Rf:[_ﬁ’ﬁ}
: 22

It is not a periodic function.
4. Ttis an odd function.

W

1

since, sin”' (—x)=—sin" x.

5. Tt is strictly increasing function
6. Itis one one function.

7. For O<x<%, sinx<x<sin'x.
(i1) cos ' x:
A function f:[-1L1]—[0, 7]

1

is defined as f(x)=cos™ x =arc cos x

Graph of f(x)=cos™' x:

CHARACTERISTICS OF ARC
COSINE FUNCTION:

1. D, =[-1,1]
. [0, 7]

2
3. Itis not a periodic function.
4. Tt is neither even nor odd function

since, cos™! (—x) =m—cos (x) .

oW

7. For 0<x<%,

It is strictly decreasing function.
It is one one function.

cos ' x<x<cos x

(i) tan~'x:

T T
A function f:R—>(__ _) .

272

defined as f(x)=tan"' x.

Graph of f

(x)= tan~' x:

Y
J

1S

Y

CHARACTERISTICS OF ARC
TANGENT FUNCTION

1. szR

T T
2. R, =|-=,=
f(zz)

W

It is not a periodic function.

4. It is an odd function.

since, tan™! (—x)=- tan! x.
5. Ttis strictly increasing function.
6. It is one one function.

y=nl2
X
y = -m2



7. For 0<x<%’ tan' x < x < tan x -
(iv) cot™' x:
A function f: R — (0, 7r) is
defined as f (x)=cot™'x.
Graph of f(x)= cot™' x

Y
)

Y
Y’

CHARACTERISTICS OF ARC
CO-TANGENT FUNCTION:
Dy =R

It is not a periodic function.
It is neither even nor odd function

L b o=

since, cot™' (=x)=7m —cot™" x.
It is strictly decreasing function.
6. It is one one function.

e

7. For 0<x<§,

cot x< x <cot ' x

v) cosec x:
A function

Ton
1(—oo0,—1 1,00 -——,— =140
Fiemm o) o -2, 2 |- qo)
is defined as £ (x)=cosec'x.
Graph of f(x)=cosec™'x .

Y
J

-
S

X7~

A)
O

S P

|

i

i

i

1

\

<

I

|

<8

N

Il ¢----
N <----

x
|
LN
~
N
>
-

CHARACTERISTICS OF ARC
CO-SECANT FUNCTION:

1. Dy =(—e0, =1]U[l, o)
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7 =[-ZZ]-{o}.

3. Itis an odd function, since

N

cosec”' (—x) = —cosec”' (x).

4. Tt is non periodic function.

5. It is one one function.

6. It is strictly decreasing function with respect to its
domain.

T _
7. For 0<x<5, cosec 'x < x < cosec x -

v) sec”! x: A function

i1l - 0.7 {2
is defined as f(x) =sec ' x.

Graph of f(x)=sec™' x.

Y
\ 1 \
< »y=n
X’ >y =m2
- 5 > X
4 i 4
v
CHARACTERISTICS OF

ARC SECANT FUNCTION:
1. Dy =(=e0, =1]U[L, e0).

2. R, = [o,n]—{g}.

3. Itis neither an even function nor an odd odd function,
since sec™ (—x) =7 —sec”' (x).
It is non periodic function.

It is one one function.
It is strictly decreasing function with respect to its domain.

N oank

For 0<x<£, sec ' x<x<secx,
2

6.4.1 Some Solved Examples
Ex-1. Find the domain of £ (x)=sin"" (3x+5).
Soln. We have —-1<3x+5<1

= —-6<3x<-4

4
= -2<x<——
3

4
P
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X

x+1

Ex-2. Find the domain of f(x)=sin"' (—)

Soln. We have, —1< SR
x+1

Case I: when L <1
x+1

- X _1<o0

x+1
-1
= —<0
x+1
1
= — 20
x+1
= x >-1
Case II: When L2—1
x+1
= L+120
x+1
2
- x+l20
x+1
= xe(—oo,—l)u[—l,oo)
2

1
Hence, D, =|——, o |.
! [2 )

Ex-3.
Soln. We have, _1gx2+lg1
2x
)c2+1<1
2x |
‘x2+1‘
= <1
[2x]
‘x2+1‘
= <1
2]
= x2+ls2|x|
= |¥*-2x+1<0
= (x-1) <o
= (x-1) =0
= (1) =0
= |y =
= x==%1

Hence, D, ={-1,1}

2

X+l
X

2

Ex-4.

Soln.

Ex-5.

Soln.

Ex-6.

Soln.

Ex-7.
Soln.

-1
Find the domain of f(x)= sin™! (%J

We have, —1S|x|2_1£1

= -2<|x-1<2

= —-1< |x| <3

= |x| <3 ( |x| 2—1isrejected)
= -3<x <3

Hence, D, = [—3, 3].

Find the domain of f(x)=sin"" (log, x)
We have, -1 < (log, x) <1

= 2'<x <2
= lS x <2
2
1
Hence, D, = [—, 2]
: 2

Find the domain of f (x)=sin™" (10g4 xz)
We have, —1 < log, x* <1

= 41 <y<4

= lgng4

4

1
= - <=2

2
= | <2 &|x|2%
= —2<x <2 and
x Zl&xS—l

2 2

= XE€ —2,—l U 1,2
2 2
1 1
Hence, Df = [—2, ——}u{—, 2}.
2 2

Solve for x and y: sin”' x +sin”! V=T

Given sin ' x+sin”' y =7

It is possible only when each term of the given
equation provides the maximum value.

1

Thus, sin™ x = 7 & sin™! y= z
2 2

= x=sin(£j=l&y=sin(z]=1
2 2

Hence, the solutions are x=1and y =1



Ex-8.

Soln.

Ex-9.

Soln.

Ex-10.
Soln.

Ex-11.
Soln.

. . - RY/4
If sin”' x+sin~! y +sin 1z=7,thenﬁndthe

value of

2013

x2013 +y +

9
L2013 _

x2014+y2014+

2014
z

1 RY/4

. .1 . -1 .
Given sin~ x+sin y+sm 227

It is possible only when each term will provide us
the maximum value.

- T, T
Thus, sin 1x=—,sm 1y=—
2 2

& sin_lzzz

2
= x=ly=1&z=1.
Hence, the value of

9
2013 , 2013 , _2013

XUy Ttz _x2014+y2014+22014
=1+1+1- 2

1+1+1
=3-3
=0.

Find the range of f(x) =2sin”"! (3x+5) +%
We have — % <sin™! (3x+ 5) <

2 2
=

-7 < 2sin”! (3x+5) <r

= —m+2< 2sin” Bx+5)+ S <m+ T
4 4 4

kY4 Sm

= ——< x) <—
4 f( ) 4

Hence, Rf =[—3—”,5—”}
’ 4 4

Solve the inequality: sin”! x> sin”' (3x-1)

We have, sin”! x >sin™! (3x - 1)

= x>(3x—1)

= 2x—1 <0

= x<-—

= xe[—l,lj
2

Find the domain of f(x)= cos™! (2x+4).
We have, -1<2x+4<1

-5<2x<3

3

—ESxS——
2

=

=
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Ex-12. Find the range of f(x)=2cos™ (3x+5) +%
Soln. We have, 0 < cos™' (3x+5) <«

= 0 < 2cos”' (3x+5) < 2rm

= T<ocos! (3x+5)+£ <o+ ”
4 4 4
Hence, Rf- = E, 9—”
: 4" 4
. -1 2 T
Ex-13. Find the range of f(x) =3cos (—x )— 7
Soln. We have, z < cos™! (—x2 ) <r
2
3
= Sk < 3cos™! (—xz) <3r
2
3
= —E—ES 3cos ™! (—xz)—ES 3717—£
2 2 2 2
= 1< f(x)< 57”
Hence, Rf- = |:7L', 5—”}
: 2
Ex-14. Solve forx: cos ' x+cos ' x2=0.
Soln. Given cos ' x+cos”' x2 =0
It is possible only when each term will provide us
the minimum value.
So, cos ' x=0& cos'x* =0
= x=1& x* =1
= x=1& x==%1
Hence, the solution is x = 1
Ex-15. Solve for x: [sin_1 x] + [cos_1 x] =0, wherexisa

non negative real number and [,] denotes the greatest
integer function.

Soln. Given [sinf1 x} + [cosf1 x] =0and x>0
= [sinfl x] =0& [cosfl x] =0
= xe0, sinl) &x e (cosl, 1]

= xe(cosl, sinl)

2
Ex-16. Find the domain of f(x)= cos”! ( 2x IJ
X+

2

Soln. We have, —1 < <1

x“+1
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- x <1 = f(x)zcot_l(l—(x—l)z)

w2+l . 5 4

‘ 2‘ since (1_(x_1))31&os cot x<rm

X
= ‘xz +1‘ <1 and cot™! x is strictly decreasing function

) so cot ' (1)< cot™ (1 —(x- 1)2) <cot™ (0)
= 2x <1 .
¥ o+l = Z<rwsn
= xX>+1>x? 4
= 1>0 Hence, R, =[%, ﬂ}
Hence, xe R
Ex-17. Solve for x: cos™! (x) > cos™! (xz) Ex-21. Solve for x: [cot_1 x} + [cos_1 x] =0,

where [,] = G.LF.

Soln. We have, cos™ (x)>cos™ (xz) Soln. We have, [cot_l x:|+|:COS_1 x] -0

= x< x’

-  x2 x>0 = [cot_lx]zo &[cos_lxl]zo

=  x(x-1)>0 = 0<cot”'x<1 &0<cos™' x<1

= xe[-1,0) = xe(cotl, «) & xe(cosl, 1]

= Xxe€ (cotl, 1]

Ex-18. Find the domain of f (x)=tan™" (\/9 -x° ) _ .
Ex-22. Find the number of solutions of

Soln. Since tan™' x is defined for all real values of x, so sin{x}=cos{x}, V xe[0, 27].
9-x*20

Soln. We have, sin{x}=cos{x}, V xe[0, 2]
= x’-9<0

= tan {x} =1
= (x+3)(x—3)£ 0
1 T
= -3<x<3 = {x}=tan (1)=Z
Hence, D, = [-3, 3] Hence, the number of solutions = 6.
Ex-19. Find the range of the function (since {x} is a periodic function with period 1, it

has one solution between 0 to 1. So, there are six

—2tan— (1- 2+ %
f(x) =2tan (1 X )+ 6 solutions between 0 and 6.28).

Soln. We have, _r <tan! (1 - xz) < r
2 4

EXERCISE 2

Q. Find the domains of
1. f(x)=sin"(2x-3)

= —7m<2tan’! (1—x2)s§

T
= _%Sf(x)ﬁ%t 2 flz)=sn (x—l)
st o 3. f(x)=cos' (3x+4)

Hence, Rf :[_?’T} ( .

Ex-20. Find the range of f(x)=cot™’ (2x - xz)

Soln. We have, f(x)=cot™ (Zx— xz) 5. f(x)=cos™ (

= f(x)=cot!(1-(x? —2v+1)) 6. f(x)=sin" [|X| - 2% +cos”! [1‘_|x|J




10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

f(x)=sin™ (log2 (x2 +3x+ 4))

f(x)=sin™! [logz [%]J

f(x)= sin”! (log2 x)

Q Find the range of

21.

22.

23.

24.

25.

26.
27.

28.

29.

30. .

f(x)=sin"(2x-3)

x) = cosec”! [1 +sin? x]
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6.5 CONSTANT PROPERTY
(i) sin™! (x) +cos™! (x) = %,Vx € [—1,1]

(i) tan™' (x) +cot™! (x) = %,Vx €ER

(i) cosec™ (x)+sec”! (x)= %,Vx eR-(-L1)

Proof: (i) Let sin™' (x) =0, —% <6<

(SR

= x= sinf

= cos(z—ejzx
2

Thus, sinx+cosIx = 9+§—9 = %

Similarly, we can easily prove (ii) & (iii).

6.5.1 Some solved examples
Ex-1. Find the range of
f(x)=sin"" x+cos™ x+tan" x |

Soln. We have, f(x)=sin"' x+cos'x+tan”' x

is defined only when -1<x<1
Now, f(1)=sin™"(1)+cos™ (1)+tan" (1)

T T 3z
= Z4+0+=="—
2 4 4
and f(=1)=sin"" (=1)+cos™ (~1)+tan"" (-1)
V4 T I =&
:__-|-n'_—: _——_— = —
2 4 4 4
Thus, R —[5 3”}
us, f 49 4

Ex-2. Solve forx: 4 sin™! (x— 2)+ cos”! (x -2)=x
Soln. We have, 4 sin”' (x—2)+cos™' (x—2)=x

= 3 sin_l(x—2)+ =7
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.. 5
Hence, the solution is x = 5

1 1
Ex-3. Solve for x: = X R =X 2
> 1+
sin”! (x2 —2x+1)+cos_l (x2 —x)zz. 2 2
2 2
Soln. As we know that, N ( 2x ) _[ 2
x+2 242

if sin™ (f (x)) +cos™! (g (x)) = % , then

1(x)=2( ~ o)

= (x2—2x+1)=(x2—x) _ x—O&( 1 )_( x )
= 2x-x=1 x+2 X +2
= x=1 = x=0&x=1

Hence, the solution is x = 1. Ex-6. Solve forx: sin™' x>cos™' x.

Ex-4. Find the number of real solutions of
-1 P | 2 T
tan x(x+1)+sin X +x+l=—.
Jeler ) sin! z
Soln. We have,

-1 1 .1 [ 2 125
tan”' \[x(x+1)+sin” Vx° +x+ 5

Soln. We have, sin"'x>cos™' x

=  2sin'x>sin'x+cos x

. T
= 2smlx>5

.1 T
= sin x>—
4

= cos! (;)+sin_1 Va2 +x+1 I
Vo +x+1 2 = x>sin(%)
. (;j/fl |
X +x+1 RN
= yix+l=1 (1 }
= x€|—1
= x’+x=0 \/5
= x(x+1)=0
= x=0 &-1.
o EXERCISE 3
Hence, the number of solutions is 2.
28 . Solve for x:
Ex-5. Ifsin|x—" X _ . Q S 1
2 4 1. (sin_ x) —3sin" x+2=0
4 6 . .
+ cos”! xz_x_+x__ ....... —, for sin”! x+sin 12)}:”
2 4 -1 1.2 _
cos  x+cos x° =2rm

0< |x| < \/E , then find x.
Soln. As we know that, if

sin™! (f (x)) +cos™! (g (x)) = % , then

cos 'x+cos'x2 =0
4sin”' (x—1)+cos” (x—1)=7

sin"'x>cos ' x

NS vk w D




10. 5tan”' x+3cot™ x =

11. 5tan”'x+4cot™

1

"x=2r

x—cot™! (x+1)==

sin”' cos'sin~! tan™! x] =0

12. cot”
13. [sin™ x]+[cos™ x]=0
14. [tan™ x]+[cot™ x]=0
15. [
6. |

17. (tan_1 x)2 + (cot_l x)

sin"' cos'sin”! tan™! x] =1

6.5 CONVERSION OF INVERSE
TRIGONOMETRIC FUNCTIONS

Case I: Whenx >0

Functions
. -]
1. sin" x
-1
2. cos x
-1
3. tan  x
-1
4. cot x
-1
5. cosec x
-1
6. sec x

Case II: Whenx <0

Functions
.
1. sin" x
-1
2. cosec x
-1
3. tan  x
-1
4. cos  «x
1
5. sec x

Principal values

i

0,
0,
0,

0,

N[N Y oY NN
| IS I I N P2 SE—|

:
|
(
(
(

0.2
L 2

Principal values
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. cot x R .

Here, we shall discuss, any inverse trigonometric
function can be expressed in terms of any other inverse
trigonometric functions.

Step I:

(i) sin™ —cosec (

(i1) cosec” x =sin" j |x|>1

L), veluil- {0
i1
(iii) cos™ (x)=sec” ( ) xe[-11]-{0}

1
X
(iv) sec_lxzcos_l( j |x|21

cot” ( ) x>0
X

(v) tan”! (x)=
—7+cot™! (lj x<0
X

Proof: Let tan' x=0

Case I: When x>0
Then tan (9) >0

= O<9<£
2
1
Now, cotf = —
tan@ x

= O=cot’! (lJ
X

Thus, tan~! x = cot™! (l) .
x

Case II: Whenx <0
Then tan8 <0

= —£<9<0
2
= O<—(9<z
2
T
= —717<—7'C—9<—7'C+5
= —7t<—77:—9<—£
2
Now, cot (—7r - 9) =cotf
1

and cotf = ! =—
tan0 x
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X

Thus, (-7 -6)= cot™ (l) .

1

= tan'x=-m+cot” (

(vi) cot™ (x)=

Proof: Case I: When x >0
Let cot”' (x)=6

— cotf=x
Here, cot6 >0 = O<6<§

1 1
Now, tan6 = =—
cotf x

= O=tan’! (lj
X

4, (1
= cot  x =tan —
X

Case II: Whenx <0
Then cotf <0

= £<9<7r
2

Now, tan (-7 +6)=tan6 = !
X

= (-n+0)= tan™! (lj

X

_ (1
= — T +cot 1x=‘[an 1(—)
X

5 (1
= cot x=m+tan —
X

Step 1I:
cos_l( l—xz) 0<x<1
@) sin”™! x =
—cosfl( 1—x2) —1<x<0
1 1
sec > : 0<x<1
1_
(i) sin'x= o
1
—sec{ ]:—13x<0
1-x

sin_l(\/l—x2) o 0<x<1
ﬂ—sin_l(\ll—xz):—ISx<O

1
cosec_l[ J o 0<x<1
1—x?

7T — cosec”! (

(i) cos™ x=

(iv) cos™'x=

1—x?

]:—1Sx<0

v) sin_lxztan_l[JLz]:—1<x<l
I-x

1_ 2
cot_l[ ad ] :0<x<1
X

.2
—7r+c0t_l[ I-x J:—ISx<0

(vi) sin” x=

6.5.1 Some Solved Examples

Ex-1. Find the value of cos (% cos” ! (%D .

Soln. Let lcos_1 (i) =0
2 5

= cos_1(§)=29
5
3
= cos(29)=§
= 200529—1=E
5
3 3
= 2cos 9:1+§:_
= cos29zi
5
2
= cosf=—

J5

Ex-2. Find the value of sin (% +sin”! (%D .
Soln. We have, sin 2 +sin”! (l)
4 2

sin (E + 0), 0 =sin"! (l)
4 2

sin(£+9), sin @ =l
4 2
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-1
= sin (z)cos (6)+ cos(z) sin(0) g, 2tan x+w
4 4 dtan ' x—71
= L (9) +—sin (9) 3. sin”' x<sin~! x?
2 2 4 -1 1.2
. COS x>cos ' x
1 31 1 _1
T =X—+—F=X= 5. log, tan™" x|>1
2 2 2 2 gz( )
2
31 6. (cot‘lx) —5cot ' x+6>0
2\2 7. sin”' x<cos' x
Ex-4. Ifmisarootof x* +3x+1=0, then find the value g sin~'x>sin! (1-x)
1
-1 -1
of tan (m)+ tan (;) : 9. sin~' 2x> cosec 'x
Soln. Let m, and m, be the roots of 10. tan™'3x<cot™ x
¥?+3x+1=0- 11. cos™'2x>sin'x

Thus, m; +m, =—=3 <0and m.m, =1. 2, o (sin 2
-2x<
It is possible only when both are negative. 2. x x<sin” (sin2)

Thus, tan™" (m)+ tan™' (i) 13. sin™! (g) <cos™' (x+1)
m
= tan™! (m) — 7 +cot™! (m) 14. tan™' 2x>2tan"' x
= tan”! (m) +cot”! (m) - 15. tan (cos_1 x) <sin (cot_1 (l)j
T 2
=——-r
2

n 6.6 COMPOSITION OF TRIGONOMETRIC
2 FUNCTIONS AND ITS INVERSE

2 |
Ex-5. Prove that cos (tan‘l (sin (cot‘l x))) _ X+l Let y=sin" x
X" +2 = x=siny
Soln. We have, cos (talfl (sin (cotfl x))) = x=sin (sin_1 x)
— -1 (e = sin (sin_1 x) =X
= cos (tan (sm 9)), cotf=x
1 Therefore, sin (sinfl x) provide us a real value which lies
= cos| tan™! > in[-1, 1]
V1+x Hence,
( 1 ] () sin(sin” x)=x, |x|<1
= cos@, tan@ =
V1+x7 (i) ¢ s(cos 1x)= Sl
2
= x2 +1 (ii1) tan (tan x) x, X€R

x“+2
(iv) cot (cot_ x) =X, XER

EXERCISE 4 (v) cosec (cosec_lx) =x, |x|=1

Q Solve for x: (vi) sec (sec_1 x) =X,

1. 6(sin_1 x)z —msin'x<0
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(i) Graph of y=sin (sin_1 x)

Y
A ¥ A
>y =1
X'~ 5 > X
> y = ,1
f Y
x=-1 Y’ x=1
l. D, = [-L1]
2. R, = [-11]
3. It is a non-periodic function.
(ii) Graph of y =cos (cos_1 x)
Y
A I A
y=1
X’ 5 X
< >y = -1
x=-1 y x=1
I. D, =[-11]
2. R = [-1,1]
3. Itis a non-periodic function.
(iii) Graph of y=tan(tan' x)
Y
A
y=x
X'~ 5 > X
4
v
I. D,=R
2. R, =R
3. It is a non-periodic function.
(iv) Graph of y=cot (cot‘1 x)
Y
A
y=x
X' 5 > X

1. D,=R
2. R, =R
3. Itis a non-periodic function.

(v) Graph of y=_cosec (cosec_lx)

A

X
A
[®)

A
L :-\-:»
\
<
I

¥
<
1
IN

(PR
[T i

x
|
N
x
N

v
1. Df = (—oo’ —I]U[L oo)
2. Ry =(—e0, =1]U[l, o)
3. Itis a non-periodic function.
(vi) Graph of y=sec (sec‘1 x)

A

X
A

A
i
i
S S S
i
1
1
i
!
1
i
1
L ; e
1
E
A\
<
]

o

Y
=1 Y’

<---—=-
[T e

x

1. Df = (—oo’ —I]U[L oo)
2. Ry =(-e,~1]U[ =)
3. Itis a non-periodic function.

6.6.1 Some Solved Examples

Ex-1. Let f(x)=sin"' x+cos'x,

then find the value of

(1) f( ! ),meR

m? +1

2

(i) f[mT+1J,meR
m
(-

(iii) £ —j meR
+1

m

@iv) f(m2—2m+6), meR



Soln.

Ex-2.

Soln.

Ex-3.

Soln.

v) f(m2+l), meR

. _ /4
As we know that, sin”! x+cos x==
xin[-1,1] 2

, for every

<1
m? +1

1
5 f(mz +1)

m2

(i) since 0<

r
2

(i) Since, 0< <1,

m-+1

m?
50 f(mz +1]

(iii) Since, —%g

V9

5

m
m? +1
T

m
so, f|l ——|==
f(mz +1) 2

(iv) Since m?> —2m+6=(m—1)" +5

<!
2

Thus, 5£(m—1)2+5<oo

Hence, f ((m - 1)2 + 5) is not defined.
(v) Also, 1<m? +1<eo

So, f(m2 + 1) is not defined.
If cos™' x+cos y= 2?7[ , then find the

value of sin™' x+sin”' .

. - _ 2r
Given, cos™' x +cos 1y =—
Now, sin™" x+sin™" y

T -1 T -1
= ——cos Xx+——cos y

2 2

- (cos_1 x+cos™! y)

2
3

3
If mistherootof x> +3x+1=0 , then find the value

of tan~! (m)+ tan~! (lj .

m

Let m; and m, are the two roots of the given equation.
Now, m; + m y=-3 and m;.m, =1
= m, and m, are tWo —ve 100ts.
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Now, tan™' (m)+tan™" (l)
m

tan~! (m) — 7 +cot™! (m)

—7 +tan”! (m) +cot™! (m)

b4
2
__T
2
Ex-4. Solve for x:
2
sin”!'| sin 2); 3 >sin”! (sin3)
x“+2
2
Soln. Let m= 2x" 45 =24+ 1
2 +2 2 +2

@

Thus, m € [2, é}
2
2 2
now, sin”! (sin( xz +5D >sin”' (sin3)

x“+2
2x% +5
x> +2

sin”! [sin (n’ —

=
< sin”! (sin(ﬂ—?)))
o 2x% +5 73
= ¥ +2
2x2 +5 -3
= ¥ +2
2x% +5
-31|<0
= 2 +2 ]
2
—-x"~ =5
<0
= x2+2]
2
x“+5
>0
= x2+2]
= X€R

MPOSITION
IGONO METR
D TRIGONOM

A function f:R —{—%,%} is

defined as f (x)=sin"" (sin x)
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Graph of f (x)=sin"" (sin x)

N

T T
R, =|-=,=
/ [22}

3. Itis an odd function.
4. It is a periodic function with period 27

5. sin™! (sin x) =

(i) cos™" (cosx):
A function f:R — [O, 71:] is defined
as f(x)=cos™ (cosx)

Graph of f(x)=cos ™ (cosx):
y

ANVANVANYAN
\VA

1. Df =R

It is neither odd nor even function.
It is periodic function with period 27 .

D

X 0<x<rm

- 2r—x :w<x<2rw
5. cos™ (cosx) = x=2r 2n<x<3m

—X —n<x<0

(i) tan”'(tanx):
A function f:R—(2n+ 1)% N (__,ZJ

is defined as f (x)=tan" (tanx)

Graph of f(x)=tan™" (tanx):
Y

W

X’

Bl

It is an odd function.
It is a periodic function with period 7

- T
X —<x<—
2 2
T 3rm
X—T E<x<7
tan~! (tan x) =
T 3n
X—2m . —<x<—
2
-3z -7
X+ —<x<7

(iv) cot”' (cotx):
A function f:R—(nm)— (0, ) is defined
as f(x)=cot™"(cot x)

Graph of f (x)=cot™ (cot x):

szR—nn, nel

It is neither even nor odd function.
It is a periodic function with period 7.



5. cot™! (cot x) =

T+

0<x<m

x—2m:

X

IM<x<2m
< x<3rm
—nt<x<0

(v) cosec” (cosec x): A function

er—("ﬂ)—{

T

—%, E} —{0} is defined

as f(x)=cosec” (cosecx)

Graph of f(x) = cosec™" (cosec x)
y

VAN
P X/

Y’

1. Df=R—n77:, nel

N

3. Itis an odd function

55

4. Ttis a periodic function with period 27

5. cosec”! (cosec x)

(vi) sec”! (sec x): A function

f:R—(2n+1)§—>[0, n]—{f} is

2

defined as f (x)=sec™ (sec x)

Graph of f (x)=sec™ (sec x)
NANVANYS
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L D =R-(2n+1)7.nel

2. R, =[o, n]—{%}

3. It is neither even nor odd function.
4. Tt is a periodic function with period 27

x :0<x<n~m
2n—x:w<x<2rw
2n<x<3rm
c—n<x<0

5. sec”! (sec x) = 5
x=2r
—Xx

6.8.1 Some Solved Examples

Ex-1. Find the value of

(i) sin”'(sin 3)

(i1)

(i) sin”' (sin7)

(iv)
)
(1)

—

Soln.
— sin”! (sin (717 - 3))
= (m-3)

sin”' (sin3)

= sin”! (sin (5- 27r))
= (5-2n)

(i)

sin”! (sin 7)
— sin”! (sin (7- 271'))
= (7-2m)
sin”' (sin10)
— sin”! (sin (3m - 10))
= (37 -10)
sin”! (sin 20)
— sin”' (sin (20 - 677))
= (20-67)
Ex-2. Find the value of
(1) cos™! (cos 2)

(iii)
(iv)

V)

(>ii) cos ! (cos 3

(@iv) cos ! (cos 7

(cos 3)
(iii) cos™' (cos 5)
(cos 7)
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W) cos! (cos 10)
Soln. (i) cos™ (cos2)=2
(ii) cos™' (cos3)=2
(iii) cos™' (cos5)
— cos! (cos (27r - 5))
= (27 -5)
(iv) cos™' (cos7)
— cos™! (cos (7-2m))
= (7-2n)
v) cos™! (cole)
— cos™' (cos(47 - 10))
= (47 -10)
Ex-3. Find the value of
(i) tan”'(tan3)
(i) tan”
(iii) tan

(
(
(iv) tan”' (tan10)
(v) tan”'(tan15)
(

Soln. (i) tan

(i) tan”'(tan5)
— tan”' (tan (5 - 27r))
= (5-2n)

(i) tan~'(tan7)
— tan”' (tan (7 - 27))
= (7-2m)

(iv) tan”' (tan10)
— tan” (tan (10— 3r))
= (10-3x)

(v) tan”'(tan15)
— tan™' (tan (15— 571'))
= (15-57).

Ex-4. Find the value of cos™’ (sin (—5)) )

Soln.

Ex-6.

Soln.

Ex-7.

Soln.

Ex-8.

Soln.

We have, cos™! (sin (—5))
= cos™! (—sin5)

= m—cos”! (sin5)

(ol

Find f'(x), where f(x)=sin""(sinx)
and 2r<x<rw.

We have, /(x)

= sin”! (sin x)
=X+2r-T—-x+x+mT—X

=2r

= f'(x)=0.

Find f'(x), where f(x)=cos™' (cosx)

and - <x<2rw.
We have f(x)

= cos™! (cos x)

= —x+x+2r—x
=2r—x

= f'(x)=—1

2
Solve for x: sin”! [sin[zx2 * SD <m-3

x“+1

2
We have, sin”!| sin sz 3 <r-3
x“+1
o 2x2 +5
N sin | sin| w— 3 >r—3
x“+1
2% +5
N T—| — <m-3
x“+1

3 2x* +5 <3
= ¥ +1
2x* +5 >3
= ¥ +1
2x% +5
N T2 3050
x“+1



2x* +5-3x -3
= =—=—=—"1>0
x°+1
= x> <2
= - 2<x<\/§

Ex-9. Find the integral values of x satisfying the inequality,

x> —3x<sin”! (sin2).

Soln. We have, x* —3x<sin™' (sin2)
- x2—3x<sin_l(sin(n’—2))
= x2—3x<(7r—2)
= x2—3x+(2—7r)<0
( 3+\/1+47r][ 3—\/1+4nJ
= X — X — <0
2 2
=

3—V1l+4rn <x<3+\/1+475
2 2

Ex-10. Find the value of

sin”" (sin 50)+cos™' (cos 50) +tan”! (tan50)
We have

= sin”" (sin50) +cos ™' (cos 50) + tan ™" (tan 50)

Soln.

— sin”! (sin (50 - 167r)) +cos! (cos (167r — 50))

+tan™! (tan (50 - 167‘1:))

= (50—167)+ (167 —50)+ (50 —167)
= (50-167)

EXERCISE 5

Q. Evaluate each of the following:

0 9 N n b
w2
=
=]

—_ o~~~
Z. .
=]
~J

9.
10.
11.
12.
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sin”! (sin20)
sin”! (sin 50)
sin”! (sin80)

sin”' (sin100)

Q. Evaluate each of the following:

13.

14.

15.

16.
17.
18.
19.
20.
21.
22.
23.
24,

(o]

cos™' (cos(3))
cos™' (cos(5))
cos™' (cos(7))
cos™" (cos(10))
cos' (cos(12))
cos™" (cos(15))
cos™" (cos(40))
cos™' (cos(60))
cos™' (cos(100))

Q. Find the value of

25.
26.

27.

28.

29.
30.
31.

32.
33.

sin”" (sin1)+sin™" (sin 2) +sin ™" (sin3)
sin”' (sin10) +sin ™" (sin 20)

+sin”! (sin 30) +sin”! (sin 40)

cos™! (cos 1) +cos™! (cos 2)

+cos™" (cos3)+cos ™! (cos4)

cos™' (cos10)+cos™" (cos 20)

+cos™ (cos 30)+ cos”™ (cos 40)

sin”! sinlO)%—cos_1 cole)

‘( (

sin”" (sin50) + cos™" (cos 50)
sin”' (sin100) + cos™" (cos100)
cos™! (sin (—5)) +sin”™’ (cos (—5))

Find the number of ordered pairs of (x, y) satisfying
the equations y = |sin x| and

y=cos™ (cosx), where xe[-27 ,27]
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34. Let f(x)=cos™' (cosx)—sin”' (sinx) in [0, z]. Find
the area bounded by f(x) and x-axis.
Q. Evaluate the following:

35. tan”! (tan(zTﬂ)j

36. tan”! (tan(zg—ﬂn
5

37. tan”! tan(lzmj
12

38. tan
39. tan

40. tan

42. tan”'(tan20)
43, tan”! tanSO)

-1

(
(
(
41. tan”'(tan10)
(
(
(

44, tan  (tan 1) +tan”! (tan 2)
+tan”! (tan3) + tan”' (tan 4)
45. tan”! (tan 20) +tan”! (tan 40)
+tan”" (tan 60) + tan ™" (tan 80)
46. sin”' (sin15)+cos™' (cos15)+tan”" (tan15)
47. sin”! (sin 50) +cos”! (cos 50) —tan”! (tan 50)

48 3x% +8x<2sin”! (sin4)— cos”! (cos4)

2
49. sin”!| sin 2x2 4 <mt-3
x“+1

6.9 SUM OF ANGLES

(i) sin'x+sin”y

o x2+y231

T—o x>0,y>0,x>+y* >1

o:xy<0, x>+ >1

—T—0:x<0,y>0,x*+y*>1

where o =sin™ (x\/l -y + y\/l —xz)

Proof: Let sin”'x=4 &sin”' y=B
= x=sind &y=sinB

and A,Be{—z, E}
22

= cosAd=v1-x%, cosB=41-*
Now, sin(4 + B)
(@) sin"'x+sin!y
a x2+y231

T—-o :x>0,y>0,x2+y2>1

Ot:xy<0,x2+y2>1

—-T—-0:x<0,y>0, x2+y2>1

where o =sin™! (x\/l -y* + y\/l -x? )

Proof: Let sin”' x=4 & sin”' y=B
= x=sin4d &y=sinB

T
d 4,Be|——,—
ma 45e|-2. 2]

= cosd=+1-x", cosB=\/1—y2
Now, sin(4+ B)

= sin Acos B+ cos A.sin B

= )c\/l—y2 +y\/1—x2

Case I: when —1<x,y<1&x* +)* <1

In this case, x? + y* <1

= 1—x22y2 &1—)/22)c2

= (l—xz)(l—yz)Zny2

= (l—xz)(l—yz)—xyZO

= cos(4+B)20

= A + B lies either in the the first or the fourth

quadrant.

T T
A+Be|——, —
= ( 2 2)

sin(A+B)=x\/l—y2 +y\/1—x2

= A+B=sin" (x\/l—y2 +y\/1—x2)

N sin”! x+sin”! y =sin”! {x\/l—y2 +y\/1—x2}

Case II: when x y <0 and x* + > >1
In this case, we have, xy <0
= (x>0andy<0)or(x<0andy>0)

= AE(O, E} and Be[—z,O)
2 2
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= —§3A+Bs§ - §3A+BSn,smce A+Be(0, 7)

Also, x* + % >1 N —717S—(A+B)S—§

= 1-x*>y? and 1- y? > x* -
0sm—(A+B)s—

= (l—xz)(l—y2)>x2y2 = 4 ( +5) 2

. W <o Now, sin (A + B)=xy/1—y* + W1 - 22

= sin(7t—(A+B))=x\/l—y2 +y\/1—x2

= —xy < (l—xz)(l—y2)<xy
N (n—(A+B)):sin_l(x\/1—y2+y\/1—x2)
(1—x2)(1—y2) —xy >0, ( xy < 0)
= _ - 2 2
= cos(A+B)>0 = A+B=rm-sin (x\/l—y +y\/1—x )
= A + B lies either in the first quadrant or in = sin'x+siny
the fourth quadrant.
T =7t—sin_1(x\/l—y2+y\/l—x2)
N A+Be|-——,—
2°2
. 1< 2, .2
= Sin(A+B)=x\/1—y2+y\/1_x2 Case IV: when —1<x,y<0 and x" +y~ >1
In this case, we have, -1<x, y<0
= A+B=sin_1(x\/l—y2+y\/l—x2) - -
. . = Ae[——,O) and Be[——,O)
= sin” x+sin” y 2 2
=sin™! x\/l—y2+y\/l—x2) = A+BE[_7T’ O)
Also, x>+ >1
Case III: when 0<x,y <1 and x> +y* <1 = 1-x*<y?and 1-)? <x
In this case we have 0 < x,y <1
y N (l—xz)(l—y2)<x2y2
T T
= AE|:0,—} and BEI:O,—} 2 2
2 2 = (l—x )(1—)’ )<xy (since, xy > 0)

= A+Be[0,n] = (1—x2)(1—y2)—xy<0

Also, x* +y* <1
= cos(4+B)<0

= 1-x’<y’and 1-)* <x’? = A+ B lies either in the first quadrant or in the
. 1-x2)(1=)?) < x%)? third quadrant.

( )( ) = —7TSA+BSz
= (l—xz)(l—y2)<xy 2

b1

= l-x*<y’and 1-y’ <’ = —ES—(A+B)SE
= (l—xz)(l—y2)<x2y2 = —%S—ﬂ'—(A+B)SO
= (l—xz)(l—y2)<xy = sin(A+B)=x\/l—y2+y\/1—x2
N (l—xz)(l—yz)—xy<0 = —sin{7r+(A+B)}=x\/l—y2 + 1= ¥
= cos(4+B)<0 = sin{—ﬂ:—(A+B)}=(x\/1—y2 +y\/1—x2)

= A+ Blies either in Il quadrant or in III quadrant.
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(i)

Proof:

(iii)

Proof:

= —ﬂ—(A+B)=sin_1(x\/1—y2 +y\/1—x2)

= A+B=—7r—sin_1(x\/1—y2 +y\/1—x2)
= sin_1x+sin_1y

= _m—sin’ (x\/l—y2 +y\/1—x2)

sin'x—sin”!y

a: x2+y2S1

T—-o :)c>0,y<0,x2 +y2>1

o :xy>0,x2+y2>1

-T—0o: x<0,y>0,x2 +y2>1

where o = sin™! (x\/l—y2 —y\/l—xz)

Do yourself.

-1 -1
cos” x+cos y

a x+y=20
2r—o :x+y<0

where o =cos™' (xy—\ll—xzyll—yz)

Let cos” x=4 and cos”' y=B
Thenx=cos 4 and y =cos B

= A€o, z] and Be[0, 1]
Now,

sind=+1—x2 and sin B=4/1—?
COS(A+B):xy—\/1—x2«/l—y2
cos(A—B):xy+\/1—x2«/1—y2

Case I:
—-1<x,y<land x+y20
In this case, —1<x, y <1

0<A+B<2g and x+y=20
0< A+ B<?2r and cosA+cosB >0

cosA>—cosB
cos 4> cos( —B)
A<m—-B
0<A+B<rm

COS(A+B):xy—\ll—xzdl—y2
A+B=cos_1(xy—\/1—x2\ll—y2)

cos™ x+cos™! y

L 2 o A

=cos! (xy—\/l—x2 xll—yz)

Case II:

when —-1<x, y<0 andx+y <0
In this case —1<x, y<0

= A, Be [0, 717]

= 0<A+B<2r and x+y <0
N cosA+cosB<0
= cosAScos(n’—B)
= Azrn—-B
= A+Bz2nm
Thus, t< A+ B<2n
= 2n<—(A+B)<-=m
= 0<2n—(A+B)<m
T

A+Be|——,—
- [ 2 2}
= sin(A+B)=x\/1—y2+y\/1—x2
= A+B=sin_1(x\/l—y2+y\/l—x2)
= sin"'x+sin”! y

=sin”! (x\/l—y2 +y\/1—x2)
Case III:

when 0<x,y <1 and x* +y* <1

In this case we have 0 <x,y <1

= AE|:0,£} and BG‘:O,Z}
2 2

= A+B€[O, ﬂ]

Also, x* + % <1

= 1-x*<y?and 1-y* <x?

N (l—xz)(l—y2)<x2y2

(1-2?)(1-5") <

=
= (l—xz)(l—yz)—xy<0

= cos(4+B)<0

= A+ Blieseither in II quadrant or in III quadrant.
= %S/HBSn,since A+Be(0, )

U

—n’S—(A+B)S—§
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= 037[—(A+B)S§ =—7r—sin_1(x\/1—y2 +y\/1—x2)
Now, sin(4+ B) =x\/1—y2 +y\/1—x2 () sin'x-sin”'y

o sl A

= (7-(4+B))=sin"" (x\/l—yz +y\/1—x2) 1 ., ;xy>’0y, x2,+y2>y1

. A+B=7m—sin" x\/l—y2+y\/l—x2) —m—o: x<0,y>0,x* + y*>1

where o = sin™! (x 1-y* - y\/l —-x° )
sin' x+sin”! y=7 —sin™! (x\/l—y2 +y\/1—x2) \/
Proof: Do yourself.
Case IV:

when —1<x,y<0 and x* +y? >1

iii cos ' x+cos”!
y

_{(x X+ y>0

In this case, we have, —1<x, y<0
wenav Y 2r—a :x+y<0

= Ae[—z O) and Be[—Z O)
2’ 2’ where azcosfl(xy—\ll—xlel—yz)

= A+Be[—7r,0) -1

Proof: Let cos ' x=4 and cos™' y=B

2, 2
Also, x* +y= >1 Then x = cos 4 and y = cos B
= 1-x*<y*and 1- ) <x? N A€[0, ] and Be|0, r]
2 2\ 22 .
= (1=07)(1-07) < Now, sin 4 =+1—x> and sinB=41-

= (l—xz)(l—y2)<xy (since, xy > 0) cos(A+B):xy—ﬁﬂ
= (l—xz)(l—yz)—xy<0 cos(A—B)=xy+\/1—x2\/1—y2

Case I:

= cos(d+B)<0 . when —1<x, y<land x+y2>0
= A + B lies either in the first quadrant or in the
third quadrant. In this case, —1<x, y <1
= 0<A+B<2m and x+y=0

= —7rSA+BS§

cos(A+B)=xy—\jl—x2\/1—y2
A+B=cos™ (xy—\ll—xlel—yz)

— sin{-7—(4+B)} (\/l—y +y\/l x) _ cosflx+c0s71y=cos71(xy— -2 ll—yz)

= sin(d+B)=xy1- % + 31— x

= 0<A+B<2r and cosd+cosB=0
N _ZS_(AJFB)SE = cosAd=—cosB
2 — cos 4> cos (7 — B)
= -Z<_p—(4+B)<0 = A<m—B
2 = 0<A+B<n
=
=

= —sin{n’+(A+B) =x\/1—y2 +y\/1—x2

= —7r—(A+B)=sin_1 (x\/l—y2 +y\/1—x2) Case II:
when —1<x, y<0 andx+y <0
= A+B:—7r—sin_1(x\/l—y2+y\/1—x2) In this case —1<x, y<0

= A4,Be|0, r]

= sin'x+sin”'y
= 0<A4+B<2x and x+y<0
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@iv)

Proof:

\))

Proof:

— cosA+cosB<0

= cos A< cos(mw—B)
= A>2rn-B

= A+B2n
Thus, t< A+B<2n
— —2n<—(A+B)<-n

- 0<27r—(4+B)<=m

Now, cos (4 + B) = xy—1-x2:J1— 2

L cos(om- (44 B) =y -7 \I- 7
= (zn_(A+B))=cos—1(xy_ﬂﬂ)
- A+B=2n—cosf'(xy_ﬁm)

-1 -1
= CO0S x+cos y

=2m—cos ™! (xy—\ll—x2 \ll—yz)

cos™' x—cos™! y

o : x=<y
R x>y

where o = cos™ (xy+\/1—x2 xll—yz)

Do yourself.
tan~' x + tan”! y

o xy <1
n+a  x>0,y>0,xy>1
—w+o :x<0,y<0, xy>1

:x>0,y>0,xy=1

1x<0,y<0,xy=1

(SN I

+
where o = tan™'| =2
1—-xy
Let tan"' x= 4 and tan™' y=8B
Then x =tan 4 and y = tan B.

= Ae —E,z and Be —Z,E
22 22

tanA+tanB  x+y

tan(A4+ B)= =
( ) I-tan A.tanB 1—xy

Case I: whenx>0,y>0and xy <1
In this case, x>0,y >0and xy <1

+

SN u <0

1—xy
= tan(4+B)>0

A + B lies either in the first quadrant or in

third quadrant.
= 0<A+B<rm

+
N tan(A4+ B) = X7y
1—xy
+
N (A+B)=tanl(x yj
1—xy
+
N tan™ x+tan"! y =tan”’ ( AR ]
1—xy

Case II: when x <0,y <0andxy <1
In this case, x <0,y <0and xy <1

+

= Ty <0

I-xy
= tan (4 + B)<0
= A + B lies either in II quadrant or in IV

quadrant
= A + B lies in the IV quadrant
= —-T<A+B<0

+
Now, tan(4+B)= Ty
1—xy
+
N A+B=tar1_1(x y)
1—xy
+
= tan~' x + tan™' y= tan ™! ( X7y )
1—xy

Case III: when (x>0, y <0) or (x <0 and y > 0)
In this case, x >0 and y <0

= Ae(O,E) and Be(—E,OJ
2 2
- A+Be(—£,£]
2°2
+
Now, tan(A+B)=u
1-xy
+
= tan_1x+tan_1y=tan_1(x y]
1—xy

Similarly, if x <0 and y > 0, we have

_ _ _ +
tan~! x + tan ly=‘[an LY
1—xy
It follows from above three cases that

_ _ _ +
tan1x+tan1y=tanl(x y]
1—xy
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Case IV: whenx >0, y>0and xy > 1
. -l Xty
In this case, we have x, y >0 and xy > 1 N (7‘[ +(4+ B)) =tan 0
— X
xX+y 4
= 1 <0 1| Xty
Xy — A+B=-m+tan”
= tan (4+ B) <0 1—xy
= A + B either lies in the II quadrant or in the . . o x+y
IV quadrant. - tan” x+tan~ y=-7m +tan _—
= A + B lies in the II quadrant.
(vi) tan'—tan”' y
z<A+B<7t
2 o : xy>-1
N E—ﬂ:<(A+B)—7r<0 T+o o xy<-1,x>0,y<0
2 —r+o xp<-1Lx<0,y>0
P =
= —5<(A+B)—7r<0 % cxp=—1x>0,y<0
Xty I y=—1,x<0,y>0
Now, tan(4+B)= ;o= ,x<0,y>
1—-xy
xty where ¢ = tan™! [uj
- -4+ B))=
= tan (70 — ( ) — Tty
ot Proof: Do yourself.
= A+B—7t=tan_1( y)
1=y 6.9.1 Some Solved Examples
= A+B=m+tan™ xty Ex-1. Find the value of tan™ (ljﬂan_l (lj
I—xy 2 3
1 1 1| Xty Soln. We have tan™' 1 +tan™" 1
= tan” x+tan  y=m+tan : 2 3
I—xy
11
Case V: Whenx <0,y <0andxy>1 O E"'g
In this case x, y <0 and xy > 1 = fan 1 1
- —x—
- Xty o 273
I-xy
= tan (4 +B) >0 = ta ‘1( 56 )
= A + B lies either in the I quadrant or in the 1-1/6
I quadrant (576 »
= A+ B lies in the third quadrant = tan [m)z tan~ (1)=7/4
= —n<A+B<—£
2 Ex-2. Find the value of tan™' (1)+tan™" (2)+tan™' (3)
7r—7r<7r+(A+B)<7r—£ -1 -1 -1
= > Soln. We have, tan™' (1)+tan™' (2)+tan™ (3)
2+3
= O<m+(A+B)<Z =£+n+tanl(—)
2 4 1-2.3
x+
Now, tan(4+B)= Y =T+ tan™ (-1)
1—xy 4
X+y T n
tan(wr+(A+B))= =" 4g-=
= ( ( )) 1—-xy 4 4
=r
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Ex-3. Find the value of tan™' (9) +tan”! (%j .

Soln. We have, tan™" (9)+tan™" (%)

9+é
4

-1
T+ tan 5
1-9.—
4
41

7T +tan”!

4
4

—_—

4
= m+tan”' (-1)
_m_3m

4 4
Find the value of

sin” [ — [+sin” | — |—-sin” | —|.
5 65

We have, sin” ( )+S1n
2 2
sin | 2 o[ +2 1—(f
5 13 13 5

. 1412 5 3 . _1[ 63
=sn |—.—+—.—|-sin | —
513 1313 65

Ex-4.

Soln.

Il

2]

<8

=

iR
VR
oxlc:\
| W
N—

|

w2

Q.

=

L
7 N\
0\|0\
|
N—

Ex-5.

Soln.

2

= tan”! 3 +tan”! (l)
8 7
9

Ex-6.

Soln.

Ex-7.

Soln.

Ex-8.

Soln.

tan”! (éj +tan”! (l)
4 7

31
7+7
-1 4 7

1—

tan

— tan”! (

_r
e

31
47

)

"x+sin™! y+sin™

b

If sin~ z =g, prove that

x\/l—x2 +y\/1—y2 -I-Z\/l—z2 =2xyz.

Let sin”' x= A, sin”! y=B, sinlz=C

Then x=sin A4, y=sinB, z=sinC

we have, x\/l—x2 +y\/1—y2 +zx/l—
= sin A.cos A+sin B.cos B +sinC.cosC

1
E(sin 2A4+sin2B +sin2C)

%(4 sin A.sin B.sin C)
= 2sin A.sin B.sinC
= 2xyz.

If cos ' x+cos y+cos z=7

prove that x> + y* +z% + 2xyz =1

We have, cos ' x+cos™ y+cosz=7

= cos™! x+cos™! y=T-— cos™' z

N cos ' x+cos”! y= cos™! (—z)

= cos™! (xy - mﬂ) =cos(-z
= (xy+z)2=(1—x2)(1—y2)

= *y? 4 2xyz+ 2 =1-x?—y? +x%)?

= x2+y2+zz+2xy2=1
If cos™ (%j +cos™! (%) =0, prove that,

9x? +12xycosO +4y* =36sin’ 6

Given cos l(2)+cos 1(Xj=0
SIER /__ R
= 2°3 9



Ex-9.

Soln.

Ex-10.

Soln.

2 2
Xy X y
— —,/1——,|]1—=— [=cos0
= [6 4 9]
2 2 2
9% X Yy
——cosO| =|1-—— || 1-=—
2.2
= * ) —ﬂcose+00529
36 3
X2 2 2.2
S P A
4 9 36
2 2
= x—+y——ﬂcost9=1—cos29
4 9 3
2 2
= x—+y——ﬂc059=sin29
4 9
= 9x% +4y% —12 xy cos0 =36sin’ 0
-1 -1 -1
t 1)+t 2)+t 3
o (1)+tan™" (2)+tan™" (3)

cot™! 1)+ cot™! (2)+ cot™! (3)
then find the value of (m — 1)2013 )
We have, tan™' (1)+ tan™' (2)+ tan™' (3) =7

and cot™! 1)+ cot™! (2)+ cot™! 3)

— tan”! (1) +tan”! (lj +tan”! (l)
2 3

+

Y &Y
NI

Hence, m:i:
/2

Solve for x: tan™! (2x) +tan”! (3x) = %‘c .

Case I: When x<0
Then, tan~! (2x) <0, tan~! (3x) <0,

N x<0

So, it has no solution.

Case II: When x> 0,2 x. 3 x= 6x% <1

= X< —F—=

J6
Then 377[ =tan”' (2x)+ tan~! (3x)< g

So, it is not possible.

Ex-11.

Soln.

Ex-12.

Soln.
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Case III: when x > 0, 2x.3x >1

1
= xX>—F=
Jo

Then STE = tan”! (2x)+ tan~! (3x)

= 7t+tan1( >x ):3_77:
1-6x*) 4
= tan_l(s—sz?’_n_ﬂz_z
1-6x° 4 4
( 5x j:_l
= 1-6x7
= 6x* —5x—1=0
= x=1,-1/6

Thus, x = 1 is a solution.

Solve for x: sin™! (x)+sin™' (2x) =

Wy

We have, sin™' (x)+ sin”! (2x)= %

. sin”' x+sin~' (2x) =sin”' (?j

- sin™! x —sin™! [g] =—sin”" (2x)

N sin”! [g - ? m] =sin"' (-2x)
1-x° j =-2x

x 3
= 5x=\/§\/1—x2

= [5‘7

- 25x =3(1-7)
= 28x% =3
= x=i£

27

‘= NG negative value of x does not
 2.J7 7 satisfy the given equation.

2.2
Let f(x)=cos™'(x) +cos™ [g + %} ,

for —<x<1
2

Then find f(2013).
We have f(x)
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= cos™! (x) +cos™! [% +

3-3x7
2
= cos ' (x)+cos™! (%) —cos™' (x)

r
3

Now, _f(2013)=§

EXERCISE 6

10.

11.

12.

. sin'x+sin™! (1 — x) =cos | x

x2 —4x> sin”! (sin [7173/2 ]) +cos™! (cos [nm ])

. cos (tan_1 x) =X

sin (tan_1 x) =cos (cot_1 (x + 1))

i x _ _
sec I(Ej—sec "x=sec!2

ol (-3

+tan (sec*l x) =0

. Find the smallest +ve integer x so that

(55 (5 )) ()
tan| tan~ | — |+tan” | —— | |=tan| —
10 x+1 4

Find the least integral value of & for which
(k- 2)x2 +8x+k+4>sin”! (sin12)+ cos”! (cos12)
holds for all x in R.
1
If @ =2tan™"! (—+ x) and
-X

2
ad ]f0r0<x<1,

2

B =sin”! [l_

I+x
then prove that ¢+ 8 = .
Let f(x)= sin”! (sinx) ,V x e [-7, 2x],
then find /().
Let f(x) =cos™! (cosx), V xe [—27‘5, TL’]
then find f’(x).
Let f(x)=tan™' (tanx),

>

Vxe [—3?”,5771 , then find /"'(x).

Q. Prove that each of the following:

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

(1 (1 12
tan — [+ tan — |=tan —
7 13 9

4
2tan”! (éj +tan”! (Bj =r
2 5

Q. Write the simplest form of each of the following inverse
trigonometric functions:

24.
25.

26.

27.

28.

29.

30.

31.

32.

cos™!

_1[ cosx
tan”' 5 L E xR
1+sinx 2
_1 cosx V3 T
tan - , ——<x<—
1-sinx 2 2
_1 cosx—sinx
tan. | —— |, 0<x<7m

cosx+sinx

X
1+x

_1{ acosx—bsinx
tan _—
bcosx+asinx

5
s|
TN T N TN TN N
[\
=
[
~—
l
Q
A
=
A
Q



’ X
34 tan”| 2% | gcxen
1+ cosx
3a’x—x°
-1
35. tan ﬁ}
a’ —3ax
36, cot™! Jl+sinx ++/1—sinx
‘ J1+sinx —+/1—sinx

37.

sin”! (xm - \/;m)

s1nx+cosx /4
38. J

T
——<Xx<—
4 4

4

m+ﬂ]
\/1+x —\/1 X

sin”! —cosx + —smx
5 5

40.

39, (smx+cosx) £<x<57”

41.

6AOMULTIPLEANGLES

(i) sin™! (mﬁ )

. 1 1
2sin"'x ——<x<—
2
. 1 1
=<4 m-2sin" x —<x<1
J2
| 1
—mr—=2sin x : —1<x<—-——
2
Y
A
< > y=nl2
< > y=-n/2
X = X
x=-1 e ] o o] x=1
V2 ‘ V2
v’

Inverse Trigonometric Function

. Z1{n 2 2cos'x  :0<x<1
(i) cos (2x —1)= '
2—2cos” x:—1<x<0
A
D > YTF
SR /S I W s y=a2
X’ =] 5 Ea - X
V2 V2
r=-1 v =1
v’
5 a —l<x<l1
(iii) tan—l( xz)z —T+aix>1
1-x

T+o :x<-1

where o =2tan"! (x).

Y
A
A A
< a D >y=7r/2
X = > X
O /
< N7 N > y=-ml2
Y Y
x=-1 M x=1
v’
o —1<x<1
. . 2x
@1v) s1n1( 1=y T-o x>l
1+x
-Tt—-o :x<-1
where o =2tan™! (x)
Y
A
> y=7l2
X’ = S > X
> y=-m/2
Y
x=-1 Y’ x=1

261
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A _ 1—tan’ 0
_ 1+tan’ @
> Y=
2
-(3)
_ 3
= .
X’ X 1+ _
° (3)
Y
v _9-1
9+1
6.10.1 Some Solved Examples 8 4
10 5

Ex-1. Find the value of sin(2 sin”! (i)j
| Ex-4. Find the value of sin (% cot ™2 (%D
Soln. Let sin™! (Z) =0

Soln. Let cot™' (%j =06

= sinf 1
4 (6
Now, sin(26) Now, SIH(E)
= 2sinf. cosf _ [i=cosé
/ 2
= 2><l>< 1—l
4 16 cos6

J15 =

8

sin 0.cosec O

. (1
Ex-2. Find the value of cos(2 cos I(SD

Soln. Let cos™! (é) =0

= cos@zl
3

Now, cos (2 9) =

= 2cos’6-1
= % -1 =
9
__7 _
9
. a1 . i 3w 13
Ex-3. Find the value of cos| 2tan 3 Ex-5. Find the valueof tan~ | == —2tan~ | =
4 4
- L) a3
Soln. Let tan 3 0 Soln. Let tan™ | = |=0
4
1 3
= tan@ = — = tan O0=—
3 4

Now, cos(26)

We have, tan

N\

3_”_29)
4
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3 11. Find the integral values of x satisfying the
tan(4) — tan(26) inequation x> —3x <sin™' (sin2).
= T (%).tan(zg) 12. Fi112d the Value. o_f1 X §atisfying t_I;e inequation
3x° +8x<2sin” (sin4)—cos™' (cos4).
~1—tan(26) 13. For what value of x,
" 1—tan(26) 1-3x7
1-tan(20) f(x)=cos™ x+cos™ L L
_,_ 2tan6 2 2
_ 1—tan’ 6 is a constant function.
- 2tan @
2
I-an’ 6.11 MORE MULTIPLEANGLES
tan® 6 —2tan6 — 1 .
- an 0 5 an 6 (i) sin™! (Sx - 4x3)
1—tan“ 6 —2tan6
i_ﬁ_l 3sin'x :—leSl
_l6 4 _ 4 22
2 6 17 = 7r—3sin'1x:l<xS1
16 4 2
—7—3sin"' x :—1$x<—%
EXERCISE 7
Y
Q. Prove that each of the following inverse trigonometric 1
functions: -
>y =7
1
1. sin[2 sin”! (ED = %
X' S - X
. . (1 23
2. sin| 3sin 5 :E >y =-nl2
3. cos lcos_1 (l) = 3 Y/
2 8 4
1 1 35 (i) cos™ (4x3 —3x)
4. cos| —cos” | —— [ |=——
2 10 10 1
3cos ' x —<x<l1
(1 41 2 2
5. sin ECOS 5 = 5 | |
={ 2mr—-3cos'x ——<x<-—
(1 1 2
6. sin| —tan (\/5) =—F= 1 1
4 242 =21 +3cos x :—1Sx<—§
7. cos —(tan_1 (ﬁ)D = i Y
7 10 1
8. tan lcos_l(2 =L >y=n
2 3 5
< >y =n/2
9. tan|2tan”! l - —l
5) 4 17 X’ s
(@]
10. tan ?,—ﬂ-—lsin_l (—i] = u
4 4 5 2 \
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.. —1 3X - )C3
111 tan
(i) [ 1-3x?

3tan”' x —L<x<L
3 NG}
1
={7+3 tan'x : —o<x<——o
V3
—m+3tan'x : L<)c<<>o

V3

Y

— y =12

/.

L» X=-nl2

O
O

<
€

6.11.1 Some Solved Examples

Ex-1. Let f(x)zsin_l( sz)-FZtan_1 (x),x>1,
1+x

then find the value of f(2013).

Soln. We have, f(x)
— sin”! ( 2x 5 j +2tan”! (x)
1+x
= r—2tan"! (x)+2 tan™! (x)
=7
Hence, the value of
f(2013) =7
2
Ex-2. Let f(x)=2tan (H—_x] +sin”! L x2
1-x 1+x
< En
for 0 < x<1. Then find the value of 2014 )
Soln. We have, f(x)

2
= 2tan”! (H_x) +sin”! ! x2
1-x 1+x

2
=2 (tam_1 1)+ tan~! (x)) + % —cos™! C ; iz J

Ex-3.

Soln.

Ex-4.

Soln.

Ex-5.

Soln.

:(§+zmn4@0+(§_zm¢*uﬂ

Hence, the value of f (L) =7
2014

6x )—i— 2 tan”! (—fj
9 3

Let f(x)= sin_l( >

X+
is independent of x, then find the value of x.

We have, f(x)

sin_l[ 26x j+ 2 tan”! (_f)
x°+9 3
()
sin”'| —=22_ |- 2tan™! (Ej
5 3
1+| =
3

2

2tan”! (f) —2tan”! (i)
3 3

=0

It will happen when g <1
= |x| <3

= -3<x<3

Find the interval of x for which the function
2

ﬂ@:mg{li+mm4u)

1+x

is a constant function.

We have, f(x)

)
= cos_l(1 sz+2tan_1 (x)

1+x

= —2tan”! (x) +2tan”! (x), x<0

=0
It is possible only when x <0
= Xe (_°°’ 0] )

Find the interval of x for which the function f (x)
= 3cos”! (2x2 - 1) +2cos”! (4x3 - 3x)

is independent of x.
We have f(x)

= 3cos”! (2x2 - 1) +2cos™! (4x3 - 3x)

= 3(2 cos™! x) + 2(27r —3cos™! x)



Ex-6.

Soln.

(for 0<x<1) (for—lﬁxélj
2 2

[un—

It is possible only when 0 < x < —
1 2
= X € [0, —}
2
Also, f(x)
= 3cos ™! (2x2 - 1) +2cos”! (4x3 - 3x)
= 3(27r —2cos”! x) + 2(—2717 +3cos”! x)
(for -1<x<0) (for —1Sx<—%)
=2m.

. . 1
It is possible only when x € [—1,— 5)
Hence, the value of x is
3]
2 2

If tan~' y:tan™' x=4:1, then express y
as algebraic function of x. Also, prove that

tan(2213) is aroot of x* —6x*+1=0.

We have, tan™' y=4tan™" x

tan ™! y= tan ™! 4x—4x°
- = e
1-6x" +x*
4x(1—x2)
= Y=——"—FF"""7
1-6x% +x*

Which is a function of x.

_ T
Let tan lng

X = tan(zj
= 8

= tan~' y =4tan”’ ng
4x(1- x?
D
1-6x°+x
- 1-6x*+x*=0
_ 7. 4 2
= X =tan 3 isarootof 1+x" =6x
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EXERCISE 8

Q. Prove that

1.

10.

11.

12.

13.

14.

e i L
(R i)

T 1 1a T 1 —1 a 2b
tan| —+—cos +tan| ———cos —
4 2 b 4 2 b a

tan”'| L= | tan~' | =2 |4 tan ! | T
1+ pq 1 +qr 1+ pr

where p > ¢ > 0 and pr <-1 <gr,

-1 ab+1 1 bC+1 —1 C(1+1
cot + cot +cot™ =0
a—-b b-c c—a

tan”! (I—_x] —tan~! (l—_y] =sin~! S At —
1+x I+y [(1+x2)(1+y2)
1
tan~! (E tan 2A) +tan”! (cot A) +tan”! (cot3 A) =0
1| la=b (9) _1[ b+acosB
2tan tan| — [ |=cos | ———
a+b 2 a+bcosO
tan (2 tan~! a) =2tan (tan a+tan la3)

1 1| x 3-3x2 T 1
cos x+cos | —+——|=—, —=<x<1
2 2 3°2

If sin”' x+sin™' y+sin~' z =7, then prove that

)cx/l—)c2 +y\/l—y2 +Z\/1—z2 =2xyz

If cos™' x+cos™ y+ cos'z=1,

then prove that, x* + > +z° + 2xyz =1

If cos™ (%) +cos™! (%) =6, then prove that,

9x* —12xycosO +4y* =36sin’ 0 .

-1

.- .- . 3r
If sin”' x+sin”! y+sin® z= 7 , then prove that,

x2+y2+22—2xyz=1.
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.tan_l( ! j+tan_l( ! )ztan_l(i)
1+2x 1+4x X2

1 32. 2tan”! (2x+1)=cosf1 x

z= 37” , then find the value

o o - 3
15. If sin”' x+sin”' y +sin 1z=7ﬂ:,thenprove that 3

[u—

xy+yz+zx=3.
16. Ifsin' x+sin' y+sin
33. cos ' x—sin"'x=cos” (x\/_)
2012 , 2012 , _2012 9

of x +y +z -
x2013 +y2013 4 72013 34

. If tan™! y: tan'x=4:1, express y as an

1

17. If cos™' x+cos ™! y+cos™ z= 37, then prove that, algebraic function of x. Hence, prove that

xy+yz+zx=3. tan(%) is a root of x* +1=6x".

18. If cos ' x+cos™' y+cos ™' z =3 , then find the value
X013 4 2018 4 2018 g PROBLEMS FOR JEE MAIN EXAM
of (2014 20142014 ) o R
tyootz Ex-1. Find the principal value of sin” (sin10).
R I
19. If tan' x+tan~! y+tan~' z = % , then prove that Soln. We have sin™ (sin10)
T IV

xy+yz+zx=1. = sin (s1n(371:—10))
20. If tan~' x+tan~! y = % , then prove that = (37-10)

x+ty+xy=1. Ex-2. Find the principal value of cos™ (cos 5).
21. If tan' x+tan™' y+tan~' z = 7, then prove that Soln. We have cos™' (cos5)

xtytz=xyz.

22. If ta [m_ﬂ

¥ =sin2a .

23. Let m = tan’(sec ' 2) + cot® (cosec ' 3), then find the

— cos”! (cos (27 - 5))
(27 -5).

] = o, then prove that
Ex-3. Find the value of tan™! 1)+ tan~! (2)+ tan~! (3).

Soln. We have tan™' (1)+tan™" (2)+tan™' (3)

2
tan"'(1) + 77 + tan "' ( *3 )
1-2.3

T 1( Sj
—+m+tan | ——
4 5

% +7+tan”' (~1)

value of (m2 +m+10) .

24. If lsin_1 M , then find the value of tan 6.
2 5+4co0s20 4

(‘[an_1 1+tan~' 2+ tan™! 3)

30. sin~ 1(x)+sm (3x) =

25. Let m= . . e then prove that
(cot_ I+cot™ 2+cot” 3) -
m+1 = —+m—tan" (1)
(m+2)"" =64. 4
Q. Solve for x: _r LT
_ _ 3 4 4
26. tan™! (2x) +tan”! (3x) =i
4 =T
27 tan”! (X + 1) ttan~t [ X2 1) = tan" (-7) Ex-4. Findx, if sin™" x>cos ™' x.
x=1 * Soln. Given sin~'x>cos™'x
28. sin”' (2x)+ sin”! (x)= T = sin”' x+sin”' x>sin”' x+cos ' x
3 T
= 2sin” x> =
.- 1 -1 T 2
29. sin” | —= |4+cos x=—
J5 4 -
= sin” x>—
T
3



Ex-5.
Soln.

Ex-6.

Soln.

Ex-7.

Soln.

=

x>sin(£)—L
4) 2

Also, the domain of sin™" x is [-1, 1].

Thus, the solution set is x e (L,l}

Find x, if sin”' x<cos™' x

Given sin™' x < cos™' x

=

=

=

V2

1

1
| . -1 | -
SiIn x+sm  x<smn x+cCos

. b4
2sin" x< =
2

.- T
sin x<—
4

x<sin(£)—L
4) 2

Also, the domain of sin™' x is [1, 1]

Thus, the solution set is x € {—1,

7)

Find x, if 2sin”! x =sin”! (2x\/1 —x? )
Given 2sin”' x =sin™! (2x\/1 —x’ )
Now, the range of sin™" (2x\/1 -x’ )

B
1S 272

V3 .- /4
Thus, —ESZSm y<Z

= —ESsin lxsz
4 4
. T (T
sin| —— |<x<sin| —
= ( 4) (4)
(7 (T
—sm| — [<x<sin| —
- (4) (4)
1 1
= <x<—

Hence, the solution set is [

Find x, if 3sin™' x =7 +sin™"' (3x - 4x3)

Given 3sin”' x =7 +sin~" (3x - 4x3)

Now, the range of 7 +sin™! (3x - 4x3)

1

X

Ex-8.

Soln.

Ex-9.

Soln.
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Thus, r <3sin'x< 3—”
2 2

= stin”xSz
6 2
. T . T
sin| — [ x<sin| —
= (6) m
1
= —<x<1.
2

Hence, the solution set is [%,1}

. . _ _ 2
Find x, if 2tan™! x = 7 + tan 1(1 xz)
—x

. _ _ 2x
Given 2tan™! x = 7 + tan 1(1 2)
—-x

2
Now, the range of 7 + tan™' (1 x2 )
—X

: (77: 37T)
is | =—,—
22
Thus, £ < 2gan ! x< 2%
2 2

T - 3z
= ZStanle—

=
alld tan(— <x<tan( )
) 4

=

1<x<o0 & —c0<x< -1

Therefore, the solution set is
x € (o0, —1] UL, )

Find the value of cos (% +cos”! (—%D

We have cos £+cos_1 (—l)
6 2
T _1(1)
cos| —+m—cos | —
6 2

b4 b4
=cos| —+m——
(6 3)
T 2
= cos| —+—
%)
)
= cos| —
6
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Ex-10.

Soln.

Ex-11.

Soln.

Find the value of cos™ (cos (2 cot™! (\/5 - 1)))

We have cos™! (cos (2 cot™ (\/5 - 1)))

2-1
= cos”!| cos| 2cos™! \/_—
4-2\2

2(&—1)2
(4-2v2)

-1

= COS COS| COS

= COS COS| COS

(4-2v2)

B L 2-242 D
= COS COS| COS -———

1 1 2 1_\/5)
= cos |cos|cos | ———

O _1( 1 j
= COS COS| COS i
2

I
[«
Q
7]

L
VR
(]

o

2]
7~ N

B

|
BN
Ne—
Ne—

Il Il

w8
(99)

.

S |

N —

VR

(@)

o

2]

VY

W

-l>|;l

—

N—

Find the value of 2, tan' (

r=0 l+r+r

We have 2 tan™' ( 2 )
I+r+r

r=0

o » 1
- Ez)tan [1+r(r+l)]

2@2J54+2¢51

)

_ 3 tan™ [w]

= 1+7(r+1)
E io (tan™" (r-+ 1)~ tan™ (7))
= i(tan (r+1)~tan” (1)), n — oo
(™ () 1) +{an ! 0)- 2
+(tan™ (4)— tan™! (3)) +(tan ™" (5) - tan"" (4))
Froeeeet(tan” (n+1) = tan” (n))

= (tan_1 (n+1)—tan™ (1)), n— oo

_mwﬁ&ﬂtijn%w

1+(n+1).1)

-1 n
= tan , N—> o0
n+2

= tan"'(1), when n — oo

T
4

1 + 22"*1

r=1

S r—1
Ex-12. Find the value of ¥ tan™' [2—J

oo 2}”—1
Soln. we have ¥ tan”!| ——

(tan '(2)-tan™ (1)) +(tan‘1 (22) —tan™' (2))
+ (talfl (23 ) —tan™! (22 )) Freen
+(tan_1 (2” ) —tan”! (2"_1 ))

= tan™! (2” ) —tan™! (1)

1({An T
— tan'(2")-Z
an”'(2") .
Vr—1
Ex-13. Find the value of Zsm1 \/—
r+1)



Soln.

Ex-14.

Soln.

We have ), sin”

r=1

r(r+1)

(Iﬁj

n
= Y tan~

r=1

= Vi (tan_1 (\/;) —tan™! ( r— 1))

(tan —tan™! (0)) + (tan_1 (2) —tan™! (1))
+(tan_ (3)-tan™ (2)) +(tan_1 (4)—tan™ (3))
! (n)-tan” (n—1))

tan™! (n)

Find the value of
i g x— | a—a
tan~! | ATV L an | 274
ay+x 1+ aa,
4| an—a [ a —a
+tan'| =—2 |+ .. +tan"!| L
1+ aza, 1+a,a,,
(1 .
+tan” | — |, where x,,q,,a,,....,a, €R
an
1 ax— 4 a,—a
We have tan”! Gx=y +tan| 2—L
ay+x 1+aa,

| a3 —a 4| a,—a,
+tan l(#}a..ﬁtan ](”—lj
1+ aza, l1+a,a,,

4 - a, —a
= tan”! * |+ tan”! (ﬁ—lj
1+a1.X taa,
X

i ay—a [ a —a
+tan' | =—2 |+...+tan"!| 2L
1+aza, l+a,a,_,
—tan -1 +tan
X

..ttan” (an ) —tan™' (an_l)

= tan

tan™" (a3 ) —tan~ (a2 )

(a,)
1 (a,)+cot™ (a,) — tan™" (%)

+ cot™!

= tan

Ex-15.

Soln.

Ex-16.

Soln.
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T_ tan”! (Zj
2 X
= cot™! (Xj
X
= tan”! [ij
Yy
2

Find x, if (tan_1 x)2 + (cot_1 x)2 = ?

We have (tanfl x)2 + (cofl x)z = %2

| “1.)? -1 LT
tan” x4+ cot x) —2tan " x.cot xz?

U

T 2 n?
| —2tan'x.cot T x=—
2 8

U

2 2
= T _ 2tan"! x.cot ™' x = T
4 8
2
= 2tan"' x.cot ' x = %
1 1 n’
= tan  x.cot x=—
16
2
a[z—aj—n— where @ = tan”" x
= =—, =
2 16
U 2
= 16a| ——a |=nx
3]
= 164> -8am+7*=0
= (4a—7‘L’)2=0
= (4a—717)=0
T
= a=—
4
1 T
= tan x=—
4
= x=1.

Hence, the solution is x = 1.
Find the maximum value of f(x), if

f(x) = (sec_1 x)2 + (cosec_lx)2
Given f(x)= (sec_1 x)2 + (cosec_lx)2

2
-1 -1 -1 -1
= (sec X + cosec x) —2sec” x.cosec x
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Ex-17.

Soln.

2
= (E) —2sec”! x(z —sec”! xj
2 2

2
T _ _ 2
T—ﬂ.sec lx+2(sec lx)

2
2 (sec_l x) —z.sec_1x+ﬂ—
2 8
1.)\2 1. T 2 T T
=2 (sec_ x) —2.sec” x.—+(—) =
4 4 8 16

-1 T 2 ﬂz
=2|sec x—— | +—
4 8

2
Max value of f(x) is % atx=1.

Find the minimum value of £(x), if
£(x)=(sin”" x) +(cos™x)
Given f (x)=(sin"" x)3 +(cos™! x)3

= (sin™" x+cos ™ x)

({5~ x)"+ foos™ 5] = sin " xcos™'
= (sin~" x+cos ™'}

2
((sm_1 x+cos ! x) —3sin”! xcos™! x)

r
2

RS

|
o
|

Il
SR
w

Il
o
w
Q
(3]
|
)
|9
a
+
N\
|
N—
[ ]
N—
-l>|*\“,\)
|
W
=%,
N—

I I
VR
t\)|“° ke
S w
I/~ /_\:z Y N -';|
|
N
N— .
DA N
-|>|=L,
|
W
—_
o\“\“w
N—

RY4 772 o
=—la-=| +=2>2=—
4 32 32

3

Hence, the minimum value of f(x) is Z—z .
Ex-18. Find x, if [cotfl x] + [cosf1 x] =0
Soln. Given [cot_1 x] + I:cos_1 x] =0

It is possible only when

= cot ' x=0&cos x=0
= 0<cot'x<1 &0<cos'x<1
= x € (cotl, o) &xe(cosl,1]

Thus, the solution is x € (cot 1,1]
Ex-19. Find x, if [sin_1 x] + [cos,_1 x:l =0
Soln. Given [sin_1 x] + [cos_1 x] =0

It is possible only when

= [sinfl x] =0& [cosfl x] =0
= 0<sin'x<1&0<cos'x<l
= x €0, sinl) & x e (cosl, 1]

Thus, the solution is x € (cosl, sinl).
Ex-20. Find x, if [ tan™" x|+ [cot™ x| =2.
Soln. Given [tan_1 x] + [cot_1 x} =2
The range of [ tan™ x| is {-2,-1,0, 1}
and [cot™ x| is 0, 1,2,3}

Case I: when [co‘fl x] =1& [tanf1 x] =1

= I<cot'x<2&I<tan'x<2
= x €(cot2, cotl]&x €[tan1, tan2)
= xep (- cot1<tan1)

Case II: when [cot_l x} =3& [tan_1 x] =-1

= 3<cot'x<4 & -1<tan'x<0
N X e (cot4, cot3]& X € [—tanl, O)
= xe@, (- cot3<—tanl)

Case III: when [cofl x] =2& I:tanfl x] =0

N 2<cot'x<3&0<tan'x<1
— x€(3, cot2] & x €0, tanl)
- xe@, (-~ cot2< tanl)

Thus, no such value of x, where the equation is valid.



Ex-21.

Soln.

Ex-22.

Soln.

Ex-23.

Soln.

Ex-24.

Soln.

Find x, if [sm (cos_1 (sin_1 (tan_1 x)))}zl

Given [sin_l (cos™ (sin™ (tan™ x))” -1
= 0<sin™ [cos™ (sin” (tan”"x)) | <1
= 0<[cos™ (sin™ (tan”" x| <sin1
_,  cos(sinl)<(sin” (tan”" x| <1

= ( s1nl ) (tan x)<sm1

- tan( cos sml )<x£tan(sin1)

-  X€ (tan (sin (cos (sinl))),tan (sinl)]
Find the range of

f(x) =sin"' x+tan"' x+cot™' x

Given f(x)=sin"'x+tan"' x+cot x

It is defined for —1< x <1

Thus, f(—l)

=sin”"' (—1) +tan! (—1) +cot™! (—1)

=-n+r=0
and /(1)
= sin™! (1)+ tan ™! (1)+cot_1 (1)

=T
Thus, range of f(x) is = I:f (—

1),/(] = [0, x]

Find the range of

1

f(x) =sin"' x+cos”' x+tan"' x

1

Given f(x)=sin"'x+cos™ x+tan"' x

T -1
= —+tan x

As we know that , the range of

tan”! x is (—E,Ej
2°2

Thus, the range of f(x) is (0, 7)
Find the range of

f(x)=sin" x+sec” x+tan”" x
Given f(x)= sin”' x+sec”! x+tan”' x

The domain of f(x) is {-1, 1}

Ex-25.

Soln

Ex-26

Soln.
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(1) +sec” (1) + tan”' (1)

-l (—1) +sec”! (—1) +tan! (—1)

Thus, the range of f(x) is {4 3::} .

If tan~' (2x)+ tan™" (3x) = % , then find x.

Given tan™ (2x) +tan”! (3x) = %

1 2x+3x Vi3
= fan (1—2x.3x)zz

( 5x jzl
- 1- 632
= 6x> +5x-1=0
= 6x* +6x—x—1=0
N (6x—1)(x+1)=0
= x=—1,l
6

1
Hence, the solution set is {—1, g}

If cos™ x=cot™! (%) +tan™! (%) , then find x.

Given cos ' x=cot™! (ﬂ) +tan”! (l)
3 7
_ 1

= cos ' x=tan™! (%) +tan”! (—)
3 1
i+i
N cos ' x=tan™! 4 7
31
47
2
- cos ' x=tan™! (—:j =tan"' (1)
= cos 'x= r
4
. 1
= =—F
V2

.. 1
Hence, the solution is x = —
2
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Ex-27.

Soln.

Ex-28.

Soln.

Ex-29.

Soln.

T
the maximum value of n.

. 1 n T
Given cot 1(—J>—

If cot™! (ﬁ) > % , where n e N, then find

b4 6

n T
= — < cot| —

V3 (6)
= ﬁ< 3

T
= n<717\/§
N n <3 =3.14x1.732 =5.43848

Hence, the max value of 7 is 5

If sin”! (5) +sin”! (2) = g , then find x.

X X

Given  sin™! (é) +sin”! (2) T
X X 2

=
2
. 12
N sin 1(§)=51n ! 1—(—)
x X
2%
= o e
X X
(2)-
= 2
= x> =169
= x==13

If x=sin""! (a6 + 1) +cos™! (a4 + 1) +tan”! (a2 + l)

then find the value of sin (x + %) + cos (x + %)

We have
x=sin"! (b6 + 1) +cos™! (b4 + 1) +tan”! (a2 + l)
It is possible only when a =0

Thus, x = sin”! (1) +cos™! (1) +tan”! (1)

S W 2
2 T4

Therefore, sin (x + %j + cos(x + %j

Ex-30.

Soln.

Ex-31.

Soln.

. (3n «w 3n &w
sin| —+— |+cos| —+—
4 4 4 4

sin7 + cos
=0-1=-1
Find the number of integral values of & for which the

equation sin~' x+tan”' x = 2k +1 has a solution.
Given sin'x+tan”' x=2k+1
Let g(x)=sin"' x+tan"'x
Domain of g =[-1, 1]

Now, g(~1)=sin""(=1)+tan™" (1)

__F_®__3¢
2 4 4
g(l)—sm 1(1)4—tan 1(1)
T 1w 3¢
= — 4 —=—
2 4 4
3r 3rm
Range of g= | ——,
eeotg = |-,
Thus, 3% <opi1<3®
4 4
= —3—7[—1S2kg3—7[—1
4 4
N —3X3'14—1S2ks3><3'14—1
= —235-1<2k<235-1
= -3.35<2k<1.35
—3'35Sk££
2 2
= -1.67<k<0.67

Thus, the integral values of k are —1 and 0.

If sin”' x+sin”' y= % , then find the value

1+x* +y*
of 2 x2 Zy 2
X —x)y +y

. .- . /4
Given sin'x+sin”'y==
2
P (4 . -1
= sin" x=—-—sin" y
2
PR B
= sin” x=cos  y
= sin”' x =sin”! NI y2



Ex-32.

Soln.

Ex-33.

Soln.

= x=41-y
N x2=l—y2
= x2+y2=
T+ x*+y*
Now, 2 xz zy 2
X =Xy +y

1+()c2 +yz)2 —2xzy2

(x2+y2 —x2y2)

1+1-2x%)2

(l—xzyz)
2(1—x2y2)
(1-x?)

=2.

If cos™' x+cos™ (2x) +cos™! (3x) =7
and x satisfies the equation ax® +bx* +cx=1

then find the value of a” + 5% +¢* +10

Given  cos ' x+cos”! (2x)+ cos”! (3x)==
=  cos '2x+cos ' 3x=m—cos ' x
=  cos '2x+cos' 3x=cos! (—x)
-  cos ! (2x.3x —V1=4x*J1-9x2 ) =cos”! (—x)
= (6x2 —1-4x* \/1—9x2)=—x
) 2
= (6x2 +x) =(\/1—4x2 \/1—9x2)
= 36x* +12x° +x2 =1-4x? - 9x? +36x*
= 1227 +14x° =1

Also, ax +bx* +ex=1

Thus,a=12,b=14and c= 0.

Hence, the value of a® +b% +¢* +10

=144 +196 + 10

=350.

If f(x)= sin”' x+tan”' x+x” +4x+5 such that

R, =[a,b], find the value of a + b + 5.

The domain of sin™' x+tan™' x is [-1, 1]

Now, f(1)=sin"(1)+tan™ (1)+1+4+5
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= 3—ﬂ+10
4
and f(-1)=sin”' (-1)+tan”' (1) +1-4+5
_ .3,
4

Therefore,a+b+5=10+2+5=17

QUESTIONS WITH SOLUTIONS OF PAST JEE
MAIN EXAMS

1. If cot™! (\/cos a) +tan”! (\/cos (x) = x, then sinx is

(@) 1 (b) cot*(a/2)
(c) tana (d) cot(%j
[JEE Main —2002]
Soln. Clearly, x =§
Thus, sinx =1
Ans. (a)
2. The domain of sin™" (log3 (gj) is
(a) [1,9] (®) [-1,9]
(C) [_93 1] (d) [_99 _l]
[JEE Main - 2002]
Soln. As we know that, domian of sin™! x is [1, 1]

Therefore, —1<1log; (gj <1
=

=

= 1£x<9
Thus the domain of f(x) is [1, 9].
Ans. (a)

3. The trigonometric equation sin™' x=2sin"' ¢ has a
solution for

1
(a) all real values (b) |a| < 5
@l @ <ld<—.
2 2 V2
[JEE Main - 2003]
Soln. As we know that, the range of sin™' x

. T T
is |——, =
53]
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Therefore, - < 25in' g <X 6. If cos ' x—cos™ | 2 | =« , then
2 2 2
= T csina<? 4x* —4xycosa + y? is
41 1 4 (a) 4 (b) 2sin2c
= 5 <as< NG (c) —4sin’« (d) 4sin’a

[JEE Main - 2005]

= |a| <—
\/5 Soln. Given cos ' x —cos™ (Z) =x
Ans. (c) 2

4. The domain of the functi ()—Sin_l(x_3)' Ly
. e domain of the function f(x)= 2 1S N cos_l[x.§+ 1—x2 1_)’7]2(1

(@ [1,2] (b) [2,3)

(© [2,3] d [1,2) ‘— 2
[JEE Main - 2004] = [%WL 1-x? 1—%]=cosa

Soln. Now, sin”! (x - 3) is defined for

2
2 2
—1S(x—3)SI:ZSxS4 = (Cosa—%) :[\/l—x2 l—yj]

1
Also, the function ——=— is defined for 2
V9 —x? N [cosza—xycosa+(%) J
= 9-x?>0 L .
= 1 -9<0 = 1—x2—y—+%
- (x+3)(x-3)<0 5
= -3<x<3 = x2—xycosa+y7=l—cosza
Thus, the solution is x €2, 3) )
2 i
Hence, the domain is |2, 3) = X" —xycoso+ i sin-
Ans. (b) =  4x*—4xpcosa+y* =4sin’ o
5. Let f:(~1,1)> B be a function defined as Ans. (d)
a4 2x ) 7. No questions asked in 2006.
f(x)=tan™ | —= |, then fis both one one . s\ 1
I-x 8. If sin”! (—) +cosec”! (—) =—,thenxis
and onto, when B lies in 5
e T (a) 4 b) 5 © 1 ) 3
0, — b) |0, —
(@ [ ’ 2) ®) ( ’ 2) [JEE Main - 2007]
_rr _rr Soln. Given sin™'| 2 |+ cosec™ 3 T
() (d)
2’2 272 S 4) 2
[JEE Main - 2005] R sin! (1) - ( 4 ) o
Soln. Since the fis ont, so the range of /'is co-domain. 5 5) 2
i.e.,, Range =B .o x a(3) =«
i = sin” | = |+cos | = [==
Clearly, range of f'is (——, —) 5 5) 2
2°2 = x=3
T Ans. (d)
Thus, B = (—E, E) 9. Find the value of

Ans. (¢) cot (cosec_1 (g) +tan”! (%D is



Soln.

5 6
(@) T (b) ]
3 4
(©) 7 (d) ]

[JEE Main - 2008]

Given cot (cosec_1 (g) +tan™! (%D

= cot| sin”! (§)+tan] (2)
5 3
= cot tanl( )+tan1 (%D
3 2
43
_ -1
= cot| tan { 35
1—-—.—
43
= cot| tan™! (HD
6
= cot| cot™! (i)
17
_56
17
Ans. (b).

10. No questions asked in 2009 to 2014.

PROBLEMS FOR JEE ADVANCED EXAM
Ex-1. Find the domain of

Soln.

f(x)=sin™" ("C'T_Zj + cos_l(

5
LetD;: —-1< 3 <1

- -3<(]x-2)<3
N -1<]x| <55
= —-5<x<5

- —4<1-|x|<4
— —5<—|x<3

N -3<|x|<5

= —-5<x<5

Thus, D, = D, N D, =[5, 5]

1|
4

Ex-2

Soln.

Ex-3

Soln.

Ex-4

Soln.

Ex-5

Soln.

Inverse Trigonometric Function

Find the domain of

= \/571 sin"lx— 6(sin_l x)2

The function f'is defined for

= 5msin” x—6 (sinf1 x)2 >0
= 6(sin_1 x)2 —57sin” x<0
= (sin~"x)(6(sin™" x)-57)<0
= 0<sin'x< 5_7r
6
= 0<x< l
2

Also, sin”' x is defined for [-1, 1]

Thus, D, = [o, l} .
- 2

Find the domain of

(5= gy (34

fis defined for
—1<log, (x? +3x+4)<1

. 27 <(x? +3x+4)<2
when (x2 +3x+ 4) <2

. (¥ +3x+2)<0

= (x+D)(x+2)<0

= 2<x<-1

when x2+3x+42%

= 2x7 +6x+720

= xeR

Thus, Df = [—2,— 1] .
"X +cos™

. -1 1.2
Given cos” x+cos  x° =2m

Solve for x: cos™

It is possible only when

cos ' x=m&cos' X’ =7

x=cosm=-1 and x* =-1

Thus, no such value of x is exist.

Solve for x:

cotl( 21 1j+tanl(x2—1)=
X2 =

2

It is true only when

x“ =1

¥ =2r

=x"-1

275
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Ex-6.

Soln.

Ex-7.

Soln.

= (1) =1
= x*—1)=+1
= X’ =1%1=2,0
= x=0,t+2
Solve for x:

= tan ! a2 )2
an > +t > | =
1-x 1-x 3
= 2tan_1( 2x j_z_n
1-x? 3
= tan_l( 2x jzz
1-x? 3
2x b4
=S 3 =tan| — =\/§
1-x 3
2X 2
= —=1-x
NE)
2
= X +-=x-1=0
3
e L) crelld
= 3 3 3
1 2
X+—|=t—
= [ 3) 3
1 2
= x=——=*t—
3 3

= X=—=,
NE

. ) 1
Hence, the solution set is {—x/g , —}

3

2
Solve for x: sin™! [sin[zx + 4]] <m-3

2 +1
N 2x2+4
sin” | sin| — <m-3
x“+1
N 2x2+4
N sin” | sin| 7 —— <m-3
x“+1

Given

Ex-8.

Soln.

Ex-9.

Soln.

2x% +4
N T—-— <r-3
x° +1
2x° +4
= 3 >3
x“+1
2
N 2x2 +4_3>0
x“+1
2x° +4-3x* -3
= > >0
x“+1
2
= );+1>O
x“+1
2
-1
= x2 <0
x“+1
—1)(x+1
L Gl
x°+1
= -1<x<l1
Solve for x:

x* —4x> sin™! (sin [7(3/2 ]) +cos™! (cos [nm ])
we have sin™! (sin [71:3/2 }) +cos™! (cos [7:3/2 ])
sin”! (sin |:ﬂ\/;]) +cos”! (cos I:ﬂ\/;])

= sin”! (sin [5.56]) +cos™! (cos [5.56])

sin”' (sin5)+cos ™' (cos5)

— sin™! (sin (5 - 27r)) +cos™! (cos (27r - 5))
(5-27m)+(2r-5) =0

Thus, the given expression reduces to

X’ —4x<0

x(x—4)<0

O<x<4

Solve for x: cos[tam_1 {cot (sin_1 (x + %DD

+tan (secfl x) =0

o ()

-1 —
= cos| tan cot| cot

N | W



Ex-10.

Soln.

= cos| tan

= COS§| COS

~(++3)

Thus, the given equation reduces to

(x + %j + tan (secfl x) =0

2
= JH——] =x*-1
= 43 x+-=xr-1
= 3x+—=-1
4 4
13
= = ——
12
.. 13
Hence, the solution is x = _E
Solve for x:
-1 X -1 1 T
tan| tan | — |+tan | —— | |=tan| —
10 x+1 4
We have
X 1
7+7
N tan| tan™' M =1
_E'x+1

Ex-11.

Soln.

Ex-12.

Soln.

U

=
=
=
=

Inverse Trigonometric Function

o‘*

x+1 =1

10 x+1

x 1
+— - —
(10 x+1 ( 10 x+1)

x(x+1)+10=10(x+1)-x
X +x+10=10x+10—x
x*—8x=0
x=0,8

Hence, the solution set is {0, 8}

If

B

(04

Gi

o =2tan”" (H—x) and

1-x

277

2
= sin{ 2) for 0 < x < 1, then prove that
1+x

+B =m

ven o =2tan" (l-l-_xj
—x

=2 (tanfl 1+ tan™! x)

Z(E +tan”! x)
4

_ T _
=" 42tan'x

Al

1— 2
s0, B=sin™" x2
I+x
T —1 1_X2
——cos >
2 I+x

T _
Z _2tan'x
2

Thus, o+ 3

T _ T _
Z42tan ' x+=—-2tan"'x
2 2

=7

Find the range of f(x)= 2sin”" (2x-3)

As we know that,

—% <sin™! (2x - 3) <

SR

—%;S2ﬁﬂ4@x—$ﬁzz
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Ex-13.

Soln.

Ex-14

Soln.

Ex-15.

Soln.

= -n<f(x)<m

Thus, R, =[-7, 7]

Find the range of. f(x) =2sin”! (2x -1) —%

We have —Z < sin™! (2x-1)< r
2 2
= ~-w<2sin” (2x-1)<7
= —ﬂ—ES2sin_1(2x—1)—ESr£—£
4 4 4
S 3
— < < —
- g /=

Thus, R, = —5—7[,3—”
- 4’ 4

Find the range of f (x)=2cos™ (—2*) -7
We have f(x)=2cos™ (—2?) -7

= 2(m—cos™ (x*))- 7

= 7—2co0s™ (x’)

As we know that, 0 < cos™! (xz) <r

- 0<2c0s (+*)<2n

- —2m<—2cos™! () <0

= “m+m<m—2cos” (x¥)<x
= < f(x)<m

Thus, Rf = [—717, 7'5] .

Find the range of f(x)= %tan‘l (1 —x? ) _%

We have
—so<l-x*<1
= tan 1(—<><>)<tan l(l—xz)Stan_1 (1)
= ——<tan 1(1—)c2)SE
4
= ——< —tan 1(l—xz)sZ
8

Ex-16.

Soln.

Ex-17.

Soln.

Ex-18.

Soln.

= —£<ltan_l(1—x2)—zs—E
2 2 4 8

Hence, the range of the function

-[5-3]

Find the range of f(x)=cot™ (2x - x2)

We have 2x — x*
= —(x2—2x+1)+1
= 1-(x—1).

Thus, —eo<l—(x—1)<1

= cot™! (=oo) < cot™! (1 —(x- 1)2) <cot™ (1)

= 0<cot71(1—(x—1)2)3%

Hence, the range of the function

Find the range of

1

f(x)= sin”' x+cos”' x+tan”' x

The function fis defined for -1 <x <1
we have f(x)=sin"' x+cos™ x+tan™' x

T -1
= —+tan x

Thus, R, =[ f(-1), £(1)]

Find the range of

f(x)=sin" x+sec” x+tan”' x

The function f'is defined for x = £1

Now, f(1)= sin”! (1) +sec”! (1) +tan”' (1)

T T 3m
=—=+0+—=—
2 4 4

Also, f(-1)= sin”! (—1) +sec”! (-1)+ tan”~! (-1)

- Tin-0-Z
2 4

Thus, Rf = {E, 3—”}
4 4

3_7t
4



Ex-19.

Soln.

Ex-20

Soln.

Ex-21

Soln.

Ex-22

Find the range of

f(x)z?acot_1 x+2tan”! x+%

We have f(x)

_ _ _ T
= 2(tan "x+cot 1>c)+cot 1x+z

b4 _ T
2.5 +cot tx+
2 4

-1 Si
cot x+—
4

Also, O<cot'x<rm

5w

b4 S
= Zccot x+— <+ =
4 4 4

577t<f(x)<977r

(50m)
47 4 )

Prove that sin(cot_ (tan(cos ! ))) x, Vxe(0,1]

Thus, Ry

We have sin (cot_ (tan cos ))

= sin| cot™ tan[tan_l

-1 1- x2
cot
X

= sin

. Provethat sin (cosec_1 (cot (tan_1 X )) =X Vxe (()’ 1]

)
We have sin (cosec_1 (cot (tan_1 x)))

- {2
o)

sin (sinfl (x))

=X

Find the value of sin~ (sin5) +

cos™' (cos10)+tan™" (tan (—6)) +cot™! (cot (—10))

Soln.

Ex-23.

Soln.

Ex-24.

Inverse Trigonometric Function 279

We have sin™' (sin5)+cos ™' (cos10)

—tan”! (tan6)+ 7 — cot™! (cot10)

= sin”! (sin (5- 27r)) +cos™! (cos (47 — 10))

+7 —tan”' (tan (6 — 27)) — cot™' (cot (10— 47r))
(5-2m)+(4m—10)+ 7 +(6—27) - (10— 47)
=51-9
If U =cot™ (\/M) —tan™" (\/M)

then prove that sinU = tan> 6 .

Given U =cot™! (\/cos 29) —tan™! (\/cos 29)

1
U =tan™" —tan"! (+/cos 20
= \cos 20 ] ( )
1
—+/cos26
N U = tan™! \cos260
1
1+ ~/cos260
\/cos260
1—cos26
U=tan' | —=
= 2~/cos 260 )
2sin’ 6
U=tan'| 00—
= 2+/cos 260 )
2
sin“ @
U=tan"!
= \cos26 j
)
- U= sin_l[ sin” 0 J
\/sin4 O+1-2sin’0
)
- sinU = sin sin_l[ sin” 0 J
\/sin4 0+1-2sin’0
- sinU = sin” 6 ]
Jsin @ +1-2sin? @
- Ginl = sin’ @ _ sin’ @ —tan’ 0
2
(sin2 06— 1) cos” 6

Hence, the result.

1
Prove that tan r +—cos”! 4
4 2 b

2b

—12)__
b a

(n 1
+ tan| = ——cos
4 2



280 Comprehensive Trigonometry with Challenging Problems & Solutions for Jee Main and Advanced

Soln.

Ex-25

Soln.

Let lcos_1 (ﬁ) =0
2 b

cos(29) =—

The given expression reduces to

tan(£+9)+tan(z—9)

4 4

_1+tan6 1-tan6
I-tanf 1+tan6

B (1+tant9)2 +(1—tan9)2

- (l—tanze)

2 (1 + tan? 9)
(l — tan? 0)
2
cos20
_2b
a

_1| cosx+cos
Prove that cos™' SOSYTEOR)Y
1+ cosxcosy

- e an{Z)on(2])
wits~ 2o (o2

. 1— tan® (;j tan? (;)
1+tanz[;jtanz(;)

[ B (3 (S ()
oo (3 oo (3 s (5o (3]

cos ((1 +cosx)(1+ cos
1 —CcOoSX

y)—(1=cosx)(1-cos y)
(14 cosx)(1+cosy)+( )

(1-cosy)

+
[ (2cos x+2cosy)
= cos
(2+2cosxcosy

o[ (cos x+ cosy
= cos
(l+lcosxcosy

Hence, the result.

|

Ex-26.

Soln.

Ex-27

Soln.

a—-b

(3

Prove that 2tan™" [

_1(b+acosx)
=cos | ——

a+bcosx
We have 2tan™! bt an f
a + 2
1—( n’ f
_1 2
= Cos
1+( n’ f
2
(a + b — tan2 (x
_1 2
= cos
(a+b)+(a—b)tan 2(;)
al 1—-tan® (x)) + b(l + tan? (x)j
-1 2 2
= cos
al 1+ tan® (x)) + b(l —tan? (;D

= coS

= COS

_1[ acosx+b
a+bcosx

If tan~' x,tan”! v, tan”! z are in A.P. then prove that

(x+z)y2 +2y(1—xz)=x+z, where ye(O,l) ,
xz<1l,x>0andz>0.

Given tan'x,tan”! ¥, tan”! z

= tan' x+tan"' z = 2tan”' y

-l
( x+z ) _ ( 2y ]

= 1—xz 1- y2

N (x+z)(1—y2)=2y(l—xz)



= yz(x+z)+2y(l—xz)=(x+z)

Ex-28. Prove that

Soln.

Ex-29.

Soln.

. _1( . 337:) _1( 467:)
s Sin—— |+ CcoS COS——
7 7
_1 13 1 197
+tan —tan? + cot cot —?

131
7

We have sin”! (sin 337”} +cos ™! (cos 46771:)

—1 137[ —1 197[
+tan —tan? +cot cot —7

= sin”! sin(47r + 5—”) +cos”! cos(67r + 4—”)
7 7
+tan~! —tan(2ﬂ: — 3—”))
8
+cot™!| —cot (271: + %D

= sin”

(ol (o)
T E W)

o {ofe (o)
]3]

an 4n Sm s

7 7 8 8
6r
= —+47x
7
_ 137
7

Solve for x and y:

. -1 . -1 2 -1 1 T
Sin ~ x +Ssin y:T’COS X —COS yzg

Given equations are

| | 2
sin” x+sin” y=—

cos ' x—cos”!

3
_r
773

Ex-30.

Soln.

Inverse Trigonometric Function 281
(1) reduces to
b3 1 T 1 2r
——c0S X+——cos y=—
2 3
2
-1 -1
= T —|(cos x+cos =
( ’)=3
= (cosfl x+cos™! y) =7T- n T (ii1)
373

Adding (ii) and (iii), we get,

2cos_1x=—n
3
1 T
= cos  x=—
3
x—cos(z)—l
= 3) 2
when )c—1 =0
2,y .

Hence, the solutions are x = 1/2 and y = 0.

VI+x? == x?
\/l+x2 +\/1—x2

If y=tan™' ( ] , then prove that

x* =sin(2y)

VI+x? +41-x?

Given y=tan™' [

Put x% = cos (29)

\/Ecose—x/zsine
\/Ecos9+\/§sin9

— tan”! cos@ —sinf
cosO+sin 6
_1[ 1-tan@
tan o —
1+tan@

o {on(3-0)

Thus, y = tan™" [

I
VR
NI
|
S
N—

= 6=""—>

= ~cos™ (x2)=%—y
= cos™! (xz)—§—2y
- (x2)=cos(§—2yJ
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= x? =sin 2y)

Ex-31. Prove that —cosec2

o (2)
2
+%3Sec2[;tan [EJJ - (05+ﬁ)(062+ﬂ2)_

Soln. We have

=2
(@)
o
w
[¢)
(@]

[3%]
VR
S
5

L
VR
R
N
N——
J’_

N|9w
w2
(@)
(@]
[38)
|
S
5
L
VY
=|
N—

Il
\S]
2]
4.
=

Ry

1+ cos [cos_1 (\/(xzﬁfﬁz]]

B3 053

) )
oEF)

\/oc +8° -« \/a +B°+p
([,2. p2 B’ o’
7( “rh ){W—a+\/a2+ﬁ2+ﬁ]
B +p ra) o (a7 p -5)
+ 2
o

ﬁ2

(77

- (\/oc2 +,B2)(ﬁ(\/a2 + B2 +oc)+a(\/a2 + B —/3))
= (\/a2+[32)\/a2+[32 (o +B)
= (a2+ﬁ2)(a+[3)

Hence, the result.

Ex-32. Find the minimum value of », if

2_
cot_l[n 10n+21.6j>%’nEN
T

Soln.

2
—10n+21.
Given cot! [MJ > E,n eN

T

(n2—10n+21.6] (nj
N — | <cot| —
T 6

(n* —10n+21.6< 73
(n* —10n+21.6<5.6

(n*=10n+16<0
(n-2)(n-8)<0

L Ul

2<n<8

Thus, the minimum value of # is 2.
Ex-33. Prove that

T =2

Soln. We have

e
e (2t

2
1 (\/5_1) n. T
= sin~ <cotssin” +—+—
8 4
. -1 .1 \/g 1\ = =
= sIin < cot<sin +—+—
202 ) 6 4
.. T T T
=sm Jcoty—+—+—
{ {12 6 4}}
. -1 (ﬂ')
= SIn cot| —
{5



Ex-34.

Soln.

Ex-35

Soln.

Ex-36.

Soln.

= sin™'(0)
=0.

Solve for x ; [sin_1 (cos_1 (sin_1 (tan_1 x)))} =1,

where [,] = G.LLF

Given [sin_l (cos—l (sin”" (tan™" x)))} 1

1<sin™! (cos_1 (sin_1 (tan_1 x))) <2

sin (1 < cos~ (sm 1(tan X )< sm

cos s1n 2 <sm l(tan x)

sm (1))

sin (cos sm ) < (tan x) <sin (cos (sm (1)))
(2

tan (sm (cos (sm )))) <x<tan (sin (cos (sin (1))))

Find the interval for which

2tan”' x +sin”! (

Given 2tan~! x +sin”! (

1+x

2
1+

X

X ..
3 ) is independent of x.

?)

= 2tan ' x+ 7 —2tan"! x, x>1

=mx>1
Thus, xe(l, oo)

18 = cose s o™ scefsin”
o e o).

where a €[0,1], then find the relation between

x and y.

Given x = cosec(tan_1 (cos (cot_1 (sec(sin_1 a)))))

2]

= cosec| tan”! [co

= cosec| tan”! (cos

(1
= cosec| tan —
a

cot™! (
cos”! (

= cosec(cosecl( a’ +1))

(i

1

a

=)

)

Ex-37.

Soln.

Ex-38.

Inverse Trigonometric Function 283

and y= sec(cot_l (sin(tan“ (cosec (cos‘1 a))))j

el

N -! (\/ﬁ
(@77

Thus, x=y

S€C

I
»
[¢]
o

Find the sum of the infinite series.

(5 ()
tan | - |+tan | — |+tan | — | +.......
3 7 13

We have

(1 (1 (1
tan — [+ tan — [+ tan — | +...
3 7 13
a1 af 1 _1 1
tan | — [+tan | — |+tan | ——
1+2 1+6 1+12

. _1(2—1) _,(3—2j _1(4—3)
= tan —— [+ tan ——— |+ tan —_—
1+2.1 1+3.2 1+43

+ tan™! —n+1—n
""" 1+(n+1).n

+

Il
8
=]

Il
2
=]

L
—~
—
~
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Soln.

R e
Let 7, \/;Xm

~ant| Yot
tan ! (\/;) —tan”! (\/:)

L —1[\/_—\/HJ

NOW, ’%Sil’l \/;\/m
ST
B =1 1+\/;\/:

= i(tarl_1 r—tan”! \/:)

=
= (tan™ 1—tan™" 0} + (tan™' V2 — tan""1)
+(tan“ 3 —tan™! \/E) + (tan“ V4 — tan™ \/5)
.............. + (tan ™" i — tan ™ u =1}
= tan"' Vi —tan™' 0

tan~! \/;

When 1 —> oo, the sum is tan”' (o0) =

SR

Ex-39. Find the sum of infinite series:
cot™! (2. 12 ) +cot™! (2.22 ) +cot™! (2.32 ) +onn
We have

cot™! (2. 12 ) +cot™! (2.22 ) +cot™! (2.32 ) S

Soln.

= tan”! z +tan”! 3 +tan”! i +...
4 16 36

= tan”! (i)+ tan™! (L)+ tan”! (L)ﬁ-
1+3 1+15 1+35

o 3-1 _1( 5-3
= tan —— |+ tan _—
1+3.1 1+5.3

(2n+1)-(2n-1)

+tanl( =5 )+...+tanl
1+7.5 1+(2n+1)(2n-1)

= (taln_1 3—tan™! 1) + (tan_1 5—tan™! 3)

+(tan_l 7—tan™! 5) + (tan_l 9—tan™! 7)

tan~! (#) +tan”! (é} +tan”! (ﬁ) +...

|

Ex-40.

Soln.

Note.

Ex-41.

Soln.

ot (tan_1 (2n+1)—tan™" (2n— 1))

= (tan_1 (2n+1)—tan™ 1)
— tan_l M
1+(2n+1).1
= [tan_1 (LD = E, whenn — oo,
n+l 4
If cos™ (fj +cos™! (Z) =0, then
2 3

prove that 9x? —12xycos@ +4 y* =36sin” 6
[Roorkee - 1984]

=
2 2
Xy X )
cosO=| —.=—,[l——, |1 ——
= 23 4 9]
2 2 2
y X X
cosf——| ={1-—— | 1-——
2.2
2 Y Xy
cos“ 0 —2.—.cos6 +
2 2 2.2
Xy Xy
4 9 36
2 2
= cosze—ﬂcosezl—x——y—
3 4 9
2 - yz
= T—?.cos6+?=1—cos26
=  9x*—12xpcosf+4y* =12sin’ 0

Hence, the result.
No questions asked in 1985.

J5

Evaluate: tan (% cos™! [TJ] . [Roorkee-1986]

Let lcos_1 (ﬁj =0
2 3



Note. No questions asked in 1987, 1988, 1989, 1990 and

Ex-42.

Soln.

1-tan’ 6 \/g
= — =
l+tan" 9 3
1-tan’0+1+tan’ 0 \/§+3
e =
1-tan’0—1—tan’ 0 \/3—3
2 543
= 2tan’0 /5-3
1 J5+3
= Y ==
tan” 0 3—x/§
2
2 3-4/5 (3_\/5)
= tan~ 0 = =
3+4/5 4
2
(3-v5) (3-+5)
= tan@ =+ 2 =+ 3

1991
Solve for x: sin [2 cos™! {cot (2 tan ! x)” =0

[Roorkee - 1992]

Given sin [2 cos”! {cot (2 tan~! x)H =0

Let tan'x=0 = x=tan@

— sin (2 cos™' (cot (20))) =0

1—tan’ 0
sin| 2cos™ | ——— | [=0
= ( 2tan 0 j}
2
— sin 2cosl[1 ad ] =0
2x
N sin| cos™! 2{12x —-1{|=0
X
2\2
N sin| cos™! 2(12)6 —-1(|=0
X
2
2\2
— sin sin”'| [1- 2(12x -1 =0
X
5 2
1-x?
= 1-|2 3 -1| =0
X

Ex-43.

Soln.

Inverse Trigonometric Function 285

-2 Y
— X
2 —1|=+1
= 2x j
2
_ 2
N 2(1 al J =141=2,0
2x
2 2
1-x? 1-x?
2 =2&2 =0
= ( 2x [ 2x J
2
_ 2
N (1 al J —1&1-x*=0
2x
_ 2
N (1 szil&xzﬂ
2x
= xX*+2x-1=0,x>-2x-1=0& x=+I
2 2
= (1)’ =(V2) . (x-1)° =(V2) &x=41
=  x=—1++2,1£/2,%1

Find all positive integral solutions of

()

[Roorkee Main-1993]

tan~! x + cos_l[

. -1 -1
Given tan~ x+cos {

_ 1 1 _
tan”! x + tan ](—]ztan 13

y
1
X+—
tan~! Y |=tan™! (3)
1
1—x.—
y
tan~! xy+1}= tan~! (3)
y—x

1
(xy+ j:3
y—x

xy+1=3y—-3x
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Ex-44.

Soln.

Ex-45.

Soln.
Note.

Ex-46.

Soln.

3x+1=y(3—x)
_ 3x+1
I 3—x

whenx=1,y=2
Also, whenx=2,y=7
Hence, the +ve integral solutions are 2.

If cos ' x+cos™' y+cos ' z=r,thenfind the value

of x* + y2 +22 + 2xyz [Roorkee Main - 1994]
We have, cos™' x+cos™ y+cos' z=7

cos™! x+cos™! y=T-— cos™' z

=
= cos” x+cos” y=cos ' (~2)

N cos™! (xy - ﬂﬂ) = cos(-z)
N (+2) =(1-2)(1-»?)

= yP2xz+ 20 = 1-x7 =yt +x%)7
= X+ i+ +2xz =1

Convert the trigonometric function
sin [2 cos™! {cot (2 tan ™! x)H into an algebraic
function f(x).Then from the algebraic function f(x),

find all values of x for which f(x) is zero.

Also, express the values of x in the form of a * Jb,
where a and b are rational numbers.

[Roorkee Main - 1995]
See solutions of Ex-42.
No questions asked in 1996.

If 6=tan"! (2 tan’ 9) - lsin_1 _3sin20 ,
2 5+ 4cos26

then find the general value of 6.
[Roorkee Main - 1997]

1 in 2
Given 0 = tan™' (2'[an2 9)——sin_1 —3s1n o
2 5+4cos26
N 3sin26
% 5+4c0s26
_6tan6_
_ 1+tan’ 6
2
544 Lt 0
1+tan” 60
_ 6tan 0
5(1+tan2 6)+4(1- tan’ 9)

Note.
Ex-47.

Soln.

( 6tan @ )
9+tan’ 0
gtané’
3
(tan@]z
1+
3
2.tané’
_ 3

(tan@jz
1+
3

1
Also, 6 =tan™! (2 tan> 0) - Esin_1 (

3sin26
5+4cos26

1 tan 0
-l 20\ L -1
= 6 = tan (Ztan 9) 2.2‘[an ( 3 )
= 0 = tan™! (2 tan’ 9) —tan”! (tan@j
3
2tan249—M
-1
= 0 =tan
1+2tan2t9.M
tan 0 = 6tan’ 0 — tan 0
= 3+2tan’ 0

3tan6 +2tan* 0 —6tan? 6 + tanO = 0
2tan* 6 —6tan’ O+ 4tanO =0
tan* @ —3tan” 6 + 2 tan O = 0
tan@(tan39—3tan9+2)=0

tanG(tan@—l)2 (tan@+2)=0
tan6=0,1,—2
when tan0=0=>0=nm,negl

L

when tan9=1:9=m7z:+§,mel

when tan@=-2= 0= pr+tan”' (=2), pel

No questions asked in 1998.
Using the principal values, express the following
expression as a single angle.

3tan”! (l) +2tan”! (l) +sin”! (ﬁj
2 5 655

[Roorkee Main - 1999]
We have

3tan”! (l) +2tan”! (l) +sin”! (ﬁj
2 5 655



3
()
=tan~! | 3
1_3(]
2
3.1
= tan”! —;
l_i
4

Il
8
5

Therefore,

1
3tan”! (—) +2tan”!
2
- o (2
an + tan
2

(1) (%)

(5) _1(142
— |+ tan -
12 31

)

Ex-48.

Soln.

Ex-49

Inverse Trigonometric Function 287

1 132+10 (142

+tan | —

24-55 31
o 142 1 142
=tan |——— |+tan | —
31 31
1 142 (142
—tan | — |+tan | —
31 31

=0
Solve for x:

sin( j+51 ( )—sm X where

[Roorkee Main - 2000]

a +b2—c, #0

Given sin~ ( )+s n- (—)—sin_1 X
. 1 ax . . 1 bx
= sin |— |=sin x—sin | —
c c
Lofax) o 1 b*x*  bx
= sin | —|=sin | x/l-———-—
c c c

= x((\/c2 —b*x? —b\/l—xz)—a)zO

— )c=0,\/cz—b2 2 =b\/1—x2 +a
Thus, x =0 and

\/cz—b2 2 =b\/1—x2 +a
? —b*x* =2abV1-x* +l)2(1—)c2)+cz2

A —b*x* =2ab\1-x* +b* - b*x* +a°
? =2ab\N1-x* +b* +d°

c? =2ab\1-x* +¢*
2ab\1-x* =0
(1—x2)=0

x==1

L

Hence, the solution sets is {—1,0,1}
Solve for x:

os”! (x\/g) +cos”! (3\/5 xz) =—

[Roorkee Main - 2001]
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Soln.

Ex-50.

Soln.

: -1 -1 2\ T
Given cos (x\/g)+cos (3x/§ X )— 5
= sin”! (\/1 — 6x° ) +cos™! (3\/§ x2) -
It is possible only when, /1 - 6x> = 3\/§ 2

1-6x* =27x"

27x* +6x7 —1=0

27x* —9x* +9x° —3x2 +9x* —1=0

9x% (3x—1)+3x” (3x = 1)+ (3x—1)(3x+1)=0
((3x=1))(9x +3x” + (3x+1)) =0

=

(3x—1)(3x> (3x+1)+ (3x+1)) =0
(3x=1)(3x+1)(3x* +1)=0

L

xX=- t+ -
NG
Hence, the solutions are {-i‘ + —}

33

Let x;,x,,x;,x, be four non zero numbers
satisfying the equation

tan™! (ﬁ) +tan”! (éj +tan”! (E) +tan”! (i) = 2
X X X X 2

then prove that

4
(i) Xx =0
i=1

41
m>2{—j=
=1\ X

(111) ﬁ(xi) =abcd
i=1

1
3’3’

(iv) T1(% +x, +x3)=abed

Given equation is

tan” | — [+tan | — |+tan” | — |+tan | — |=—
X X X 2

X
a b c d
-1l x  x -1l x  x T
— tan l_ﬁé +tan I_Eﬂ =5
X x XX
~ tan”! (a+b)x ttan”! (c+d)x _z
x? —ab X" —cd 2
~ tan”! (a+bx _ can! (c+d)x
x> —ab 2 X —cd

Ex-51.

Soln.

~ tan”! (a+b)x ~ cot! (c+d)x
x> —ab 2 —cd

(o)t

=

= (xz—ab)(x —cd) (a+b)(c+al)x2

= x4—(a+b+cd)x2+abcd=((Jt+b)(c+a’)x2
— x'—(a+b+cd+(a+b)(c+d))x’ +abed =0

since x;,X,,X;,x, are the values of the above
equation, we have
X tXx, +x;+x,=0

Y xx, =(ab+cd+(a+b)(c+d))
Y X%, =0

Y X%, X%3x4 = abcd

(M)

4
Yx,=x+x+x+x,=0
i=1

_ XXX XXXy + XXXy + XXX

XXy X3 Xy
= 0 =0
abed
e 4
(i) TT(x;)
i=1
= X)Xy X3Xy
=abcd

(iv) TT(x +x, +x;)
= (o +x, +x3) (3 +x, +x4)
(3 423 +x4) (3, +x3 +xy)
= (=x4) (=x3) (=2, ) (=)
= XXy XXy
=abcd.
Let cos™ (x)+cos™ (2x)+cos™ (3x) =
If x satisfies the cubic equation
ax> +bx* +cx—1=0 , then find the value
of (a+b+c+2).

We have cos™' (x)+ cos”! (2x)+ cos”! (3x)=r

cos™! (2x)+ cos™! (B3x)=m— cos™! (x)



cos™! (2x)+ cos™! (3x) = cos™! (—x)

cos™! (2x.3x ~ Jl1-42)(1-92%) ): cos™ (=)
67— [(1-42)(1-9+*) ===
(657 +2)=[1-427)(1-9+)
(65 + x)2 =(1-4x)(1-9x?)

36xt +12x° +x% =1-13x +36x*

12 +14x* =1=0
Thus, a=12,b=14,c=0
Hence, the value of (a+b+c+2)

=28.
Ex-52. If x =sin (2 tan ™! 2),y =sin ltan_1 (i)
2 3
then prove that y* =1—x.
Soln. We have x =sin (2 tan ™! 2)
- x=sin(20),tan_12=0
2t
= x= Lze,tane =2
I+tan” 0
4
= x=—
5
1 =sin ltan_] f
Also, Yy 2 3
. 1, (4
= y=s1n(0),—tan ‘(g)ze
. 4
= y= sm(@) ,tan(29)=§
. 1
N y =sin(6) ,tan(@)zz
oL
- V5
, 1
Hence, y =g=1——=1—x
LEVEL 11

(MIXED PROBLEMS)

1. The set of values of k for which x*> — kx + sin”
(sin 4) > 0 for all real x is
(a) {0}

(©) R

1

(b) (-2.2)
(d) None of these.
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2. If x <0 then value of tan™ (x) +tan”! (l) =
X

T
(@) )

@) 0

T
(b) )

(d) None of these.

- - 2 N T
3. Ifsin ' x+sin! y= T,thencos x +cos !y is

2r T
(@) EY (b) 3

©) % @ 7

4. Let f(x) = sin 'x + cos 'x. Then % is equal to

(@) f@

(b) f(,KP—2k+3), keR

1
c —— |, k€eR
© f(l+k2j
(d) /(=2)
5. Which one of the following is correct ?

(a) tan 1> tan ' 1 (b) tan1 < tan ' 1
(c) tan 1 =tan' 1 (d) None.

6. Ifasin 'x — b cos 'x = ¢, then the value of
asin'x + b cosx is

(a) 0 (b) mab+c(b—a)
a+b

(c) mab—c(b-a) @ Z

a+b 2

7. The number of solutions of the equation

sin”'(1-x) - 2 sin lx = %

(@ 0 (b) 1
(c) 2 (d) More than two

8. The smallest and the largest values of

1=
tan” | 7 |,0 <x<1 are

1+x -

(a) 0,7 ® 0, =
4

T T T T
== d =, =
(©) PR (d) )

J3
9. The equation sin 'x — cos 'x = cos™! (7 has

(b) Unique Solution
(d) None

(a) No solution
(c) Infinite No of soln

289
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10

11.

12.

13.

14.

15.

16.

17.
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If -7 < x<2r, then cos™! (cosx) is
(@) x (b) T—x
() 2m+x (d) 2mr—x

. a1 .
If sin™" x + cot l(E)zg,thenxls equal to

1

(@ 0 (b) N
2 &

(© NG (d) B3

If cos [tan' {sin (cot ! NE) W=y,
then the value of y is

ol & Gl

@ y= = ) y

5

2
(©) y=fﬁ d y=

1 N
If x = —, then the value of cos (cos’lx +2sin! X) is

5
24
W |2

24
(b) —\55
1 1
() < (d) -<
5 5
_1(1J _1(1] .
tan” | — |[+tan" | — | is equal to
2 3
T T
z b) =
(a) 2 (b) 5
(c) % (d) None of these

tan"' a + tan' b, where a >0, 5> 0, ab> 1 is equal to

-1 a+b -1 a+b _
(a) tan (l—ab) (b) tan (l—abj T

(©) 7t+tan_1(a—+b) (d) n—tan_l(a+bj
1—ab 1—ab

A solution to the equation
_ _ T .
tan”! (1+x) + tan 1(1—x)=5 is

(a) x=1 (b) x=-1
(c) x=0 d x==x
All possible values of p and ¢ for which

cos™! (\/;)+cos_1 (H)+cos_1( l—q)z%

holds, is

(@ p=1,9g=1/2
() 0<p<l,g=1/2

) g>1,p=1712
(d) None

T 1 -1 w1 -1
18. tan| —+—cos  x |+tan| ———cos x|,
4 2 4 2

x #0, is equal to

(a) x (b) 2x
2 X
(©) < (d 5
19. The value of cot™ (3)4—cosec_1 (\/g) is
T T
(2) ) (b) 3
T T
(©) 1 (d) s

2n . 1 2n
20. If Ysin" x; =n7m, then 2% is

i=1 i=1
(a) n (b) 2n
n(n+1) n(n—1)
(c) 5 (d) T

21. Ifuzcot_l( tana)—tan_l(\/tana),

Tou).
then tan (— —— | is equal to
4 2

(a) tano (b) ~cota
(c) tancx (d) cota

22. The value of tan_l( a )+tan—1( b )’
b+c a+c

if ZC =90, in triangle ABC is

T T
ad b) =
(a) 2 (b) 3
V3
— d)y ©
© 2 @
23. If cot™ (Ej > % , n €N, then the maximum value of
Vs
‘n’is
(@) 1 (d) 5
© 9 (d) None of these

24. sin"'x > cos™! x holds for

(a) all values of x

o (&)

1 1)) .
25. The value of COS(E cos™! (g)] is equal to

1
(b) xe (O’E)

(d) x=0.75

@ 5 ® -3



26.

27.

28.

29.

30.

31.

32.

1
© T (d 4

The values of x satisfying

tan (sec™' x) = sin(cos_l (%)J is

5 by +3
(a) = (b) 5
(c) iﬁ (d) ié

5 5

1 \? 1 \? 57'[2 .
If (tan x) + (cot x) = ? , then the value of x is

(a) 0 (b) -1 ) 2

The number of real solutions of

d -3

cosx+cos 2x=—1 is
(@ 0
() 2

Let a, b, c be positive real numbers and

” t[ MJH[ M]

(b) 1
(d) infinitely many

bc ac
o cla+b+c) ’
ba
then the value of tan@ is
(@ 0 (b) 1
(c) -1 (d) None

The set of values of x satisfying the inequation

tan’ (sinfl x) >1is

(@ [1,1] (b) [—%ﬂ

@ E-[-Jr.g5] @ (-5 )

The value of a for which

ax? +sin”! (x2 —2x+ 2) +cos™! (x2 —2x+ 2) =0
has a real solution, is
(a) w2

(c) 2/

The value of

(b) —72
d) -2/

sin”! cot(sin_1 [#] +cos”! [@J +sec”! \/EJ

is
(@ 0
(c) m6

(b) w4
d) m2

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.
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The number of positive integral solutions of

tan~! x + cot ™! [lj =sin”! (iJ is
y J10

(a 0 ) 1

(c) 2 d 3

The value of cos!%cos{cos[sin_1 [?NH is
3 3

(@) "3 (b) 3
3 3

(©) 2 (d) 5

If tan”' x+tan"' y+tan~' z = 7, then the
1 1 1.
value of —+—+—is
yz zx Xy

(b) 1
(d) xyz

(@) 0
© -

xyz

If x <0, then tan~! (l) is

X
(a) cot™(x) (b) —cot™" (x)
(d) None

The number of triplets satisfying

(¢) —m+cot™ (x)

sin”' x+cos™ y+sin'z=2r, is
(@ 0 (b) 2
(© 1 (d) infinite

If x*>+ % +z% =%, then

tan™! (ﬂ) +tan~! (g) +tan ! (ﬁj is equal to....
zr xr yr

(a (b) w2 () O (d) None
If tan”' x+tan"' 2x+tan~' 3x =7, then
the value of x is

(@) 0 (b) -1 () 1 d ¢

The number of solutions of the equation
1+ x% + 2xsin (cos_1 y) =0 is

(a) 1 (b) 2

(c) 3 (d) 4.

If o is the only real root of the equation

x> +bx* +cx+1=0 (b < c), then the value

_ a(1).
of tan™' o+ tan ](—) is equal to
o

(a) a2 (b) -2 () 0 (d) None.
If o, B, yare the roots of x° + px* +2x+ p=0, the

general value of tan™' o +tan™' B+tan”'y is
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43.

. Prove that sin (cot_1 (tan (cos_1 x))) =x

Comprehensive Trigonometry with Challenging Problems & Solutions for Jee Main and Advanced

(a) nm
(¢) @n+ DHm2

(b) nm2
(d) depend on p.

If [sin_l (cos—l (sin”" (tan™" x)))] -1,

where [,] = G. L. F, the value of x lies in
(a) [tan sin cos 1, tan sin cos sin 1]

(b) (tan sin cos 1, tan sin cos sin 1)

(© [-1,1]

(d) [sin cos tanl, sin cos sin tan1].

LEVEL III
(PROBLEMS FOR JEE ADVANCED)

. Prove that

sin”! (cos (sin_1 x)) +cos™! (sin (cos_1 x))

. Prove that

- - - | -
tan ! {cosec(tan ! x) — tan (COt ! x)} = Etan ! X

where x #0.

. Prove that

tan (tan_1 x+tan”! y+ tan ™! z)
1

= cot (cot_1 x+cot™ y+cot” z) .

Vxe(0,1].

. Prove that sin (cosec_1 (cot (tan_1 x))) =X

Vxe(0,1]

Find the value of
sin”! (sin5) + cos™' (cos10)+tan~" (tan (-6))

+cot™! (cot (—10))

. Find the simplest value of

-1 _1l X
cos  x+cos | —+ el —,1
[2 2 2

S ()

Find the value of
_1( 1 J L[ N5=246
tan” | — |—tan | —————
2 1+/6

Let m = sin™' (a6 + 1) +cos™! (a4 + l) —tan™! (a2 + 1) )
then find the image of the line x + y = m about the
y-axis.

10.

11.

12.

13.

14.

15.

16.

17.
18.

19.

20.

21.

22.

3 3 3 (3 )3
If (sin_1 x) +(Si1’1_1 y) +(sin_1 z) = Z

then find the value of (3x +4y—-5z+ 2) .

n 1
Let S=Y cot™ (2”1 +2—’j ,
r=1

then find lim (S).

n—oo

Find the value of

n 4
Lim| tan tan_l( j) .
Hw( (% 472 +3

Find the number of solution of the equation
. 2
2sin 1[ xzjzﬂ:x3.
I+x

If cos™ (1) +cos™! (%j = q, then prove that,
a

2 2

2x .
——ycosa+Z—2=sm2a.

X
a*> ab

If sin”! x +sin™" y+ sin'z=1,

then prove that,

)cx/l—)c2 +y\/1—y2 +Z\/1—22 =2xyz .

Find the greatest and least value of the function

f(x)= (sin_1 x)3 + (cos_1 x)3 '

. . T
Solve for x: sin”! x + sin 12x=5.

Solve for x:

tan_l( ! ]+tan_l( ! )ztan_l(i)
1+2x 1+4x x>

Solve for x:
tan~! (x=1)+ tan~! (x)+ tan™! (x+1)

=tan~! (3x)

1
Solve for x: sin”!'| —= |+cos™
(\/g j
2

2
-1 2
Solve for x: cos™ x2 +tanl( zx )=—.
x“+1 x -1 3

Solve for x:

1-a? 1-b°
2tan! x =cos™ a2 —cos™! bz >
1+a 1+b

a>0,b>0.

/2
I
4




23.

24.

25.

26.

27.

28.

29.

30.

31.

Solve for x:
cot ' x +cot™! (n2 —x+ 1) =cot™! (n-1).

Solve for x:
_1()6—1) _1(2x—1) _1(23)

tan —— |+ tan =tan —
x+1 2x+1 36

Solve for x:

sec”! (zj —sec”! (fj =sec 'b—sec'a.
a b

Find the sum of

d 8n

-1
> tan” | —— |.
n=1 (n4—2n2+5j

Find the number of real solutions of the equation

sin”! (ex) +cos ™! (xz) = % .

Find the number of real roots of

sin (x) = cos ™' (cos x) in (0,27)

If tan™! (lj +tan”! (l) +tan”! (lj +tan”! (l) =
3 4 5 n

where n e N, then find n.

If o the real root of x° +bx> +cx+1=0

where b < ¢, then find the value of

1
tan™! tan”!| — |.
an”' (&) + tan (a)

If the equation x° +bx*> +cx+1=0 has only

one root ¢, then find the value of

2tan”! (cosec oc) +tan”! (2 sin arsec? a) .

Q. Solve the following inequalities:

32.
33.

34.

35.

36.

37.

38.

39.

sin”' x>cos x

cos” x>sin”' x

(cot™! x)2 —5(cot ™" x)+6>0
tan” (sin~' x)>1

4(tan”! x)2 —8(tan"' x)+3<0
4cot™! x—(cot™ x)2 ~320
sin™! [sin(zlxj :;‘B <m-2

Find the maximum value of

f(x)= {sin_1 (sin x)}2 —sin™" (sin x)
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40. Find the minimum value of

41.

42.

43.

sin

44,

45.

46.

47.

48.

49.

50.

51.

-1 -1
f(x) — Ssm X +Scos X

Find the set of values of k for which

x* —kx+sin™! (Sin 4) >0, for all real x.

If 4=2tan"'(242-1) and

B =3sin""! (l) +sin™! (E) ,
3 5

then prove that 4 > B.
Prove that

e

Find the domain of the function

f(x)=sin™ (cos_1 x+tan" x+cot™! x)

If sin~' ﬁ +sin”! 1/1—Z +tan_1y=2—n
2 4 3

then find the maximum value of (x2 + y2 + 1) .

Find the number of integral ordered pairs
(x,y) satisfying the equation

tan | — (+tan | — |=tan | —|.
X y 10

Let {cot( 3 cot™ (2 + &+ 1))} = %

k=1
where a and b are co-prime, then find the
value of (a+b+10).

Ifp>q>0, pr<-1<gr, then prove that

tan~! P9 +tan”! -7 +tan”! P =
1+ pg 1+gr 1+rp

Consider the equation

3 3
(sin_1 x) +(cos_1 x) =am?
find the values of ‘a’ so that the given equation has a
solution.

2
If the range of the function f (x)=cot™ [x2x+ 1}

S (a,b) , find the value of (é + 2) .
a

If tan”! y=4tan' x, (|x| < tan (%D , find y as an

algebraix function of x and hence prove that tan %)

is a root of the equation x* —6x> +1=0.
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52.

53.

54.

55.

56.

57.

58.

59.

60.

61.
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Prove that
tan_l[ a(a+b+c)]+tan_l( b(a+b+c)J
bc ac
+tanl( M] =m ,wherea, b,c>0.
ab
Solve:
0 =tan"! (2 tan> 9) - lsin_1 (M) .
2 5+4cos20
Simplify:
_1[ xcos@ 1( cos@ )
tan | —— |—cot .
1—xsin@ x—sin@
Solve:
S xE-1) L 2x o 2x ) 2#
cos > +sin > +tan > =—.
x°+1 x~+1 x° -1 3
Prove that
_1( ( ] ﬂ
tan +tan~ +tan~ —.
)
2

where x* + > +22 =7

3 m
It 3 tan”! (—j _ cot™! (—j
51 92 +3r—1 n

where m and n are co-prime, find the value
of (2m +n+ 4) .

10 10
Ifthe sum Y, Y tan™ (%) =mm , then find the value
b=la=1

of(nr+4).
Let

1
f(x)= %(sinfl x+cos ! x+tan”! x) + %

such that the maximum value of /(x) is m, then
find the value of (104m—90).

Let m be the number of solutions of

sin (2x)+ cos(2x)+cosx+1=0 in

0<x<£ and
2

o2

then find the value of (m2 +nl+m+n+ 4) .

Let f(n)= 3, [cot_l (%)_m-l (k)j

k=—n

such that g (f (n) + f(n - 1)) =arn then find

n=2

the value of (a+1).

INTEGER TYPE QUESTIONS

. If the solution set of

.1 . ZXQ +4
sin” | sin 3 <m-31s
x“+1

(a,b),where a,b €I | then find (b—a+5).

. If asin'x—beos ' x=c , such that the value of

asin”' x+bcos" x

mrab+c(a—b)
I ,me€ N , then
a+b

find the value of (m2 +m+ 2) .

. Ifmisarootofx2+3x+1=0,

such that the value of tan™' (m)+ tan™" (lj
m

.k
is Tﬂ,k e[, then find the value of (k+4).

. Find the number of real solutions of

sin™! (x2 —2x+ 1) +cos! (x2 - x) = % .

. Let cos™' (x)+cos™ (2x)+cos ™' (3x)=7 .

If x satisfies the cubic equation
ax’ +bx* +cx+d =0, then find the value of
(b+c)—(a+d) .

. Consider o, B, yare the roots of x* —x*> —3x+4=0

such that tan™' o + tan™" B+ tan”! y=6.

If the positive value of tan (0) is £, where p and ¢

are natural numbers, then find the value of (p +¢ ) .

. If M is the number of real solution of

cos ' x+cos™! (2x) +7 =0 and N is the number of

values of x satisfying the equation

sin”! (é) +sin”! (2) _r , then find the value
X X 2

of M+ N+4.

. Find the value of

scos| cos![ {6 - 2) | -cos” 6 + 2] |

. Find the value of

5
SCOt(Z cot™! (k2 +k+ 1))

k=1



10. Let 3sin”! (log2 x) +cos™! (logz y) =

— N
)

and sin”" (log, x)+2cos™ (log, y) = 1

|

then find the value of [iz + Lz + 2)
Xy

11. If arand B are the roots of x> +5x—44=0,
then find the value of cot (cot_1 o+ cot™! ﬁ) .

12. If x and y are +ve integers satisfying

tan~! [l) +tan”! (lJ = tan”! (l) , then find
X y 7

the number of ordered pairs of (x, y).

COMPREHENSIVE LINK PASSAGE

In these questions, a passage (paragraph) has been given
followed by questions based on each of the passage. You
have to answer the questions based on the passage given.

PASSAGE 1

Function Domain Co-domain

sin”'x -1, 1] [233_”}
22

tan'x R (2,3—77:]
22

cos 'x [-1, 1] (7, 27]

cot 'x R [, 27

1. sin™'(=x) is
(a) —sin”' x
(b) m+sin"'x

(c) 2m— sin”' x

(d) 2mr—cos'VI-x*,x>0

2. If f(x)= 3sin”' x—2cos”' x| then £(x) is
(a) even function
(b) odd function
(c) Neither even nor odd
(d) even as well as odd function

3 3
3. The minimum value of (sm lx) —(cos lx) is

3
(a) _6377: (b) 63rm
8
3
© 1257 () _1257r
32 32

Inverse Trigonometric Function 295

4. The value of sin"' x+cos™' x is

b4 3
(2) ) (b) >
R4 r
© % Y

5. If the co-domain of sin~' x is [—%,—%J such that

Sjn_l X+ (;os_1 xX= 5_717 , then the co-domain of
2

-1

cos  x is

(a) [4rm, 57] (b) [37, 4n]

(c) [67,77] (d) [57,67]
PASSAGE II

We know that corresponding to every bijection function
f: A — B, there exist a bijection g: B — A defined by g(y) =
x if and only if /(x) = y. The function g: B — A4 is called the
inverse of function £ 4 — B and is denoted by /. Thus,
we have f(x) =y = f(y) = x. We know that trigonometric
functions are periodic functions and hence, in general all
trigonometric functions are not bijectives. Consequently,
their inverse do not exist. However, if we restrict their
domains and co-domains, they we can make then bijectives
and also we can find their inverse.
Now, answer the following questions.
1. sin'(sin 6) = 6, for all 8 belonging to

(a) [0. 7] (b) {—%ﬂ

© [—%,OJ (d) None of these
2. cos '(cos ) = 6, for all 8 belonging to

(@) (0.7 o (-5.2)

© [—%ﬂ (d) None of these

3. tan !(tan 6) = 6, for all @ belonging to

(®) [—f,ﬂ - 10}

(2) [0, 7] 2

T T
© [-55)

4. cosec '(cosec 0) = 6, for all 6 belonging to
T

b) |-——,=|-{0

(b) ( 5 2] {0}

(d) (0, m

(d) None of these
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5. sec '(sec ) = 6, for all @ belonging to

(@) [0, 7]— {%} () (0, ) {%}

(c) (0, m) (d) None of these
6. sin!(sinx) = x, for all x belonging to
(@) R B) ¢
n 3¢
c) [-1,1 d |—,—
oo @[z
7. The value of sin”' (sin2)+cos™ (cos2) is
T
a) 0 b) —
(a) (b) 5
T
(©) 3 (d) None of these.
PASSAGE III

Let f (x) = sin{cot_1 (x+ 1)} —cos (tan_1 x) and
a=cos (tan_l (sin (COt_1 x))) & b=cos (2 cos ' x+sin”! x)

1. The value of x for which f(x) =0 is

(a) —172 (b) 0
(c) 172 d 1
2. If f(x) =0, then &’ is equal to
(a) 1/2 (b) 2/3
(c) 5/9 (d) 9/5

2
3. If a® = 5—?, then ° is equal to

(a) 1/25 (b) 24/25
(©) 2526 (d) 50/51
PASSAGE IV

Every bijective (one - one onto function) f; A — B there
exists a bijection g: B — A is defined by g(y) = x if and

only if f(x) = y.

The function g: B — A is called the inverse of function
f: A — B and is denoted by /. If no branch of an inverse
trigonometric function is mentioned, then it means the
principal value branch of that function.

1. The value of cos{tan_1 (tan 2)} is

@) 1/5 (b) —1/+/5
(c) cos2 (d) —cos2
2. If x takes negative permissible value then sin™

(@) cos™ (ﬂ )
(b) —cos™! (m )

"xis

(©) cos_l( x2—1)

(d) m—cos™’ (m)

3. If x+ l =2, then the value of sin”'x is

X
T T
a) — b) —
(@) 2 (b) >
RY4
)« d) —
(©) (d) 5
PASSAGE V
2 a77:2 .
Let c()s_1 + sin_1 = e 1
xot[siny) == )
4 cos-! ( = )2 w’ 3
and cos™ x.[sin =— il
n x.\sin"y T (i)

where —1 <x, y < 1. Then

1. The set of values of ‘a’ for which the equation (i) holds

good is
(a) (O,2+i) (b) {0, 1+i)
T n
() R (d) {0, —1+ij
/4

2. The set of values of ‘a’ for which equations
(1) and (ii) posses solutions

@ (-=,2]u[2,) () (-2,2)
(©) [2,1+i} (d R
T

3. The values of x and y, the system of equations (i) and
(i1) posses solutions for integral values of ‘a’

MNERNE

2
(c) {cos[%} il} (d) {(x, y):x€R, yeR}

MATCH-MATRIX

Given below are matching type questions, with two columns
(each having some items) each.

Each item of column I has to be matched with the items
of Column II, by encircling the correct match(es).

Note: An item of column I can be matched with more than
one items of column II. All the items of column II have to
be matched.



1. Match the following columns:
Column - I
(A) The principal value of

sin”' (sin 20) is

(B) The principal value of
sin”' (sin 10) is

(C) The principal value of
cos™' (cos 10) is

(D) The principal value of
cos™' (cos 20) is

2. Match the following columns:
Column - I

(A) The range of
f(x)=3sin" x+2cos”" x
is

(B) The range of /(x) =sin"' x

+cos 'x+tan” x 18

(C) The range of

f(x)=+sin" x+7 is
(D) The range of
1

f(x) =2tan"" x+sin”' x

_1(1)
+sec | — | is
X

3. Match the following columns:
Column - I
(A) sin (sin”' x)=sin"! (sinx), if
(B) cos (cos ' x)=cos ! (cos x), if
(C) tan (tanf1 x)=tan ' (tanx), if
(D) cot (cot™ x)=cot ! (cotx), if
4. Match the following columns:

Column -1
The value of

(A) sin™! (%) +cos™! (—%j is
-1 __J; -1 J_ .
(B) sin ( 2j+cos (2j is

(C) tan™ (x/§)+c0t_l (—\/5) is

Column - II

(P) (20-6m)
(Q (37-10)
(R) (47-10)
(S) (5m-20)

Column - II

) (0,7)

) o, x]

Column - I1
P) -1<x<1
(Q) 0<x<l1

R) O<x<=m

R) T <X
2 2

Column - I1

(P)
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_ 1 _ 1 V3
D) sin'| —— |+cos [ ——|is () Z
(D) sin (2013) co8 (2013) 56 3

5. Match the following columns:

Column -1 Column - 11
(A) The value of P) 3777

tan"'1+tan"' 2+ tan"'3 is
(B) The value of Q =
" _lm _1(1). 2

tan” 1+tan” | — [+tan” | —| is

2 3

(C) The value of R) =&
tan”" (9)+tan™' (%j is
(D) The value of ) -Z

2
2tan”!' x — tan™! [ 2x2 j, x>11is
I-x
6. Match the following columns:
Column - I

Column - II

(A) (sin_1 x)3 + (cos_1 x)3 P)

1S maximum at

1\ 2

(B) (sm x) +(cos x)
1S minimum at

©) (sin_1 )—(cos_1 x)

1S minimum at

IRV Ry

(D) (tan x) +(cot x)

1S minimum at

Q
R)

S

ASSERTION AND REASON

Codes:

(A) Both A and R are individually true and R is the
correct explanation of A.

(B) Both A and R are individually true and R is not
the correct explanantion of A.

(C) Aistrue but R is false.

(D) Ais false but R is true.

1. Assertion (A):

1

zZ=—,

If sin™ x+sin™! y+sin~

2013

then the value of (x + 208 4 22013)

9 .
- 1S Zero.

(x2014+y2014+22014)

. .- . T
Reason (R): Maximum value of sin™' x is =

(a) A (b) B
) C d) D
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. Assertion (A): The value of

2tan”!' x— tan™! [ 2x2 j IS
1—-x

Reason (R): x> 1

(@ A (b) B

(© C (d D

. Assertion (A): The value of

tan”! (p)+tan_] (lj is T
p

2

Reason (R): P is the root of x* +2013x+2014=0.

(a) A (b) B ) C (d D

. Assertion (A):

- . 2r
If sin”' x+sin” y= 3 then the value of
-1 -1 ..
cos  x4cos  y is 3
Reason (R): sin™' x +cos™!

(a) A (b) B

ng , when x € [—1,1]

(c) C (d D

. Assertion (A):

The value of cos™' (cos10) is (27— 5)
Reason(R):
The range of cos™ x is [0, 7]

(a) A (b) B (c) C (d D
. Assertion (A):
If cos™' x+cos™ y+ cos'z=m,
then x* + > + 2% + 2xyz =1
Reason(R): For —1<x, y, z<1.
(a) A (b) B (c) C (d D
. Assertion (A):
If tan™ (2x)+ tan™! (3x)= % , then
xis —.
6
Reason (R): For 0<2x,3x <1
(a) A (b) B (c) C (d D
. Assertion (A):
1 - x2 —1
cos > |=2tan x
1+x
Reason (R): for x>0
(a) A (b) B (c) C (d D

. Assertion (A): sin”! (3x - 4x3) =7—3sin"x

Reason(R): for % <x<1

10.

11.

12.

@) A (b) B © C @ D
Assertion (A): cos™! (4x3 — 3x) =21 —3cos” (x)
Reason (R): For —% <x< %

(@) A (b) B © C @ D

. _ (1
Assertion (A): cot™' (x) = tan 1(—) , x>0
x

1
Reason (R): cot™! (x) =7 +tan”! (—) ,x<0
X

(@) A (b) B
Assertion (A):
If o, B are the roots of x> —3x+2=0, then sin"' ot

) C (d D

exist but not sin”' B, where o> 8

Reason (R): Domain of sin”" x is [—1, 1]
(@) A (b) B (c) C (d D

QUESTIONS ASKED IN PAST IIT-JEE EXAMS

1.

Let a, b, c positive real numbers such that

9 = tanil M

bc
+tan”! fb(a+b+c)+tan_1 /c(a+b+c)'
ca ab

Then tan 6 is equal to. [IIT-JEE-1981]
The numerical value of

tan~'{ 2 tan”! (l) _r
5 4

[IIT-JEE -1981]

. Find the value of cos (2 cos ' x+sin”! x) at x = 1/5,

where
_ T . T
0<cos™' x<m and —ESsm leE.

[[IT-JEE-1981]

The value of tan [cosl (?) +tan”! (%ﬂ is

(@) 6/17 (b) 17/6  (c) -17/6 (d) —6/17
[IIT-JEE-1983]

. No questions asked in between 1984 to 1985.

2
The principal value of sin™ (sin (%D is

& Z =

2r
a —_——
@ 3 3 3

hY/4
(d) 3

[IIT-JEE - 1986]

. No questions asked in between 1987 to 1988



11.

12.

13.

14.

15.

16.
17.

. The greater of the two angles A =2tan"' (2\/5 - 1)

and B =3sin”' (l) +sin”! (E) 1Seeun.
3 5
[TIIT-JEE-1989]

. No questions asked in between 1990 to 1998.

. The number of real solutions of
tan™! 1/x(x + 1) +sin "Vl +x+1= % is
(@ 0 (b) 1
(c) 2 (d) o [IIT-JEE-1999]

No questions asked in 2000.

for 0<|x|<\/5,thenxis

(@) 172
(c) —1/2

() 1
) -1

( 2
Prove that cos (tan_1 (sin (COt_l x))) = x2 +1 .
x“+2

[ IT-JEE-2002]

[IIT-JEE-2001]

:‘

The domain of f(x)=[sin”" (2x)+= is
11 13
@ [-33] o [-+3)

1 1
(©) |:_Z’ Z}
[IIT-JEE-2003]

Ifsin (cot_l (x + 1)) = oS (tan_1 x), then the value of x is

@ -12 () 12 (0 (d) 9/4

[IIT-JEE-2004]

No questions asked in between 2005 to 2006.
Match the following columns:
Let (x, y) be such that

sin”' (ax)+cos™ (y)+cos” (bxy)= %

Column - I Column - 11
(A) Ifa=1and b =0, then (x, y)
(P) lies on the circle x* + y? =1

18

19
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(B) Ifa=1and b =1, then (x, y)
(Q lieson (x* =1)(y* =1)=0

(C) Ifa=1and b =2, then (x, y)
(R) liesontheliney=x
(D) Ifa=2and b =2, then (x, )

(S) lieson (427 =1)(y* =1)=0
[[IT-JEE-2007]
. If0<x <1, then

V1+x2 x [{x cos (cot_1 x) + sin (cot_1 x)}z - 1}1/2

equals

(@) —— (b) x
V1+ x?

(¢) xv1+x? (d) V1+x?

[IIT-JEE-2008]

. No questions asked in between 2009 to 2010.
sin @

20 Let f(6)= Sin(m] (m D

21

22

23

24

25

26

where _ 7% <0< 7 Then the value of
4 4

d

m(f(@)) iS.......

. No questions asked in 2012.

23 n
. The value of cot(z cot™! (1 + 2kD is

n=l1 k=1
(b) 25/23
(d) 24/23
[IIT-JEE - 2013]

[IIT-JEE-2011]

(a) 23/25
(c) 23/24

. The value of

2 1/2

1| cos (tan_1 y)+ysin (tan_1 y) 4
+y

¥ | cot (sin_1 y) + tan (sin_1 y)

[IIT-JEE - 2013]

. If cot (sin_1 V1-x? ) = sin(tan_1 (x\/g)), x#0
[IIT-JEE - 2013]

. Find the number of positive solutions satisfying the
equation

tan_l( ! j+tan_1( ! )ztan_l(ij
2x+1 4x+1 x>

[[IT-JEE-2014]

then the value of x is.......

. No questions asked in 2015.
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ANSWERS
EXERCISE 1 20. [L,2]
-5
Lo () =" [_z z}
3 21|55
2 /)= [_S_ﬂ 3_71
x—1 22. 4 , 4
3. f(x)= I—Tx 23. [-m, 7]
24, —15,0)
4. f'l(x)zélogz(t—i) 2
Ny 25. (0, )
_ _ 2
5.f%@=ii€;ﬂ; 26. (0, 7)
EXERCISE 2 27. (0. 7)
L [1.2] s (52,7
. 474
2. —mag} 29. [1.2]

10, x=@n+D§;neI

1. x={-11}

12. x=¢

13. [-2,-1]

14. [-2,-1]U[1, 2]

 [rghg]

16. x=¢
!

. |~ 35 )
w.&xq
19. (0,1)U(1, )

30. {cosec_1 (1)}

EXERCISE 3
1. x=Z

2
x=1,y=1/2
x=1
x=1
x=23/2

]
7. x=+J2
1

8. x=+3,——
V3
X_—\/g_l
' 22
10. x=+2-1
1. x=0
_—1+45
2
13. (cosl, sinl)

DA ol

*

12. x

14. (cosl, tanl)

15. [tan (sin (sin 1)), tan (sin 1))
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42.
43.
44.
45.
46.
46.
47.

48.

49.
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EXERCISE 6

I.
2.

w

11.
12.
13.

24.
25.

26.

27.

28.

29.

30.

31.

32.

33.

®© NNk

x=1/2
(==, 0) U (4, =)

I+

X =

No solution

34.

35. 3tan”! (f)
a

36. _—

N | =

37. sin™ (x) - sin” (V)
38. (%+x)
5. (x-%]

40. E+lcos_1 (xz)
4 2
41. (x + a),wherea = tan”! (%)

EXERCISE 7

. xe[s—\/1+4n 3+\/1+4nJ

2 2

2
12. x€ _29__
( 3)
13. x€|:l,1:|
2

EXERCISE 8

16.
18.
23.
24.
26.

0
1
21
3
x=1
27. x=2
3
28. x=2,/=
x 7
3
J10

29.

3
3

30.

N | =
—

31.
32

33. x=0, i(lj
2

LEVEL I

=3
=0

= =

1. (d) 2. (b) 3. (b) 4. (b)
5. (d) 6. (b) 7. (b) 8. (d)
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9. (a) 10. (¢) 11. (¢) 12. (¢) 39. n=5
13. (a,¢) 14. (a) 15. (d) 16. (b) 40. n=8
17. (b) 18. (c) 19. (c) 20. (b) 41. k=¢
21. 22. 23. (b 24. (c,d . . .
25 EZ% 2. Eli)) 27 Eb; 8. g) ) 44, tan(sm cos(sml)))Sx<tan(s1n(1)).
29. (a) 30. (c) 31. (b) 32. (a) 45.
33. (a) 34. (c) 35. (b) 36. (c) w
37. () 38. (b) 39. (c) 40. (a) 49. {— —}
41. (b) 42. (a) 43. (a) 328
50, x=y= a2+1
LEVEL I 53. Qenw+tan”' (-2),neZ
6. (87 —21) 1 6
7. T L
. 3 . X = \/g
3
16. Max value 7%,whenx:—l 56. g
; | 57. 36
and Min value = T ,whenx= —. 58. 29
32 V2 59. 4
13 60. 6
17 x= 5 ; 61. 100
18. x=3 INTEGER TYPE QUESTIONS
19. x=0, 1/2,-1/2 -
20, x= = 2. 4
10 3.3
21. x=2-+/3.4/3 4. x=1
» 5.3
2. x=2 6. 9
I+ab 7. 5, where M =0,N = 1
23. x=n*—n+l,n 8. 2
24. x=4/3 9.7
25. x=ab, 10. 8.
26. x=1/2,y=1, 1,9
27. x=1,y=2;x=2,y=7 12.6
29. - | COMPREHENSIVE LINK PASSAGES
32. (\/—,} Passage-1 : 1.(c) 2.(b) 3.(a) 4.(c) 5.(a)
2 Passage-1I : 1.(b) 2.(a 3.(c) 4.(a 5.(a)
33 1 6.(c) 7.(a)
’ Passage-1II: 1.(a) 2.(c) 3.(b)
Passage-IV: 1.(d) 2.(b) 3.(b)
34. xe(e C°t3) (cot2,e0) Passage-V : 1.(b) 2.(c) 3.(c)
1
35. ( ] [ j MATCH MATRIX
| 1. (A) (P); (B) (Q); (C) (R); (D) (P)
36 (Ej<x<tan( ) 2. (A) (S); (B) (P); (©) (Q; (D) (R)
3. (A) (P); (B) (Q); (C) (S); (D) (R).
37. cot(3)< x<cot(l) 4. (A) (Q); (B) (R); (C) (P);(D) (S).
38, reloL) 5. (A) (R); (B) (Q) (©) (P); (D) (R).
’ 6. (A) (R); (B) (P); (C) (Q); (D) (Q).
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ASSERTION AND REASON

1 1 1 1
1. (a) 2. (a) 3. (a) 4. (a) —t—t——
5. (a) 6. (a) 7. (a) 8. (a) = cot| tant| Y 2 MZ

9. (a) 10. (a) 11. (b) 12. (a) 1_[1+1+1]
Xy xz yz
HINTS AND SOLUTION

-1

LEVEL - 111 N DU et §

1. We have xyz—(x+y+z)

. - =1 - =1 -1 . -1 = COt COt_l w

sin” (cos(sin” x)) +cos” (sin(cos™ x)) xy+yz+zx—1

= sin_l(\/l—xz)+cos_l(\/1—x2) 5 (x+y+z)—xyz

= cot| cot” | ————

1—(xy+yz+zx)

cos™!(x) +sin~! (x)

_z :[(x+y+z)—xyz]

2 1—(xy+yz+zx)
2. We have
1 1 | Hence, the result.
tan " {cosec(tan " x) - tan(cot "~ x)} 4. Given expression is
1| V14 2 -1 Sin(co‘l_1 (tan(cos_1 x)))
= tan _—
* = sin(cot_1 (tan9)),0 = cos tx

sin(cot ™' (tan 0)), cos O = x

(]

I
8
=]

—
=
Il
8
=]
)
I

X

(8 —x°
{ 2s1n2(2) = sin@,where cotg = L=x

—
|

(@]
Qo
7]
S

~
I

= tan”' 0 0 X
25in()cos() -
2 2 5. Given expression is
— tan”! tan(g)) sin(cosec_1 (cot(tan_1 x)))
2

sin (cosec_1 (cot 9)), wheretan 6 = x

-l ()

. 1
= sin ¢, where cosecp=—
X

Il
|
S
=
=

3. We have tan(tan™' x +tan™" y + tan™" z)

~ [tanl (MD o,
T 6. Given expression is
_ [ Xtytz-xz sin"!(sin5) + cos'(cos10) + tan~" (tan(—6))
l—xy—yz—zx -1
+cot™ (cot(—10))
Also, cot(cot™' x+cot ™! y+cot™" 2) = (5-27m)+ (41 —10) = (6 — 27) + 7t — (10— 377)

[ _1(1) _{1} _{1)} = (5-2m)+(4n —10)+ (27 - 6)+ 7+ (37 —10)
= cot| tan — |+tan | — |+ tan —
X Y z = 8r—-21



7. We have

2.2
cos ' x+cos™! £+ﬂ ,Vxe l,l
2 2 2

cos_l(x)+c0s_1 [x%h/l—%\/l—xz]

cos™! (x)+ cos™! (%) —cos™! (x)

I

(@)

o)

v

L
VR
N | —
N—

-r
3
8. We have
tan™! [L —tan™! —5_2\/6
Np) 1++/6
! (L [ VOBV
V2 1+6
(L) (3D
= tan (\/E tan 1+\/§\/§]
= tan”! (% —(tan”'(V3) - tan"' (+/2))

cot ' (+/2) + tan”! (+/2) - tan"' (V/3)

_r_r_n
2 3 6
9. We have

m=sin"(a® +1)+cos ™ (a* +1)—tan"! (a® +1)

since sin™' ( )+cos™ () is defined for [-1, 1]
Put a=0, then

m =sin"" (1) +cos™ (1) — tan"' (1)

T T

T2 4 4

T
Hence, the image of the line x+y = 7

. pi2
w.r.t to the y-axisis x—y+ 1 0

Inverse Trigonometric Function

10. Given equation is

(sin”' x)* +(sin' y)’ + (sin”' 2)’ = %
It is possible only when
sin”'x= % =sin”' y= sin”! z
So,x=1,y=1landz=1
Hence, the value of 3x+4y—5z+2)
=3+4-5+2
=4
11. We have S = zn:cotfl (2’” +2Lr)
r=l1

22r+1

L +1
=Y cot™ -
r=1 2

S 2
= Xtan o
r=1 2

1+
n 27‘+1 _ 2}”
_ -1
- 2 tan 1 r+l r
r=1 +2 -2

= Z [tan™' (2""") - tan~' (2")]

r=1
= [tan”' 2"*") = tan"" (2)]
Thus, lim (S)
n—yoco

= Lim[tan"' (2""") — tan™! (2)]

n—oo

= [tan"' (o) — tan"'(2)]

T -1
——tan (2
5 (2)

cot 1(2)

. L _ 4
12. We have Lim tan[Ztan l( 5 D
n—yee r=1 4]/' + 3

n
= Lim| tan| Y} tan™"
n—>c0 r=1 ]/‘2 + é
4

305
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n
- -1
= Lim| tan| ) tan
n—ee r=1

n
= Lim| tan| Y tan™’
n—eo r=1

= Lim(tan(z tan”! (n + lj —tan™"! (n — l)jj
n—>ee r=1 2 2

i s+ (1)

1 1
n+———
= Lim| tan| tan™' 2 2
H>oo 1( 1)
I+—|n+—
2 2
- Lim| —™*
n—>c0 1( 1
I+—|n+—
2 2
noe| 1 1 1)
—+—{1+—
n 2 2n
=2.

13 Given equation is

. 2
2sin 1(1 xzj:ﬂ:x3
+x

. _1( 2x ] X
sin > ==
I+x 2

3

_ T X
2tanx ="
2
—1 )C3
tan  x=——
4

Clearly , there are 3 solutionsatx=-1,0, 1

14. Given cos” (Ej +cos™! (Z) =
a b

2 / 2
_1| xy X y
= cos |——,J1-——,|/1-— |=«
[ab [ b2J

15. Put A=sin"'x,B=sin"' y,C=sin""z

2 2 2
R +(_y)
a b ab
2 2
= x—z—Z(ﬂjcosawL)b}—z:l—cosza

2

= x——2(£jcosa+y sin o

a’ ab b_2=

1

= x=sind,y=sinB,z=sinC

= cosA=v1-x> ,cosB=\/1—y2,cosC=\/1—z2

Thus, A+B+C=nx
Now, L.H.S

= x\/l—x2 +y\/l—y2 +Z\/1—z2

= sin Acos A+sin Bcos B +sin CcosC

1
= E[sin 2A+sin2B +sin2C]

= %(4sinAsinBsinC)

= 2sin Asin BsinC

= 2xyz.

Hence, the result.

16. Given f(x)=(sin™' x)* +(cos™' x)?

= (sin_1 x+cos™! X) {(sin_1 x)2 + (cos_1 x)2

2
r (E) —3sin"'xcos ' x
21\ 2
n | 7? T
=28 3sintx| = —sin'x
21 4 2

—sin”" xcos™ x}



2
_r 71:__3a E—a wherea =sin~! x
2| 4 2

2
:E 3a2_3(1_717+7f_
2 2 4

Il
o
o0
§
—
7~ N\
{Q
|
NG
Ne—
o
+
4>|>~|
o0 [S)
H—J

T
Min value = ~= atx=—=
m value 3 \/E

i
and Max value = ? at x =-1

17. Given equation is
- . /4
sin”! x +sin 12x=5

.- /4 .- _
=  sin l(2)c)=5—sm "x=cos™'x

=  sin”'(2x)=sin"' (V1-x?)

1—x?

= 2x =
= 4x* =1-x°

= 5x’=1

- o=l
5
= x=x l
5
18. Given equation is
_1 1 1 1 )
tan + tan = tan
1+2x 1+4x
1 1
o tan!| lt2x  1+4x Ztan—li
1 « 1 x?
1+2x 1+4x

1+4x+1+2x 2
= T 02 1 2
1+6x+8x" -1 x

19

20.
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2+ 6x

U

1+3x

U

6x + 8x2

3x + 4x?

2
2
2
2

X

3 +x2 +8x2 +6x=0
3% +9x% +6x=0
X 4+3x% +2x=0
x(x* +3x+2)=0

x(x+D(x+2)=0

L

x=0,—-1,-2
Given equation is

tanfl(x -1+ tan~! (x)+ tanfl(x +1)= tan~! (3x)

= tan_l(x -1+ tan~! (x+1)= tan_1(3x) —tan”! (%)
f x=1T+x+1 _1( 3x—x )
= tan | ————|=tan
1I-(x" =1 I+3x-x

- [EHES)
x? 1+3x°

= 2x(1+3x* +x%)=0

=  2x=0,1+4x%)=0

= x=0

Hence, the solution is x = 0.
Given equation is

x=—
= cos”! (i)+cos 1x—£
J5 4
. _1( 2]
= cos  x=——cCos —5
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=

2 1
f NN

21. Given equation is

=

=

f1-x2 af 2x om
T —COS 3 —tan 5 =—
x°+1 1-—x 3

2
7 —2tan"'(x)—2tan"' (x) = Tﬂ
70— dtan”! (x) = 2%
3
4tan”!(x) = ﬂ_2_7r=£
3 3
_ T
tan~' (x) = —
(x) B

—tan( j 2-3)

22. Given equation is

=

2 2
2tan”! x = cos™! ! a2 —cos”! ! bz
1+a 1+b

2tan”' x =2tan”' (a)— 2tan”! (b)

tan~' x = tan"' () — tan"' (b)

—1 —1 a-b
tan ~x =tan

1+ab
(a—b)
1+ab

23. Given equation is

cot™' x+cot™! (n2 -x+1)= cot™! (n-1)

tan — [+ tan - =tan
X n-—x+1 n—1
tan”! (2;) =tan"! (LJ —tan™! (l)
n”—x+1 n—1 X

1 1

1 x

tan~! (%):tan_l =l X
n-—x+1 1+ 1
x(n-1)

24.

25.

= n?x—x2+x-n+nx—-n+n’—-x+1

= W x—xt+x—nd+nx—n+n’—x+1
=nx—x+1

= nzx—x2+x—

n—n+n’=0

= @ +)x—-@*+hn-x>+n*=0
= (M +D)(x-n)-(x*-n?)=0

=  (x-nm)*+1-x-n)=0

=  (x-m=0,n*+1-x-n)=0

= x=n,n2—n+1
Hence, the solutions are
_ 2
x=n,n" —n+l

Given equation is

tan ! (—x_1)+tanl(2x_1)=
x+1 2x +1

2x—1

x—1

(%)
36
-1 x+1

241 | pan [ 2
_(x—l 2x—1) 36

x+1 2x+1

= tan

2x% —x—1+2x* +x-1 23

= 2 2 =
2x° +3x+1-2x"+3x—-1 26
452 -2 23
= =—
6x 36
L, -1 23
X 12
=  24x*-23x-12=0
=  24x*-32x+9x—-12=0
= 8x(Bx-4)+3(3x-4)=0
=  (8x+3)3x-4)=0
4 3
= X=Z,—z
378

4
3

0| W

Hence, the solutions are x =

Given equation is

4 x 1 x _ _
sec |2 |—sec”!| = |=sec”' b—sec ' a
a b



=

=

26. We have Y, tan~

=Y tan™
n=1

1

X

~ J&*—a*) @ -1) 1
X

(x* —bH)(* - 1)
bx

ax

JGZ —a?)d® -1y _ JoZ =) -1
a b

—a)@* -1  (*=b*)B* -1)

(x

a* b
(x* —a®)a* -Db* = (x* = b*)(b* - 1)d?
x> ((a* =D)b* = (b* - 1))
=a’b*(a* -1) - a’b*(b* -1)
x*[a* =b*]=a’b*[(a* - 1) - (b* - 1)]

X’[(@® -b*)]=a’b’[(a® b))

(=)
n* —2n*+5
2{(n+1> - (n-1)}
4+(n-1)7°

{591

n=l1

1 (n+1)2 (n—l)2
1+ — | | —
2 2

Inverse Trigonometric Function

2
- {tan_l(lz) —0+tan™" G) —tan”'(1%)

2
+tan_1(22) —tan™! (%j +...

tan,l (n-ﬁ-l
2

2 2
. l(n—lj:|
an 5 ,N—> o0
1V
Lim{tanl n+—j —0}
n—soo 2

= tan" (o) =

27. Given equation is
. _ b4
sin”!(e*) +cos™ (x%) = 3
It solutions exist only when

e =X

>

Y
Yy’

Hence, the number of solution is 2.
28. Given equation is

Jsin(x) = cos ™! (cos x) in (0,27)

Y
A
/\ /\ YT
: : - y=1
- LN L - X
(0] T 2r 3r Az
Y

309

From the graph , it is clear that , the number of real

. T
solutionis 1 at x= 5

29. Given equation is

tan”™! (lj +tan”! (1] +tan”! (l) +tan”! (lj =
3 4 5 n

T
4
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=

1 1
tan™! 3 4 +tan”'| = |+ tan”'| -
1_1.1 S n
34
" -1 7 -1 1 -1 T
an [— |[+tan | — [+tan | — |=—
11 5 n 4
7 1
1nts 1\ 7
tan ! 115 +tan | = |==
l—ll n) 4
115
o (3 ()
an [— |+tan | — |=—
4 n 4
¢ -1 1 T -1 2
an (— |=——tan | —
n 4 24
tan ! (lJ =tan™" (D) —ta - (—)
n
1 -2
tan ™! (—)ztan_l —%‘3‘
" 1+—
24
tan ™! (lj =tan"| (L)
n 47
n=47

30. Given equation is

¥ 4+bx’ +ex+1=0

Let f(x)=x>+bx* +cx+1

Now, f(0)=1>0, f(-)=b—c<0

So, the function f(x) has a root in —1<a <0

Now, tan ! (o) + tan ™! (l)
a

tan ot — 7T +cot '
-+ (tan_1 o +cot™! Q)

T n
T+ —=-=
2 2

31. Given equation is

¥ +bx?+ex+1=0

Let f(x) =x+bx? +cx+l

33. Given cos ' x>sin"'x

Now, f(0)=1>0, f(-1)=b—-c<0
So, the function f(x) has a rootin —1 <o <0

Now, 2tan"' (cosecor) + tan™" (2sin orsec? o)

af 1 _1[ 2sin
= 2tan - +tan 3
smo cos” o

af 1 _1( 2sina
= 2tan - + tan —2
sin & 1-sin” o

= Ztanl( _1

Nliges

= Z{tanl( _1 )+tanl(sina)}
sino

= 2(—%],% sina<0 =71

j +2tan "' (sin o)

32. Given sin"'x>cos'x

| .- -1__T
= 2sin” x>sin~ x+cos X_E

.1 T

= SiIn x> —

4

S g T 1

= x>si| — |[=—
4

.. 1
Hence, the solution is x € (E,l
1
-] -1 -
= sin” x+cos  x>2sin x
. T
= 2sinTx <=
2
.- T
= sin” x<—
4

= x<sin(£j—L
4

1
Hence, the solution setis x €| —1,—
{ ﬁ]

34. Let a=cot ' x

The given in-equation reduces to

a’>-5a+6>0
= (a-2)(a-3)>0
= a<2and a>3

= cot ' x<2and cot ™ x>3



=  x>cot(2) and x > cot(3)

Hence, the solution set is (—o°,cot(2)) U (cot3,0)

35. tan’ tan_][ X ] >1
\ll—xz

- el

x2

= (1—)62)>1
2
= il 5 -1>0
(I-x7)
2 —1+x?
=
(1-x7)
= —2);2_1<0
(x" =1
R (ﬁx+1)(ﬁx—1)<0
(x+D(x-1)

= xe(—l,—iju(l,L)
V2 V2
36. Given 4(tan™' x)* —8(tan™' x) +3 <0
= 4a’-8a+3<0,a=tan'x
=  4d® —6a-2a+3<0
= 2a(2a-3)-12a-3)<0
= (2a-12a-3)<0

1 3
= —<a<c
2 2

= l<'[an_1x<E
2 2

(5)<r<3

= tan| — |<x <tan| —

2 2

37. Given 4cot' x—(cot™ x)* =3>0
= 4a—a2—320,a=cot'1x

= a’—4a+3<0

= (a-1)@-3)<0

38.

39.

40.

Inverse Trigonometric Function

= 1<a<3

= 1<cot'x<3

= cot(3)<x<cot(l)

Given in equation is

[ 2)(72 +4
sin” | sin 3 <m-2
1+ x

2
= sin”!| sin (MD <m-2

2 +1

= sin”! sin(2+ 22 D<7r—2
x“+1

. ( 2x2+4D
= sin” | sin| & — <m-2

2 +1

2x2+4)
= - <m-2

¥ +1

2x° +4
= 3 >2
x“+1

X2 +2
= > >1
x“+1

which is a true statement.
Hence, xe R
We have

f(x) = {sin”' (sin x)}* — sin”' (sin x)

{77: 1 }2 1
=3 4—-F —=
2 2 4
T . .
=7 (7 +2), since the maximum value

.1, .. T
of sin 1(s1nx)1s—5

Clearly, both terms are positive.
Applying, AM 2G.M | we get,

sin”'x cos™' x
- 8 +8 > lgsinl' X 8cos'1 X

2

M > [Ssin71 x+cos™ x
2

311
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S0,
),

T T 3 3n

= f(022V82 =284 =224 =2 4

3
12z
Hence, the minimum value of 2 4

41. Given in equation is
x* —kx+sin71(sin4)>0
=  x*—kx+sin"(sin(r —4))>0
= X —kx+(m-4)>0
= For,allxinR, D=0
= K -4r-9H20

= kK 24n-4)
So, no real values of k satsfies the above in equ.

Hence, the solution is £k =@
42. Given

A=2tan"' (242 -1)

= A=2tan"'(2.8—1)=2tan"'(1.4)

— B=sin" (2) +sin”! (E)
7 5

= B< sin”! g +sin”! [—3]

T 2r
SB<—+—=—

3 3
Hence, 4> B
43. We have

sin”'{ cot {sin_1 (1 [ 2 _4\/5 ] +cos™! [@J +sec”! (\/E)}
= sin™! {cot{sin1 [\/23\/_51 ] +cos™! [%] +cos™! (\/E)H

- -1 P I (ﬂ') T T
s cot<sin sm|— | |(+—+—

{ { ( 12)) 6 4
.- T T T
sin coty —+—+—

{ {12 6 4}}
.- (67[)
sin §cot| —

12

sin”' (0) =0

44. Given f(x)=sin""(cos™ x +tan~! x +cot™' x)

| T -1
= SIn E"'COS X

Thus, —1 S(§+cos1 ijl
:>—1—§Sczos_1x£1—E

But the ranges of cos™' xis[0,7]
So it has no solution

Therefore, D, = ¢

45. Clearly, 0<x<4
We have

sin”! ﬁ +sin”! 1/1—f +tan_1y:2ﬂ

2 4 3

L x L x 4 2

= Sin 7 + COoS 7 + tan (y) = T

V4 _1 2
= — +tan =—
> ) 3

2r &,
= tan'(y)="—-===
») 3 276

y =tan [ﬂj !
= = —_— = —
6) 3
Hence, the maximum value of (x> +y*+1)
is= (16+l+1j=2
3 3

1 1 1
46. Given tan™' (—) +tan”! (—J =tan”! (—j
X y 10




IS :[L)
xy-—1 10
= 10(x+y)=xy-1
= y(10-x)=-1-10x
R _(1+10xj
Y\ To—x

Thus, there are four ordered pairs
(115,111),(111,11),(9,-91),(-91,9)

49.

T . _ _ . -
= E[(sm 1x)2 +(cos 1x)2 —2sin"! xcos 1x]=717a3
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Given equation is

1

(sin”' x)’ + (cos ' x)’ =7’

2
= T —3sin"' xcos™! x | = 2ax?

= | —12b(%—bﬂ=8an2

= [n* -6bn+12b*1=8an’

b2 _bm ﬂzj_Saﬂz _ 2an?

= +—
satisfying the above equations. 2 12 12 3
10
. 1,72 a 2 2 2
. t t (k" +k+]) | |=—
47. Given [CO (,Z‘ICO ( )ﬂ b = (b_lj - a-1+ X
4 12 16
@ [ o § L + ke +1) AT~
DO i V= = [p-Z] =Z (G2a-1)
ot 4 48
10 1 5
=|cot| Y tan™' | ——— 2
0 kz:'1 " (1+k+k2 )ﬂ = (sin_lx—%) =Z—8(32a—1)

= | cot gtan_l M
=l 1+(k+1)k

As we know that ,

4 .o 4
——<sIn 1xS—

10

= | cot Z[tan_l(k+1)—tan_l(k)]ﬂ I .

L k=1 - ——-—"<sin'x-S<=-Z

- 2 4 4 2 4
= | cot (tanf1 (11)—tan™" (1))] 3 o\

- = ~ < sintx-= <=

M 4 4) 4

S 11-1

= | cot| tan m ) o

: - = os[snta-t) 2

r 4 16

=|CO

,_,

-

I

=

L
VR
| W,
N—
N —
[E—

= | CO

-

(@)

o)

-

L
VR
W | N
N—
N——
| I

2 2
o 0<” (B2a-1n<
48 16

= 0£32a-1)<27

:_é = 1<32a<28
> 1 7
Hence, the value of (a +b+10) is 21. = Eﬁasg
48. We have
50, Let g(¥) =5 =1-—!
tan”'| =9 |+ tan! | =L |4 tan ! | =2 et s T4l 1+42
1+ pg 1+gqr I+mp

Clearly, R, =[0,1)

= (tan_1 p— tan ™! q)+ (tan_] q- tan”! r)

Now, R, =(f(1), £(0)]=(cot™ (1), cot™(0) ]

+7 + (tan”' r —tan”! p)
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&5

b
Hence, the value of (— + 2)
a

+2[=2+2=4

INIE RIS

51. Given tan”' y=4tan™' x

4y —4x° j

-1 -1
—=tan y=tan
(1 —6x% +x*

» 4x —4x°
=2y=|——7
1-6x* +x*

1 (1-6x% +x*
S>—=|—
y 4x —4x
:>l = cot(46),where,x = tan 0
y

1 T
=Clearly, —=0 is zero only when 8 = S
Y

Hnece, xt—6x? +1=0

5. Letx=\/a(a+b+c),y=\/b(a+b+c)

be ac

and 2 = fc(a+b+c)
ab

Now, x+y+z—xyz
—/(a+b+c) \/z+\/z+ i _M
bc ca ab JJabc
a+b+c (a+b+c)3/2
= (a+b+c -
( )( ~abc ) ~abc

3/2

3/2

_(a+b+o)"” (a+b+o)
abc abc
=0

Now, tan~! x + tan ™’ y+ tan”' z

+y+z—
_ an”! (Mj ' (0)=7
l—xy—yz—zx

Hence, the result.

53. We have
6 = tan"'(2tan> 0) — lsin_1 (ﬂj
2 5+4cos20
=  O=tan"'(2tan’ 6) - lsin_1 (%)
2 9+tan” 0
1 2(tar319)
—  O=tan'(2tan’0)——sin"' | ———~
2 1+—tan’ 0
3
= 0= tan_l(2 tan? 0)- % X 2tan”! (tan@)
- O=tan"’ (2 tan’ 0)- tan ™! (tag@)
2tan26—tan9
- O=tan"’
1+2tan29~@
2 p—
R tan(9)=6tan 0 t33n6
3+2tan” 0
—  3tan(@)+2tan* 6 —6tan’ 6+ 2tan O =0
— 2tan*@-6tan’O+5tanH =0
= tan0(2tan30—6tan9+5)=0
= tan9=0,(2tan39—6tan9+5)=0
= O=nn,nel
54. We have

xcosf

-1 _1( cos@ )
tan | — |—cot -
1-xsin@ x—sin@

xcos6 _1[ x—sin@
————— |—tan
1—xsin@ cosf

xcos@

tan

x—sinf

1—xsin@ cosf
xcos@ x—sin@

tan

1-xsin@ cos@

tan-"! xcos® 0 — x +x*sinO +sin 6 — xsin” GJ

cosO(1 — xsin @) + xcos O(x — sin B)

S (x* +1)sin 6 — 2xsin? 9]
tan

(x* +1)cos O — xsin 20



= ! (x* —2xsin@+1)sin @
(x* —2xsinO +1)cos O

= tan"'(tan6) =0

55. Given equation is

_1 x* -1 . 2x i 2x 2
cos 5 +sin > + tan > =—
x“+1 x“+1 x° -1 3

1

_ _ _ 2r
= 7—2tan ' x+2tan x—2tan1x=?
_ 2
= T—2tan ' x="2
3
_ T
= 2tan lx:g

= tan ' x =

K]

1

5 x:tan(g)zﬁ

T 1
Hence, the solution is x =tan| — |=—
&)-ﬁ

56. We have
tan l(y—]ﬂan_l (ﬂj+tan l[ y]
xr yr zr
Yz zx Xy Xxyz
3
~ tan”! xr yzr 22r 2r
1_(Z+x+yj
2 2 2
r r r
Yz I Xy xpz
— tan”! xr y;zf zzr zr
Rk
2
SLSELIE SN
~ tan”! xr yr zr r
1-1
-1 T
= tan (o) =—
(o) 5

10 3
57. Given Y tan” (—)
rzzl 92 +3r—1

B 10 _ 3
= 2 tan [1+(3r+2)(3r—1)]
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_ g tan~! Br+2)-G3r-1
ol 1+Q@r+2)3r-1)

= § [tan~' (3r +2) — tan~' 3r —1)]

r=1

= tan"'(32) — tan"'(2)
i 32-2
=tan | ———
1+32.2
_1( 30 1 6
= tan — |=tan —
65 13
_1(13j
=cot | —
6

Hence, the value of (2m +n+4)
=26+6+4

= 36.

58. We have X
10 10
=Y ¥ tan™ (%)

b=la=1

—10xZ +45x %
4 2

=25r

Hence, the value of (m +4)is29 .
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59. We have

1

1 . _ _ _
f(x)=—(sin "x+cos™' x+tan 1x)+
/4

It will provide us the max value at x = 1

)= 1(% +tan”! (1)) 2

T 13
1 3n 2
x4 13
3.2 3948 47
T 413 2 s

Hence, the value of (104m—90) is 4.
60. We have

sin(2x) +cos(2x) +cosx+1=0

sin2x + (1+cos2x)+cosx =0

Each term of the above equation is positive

in (o,f)
2

So it has no solution
Thus, m=0

Also, n =sin {tan_1 (tan (%D +cos™! (005(73

. (r 7 (T
=sin| —+— [=sin| — [=1
(6+3)=n(3)

Hence, the value of
(m* +n* +m+n+4)
=0+1+0+1+4
= 0.
z a1 _
61. We have f(n)= Y, (cot 1(%j—tan 1(k)j

k=—n

-1

kz_n(cot_1 (%) —tan”! (k)j

)y
+ i (cot_1 (l) —tan”! (k)j
k=1 k

= _zl (tan”' (k) + 7 — tan"' (k))
k=-n

+ 2 (tan”' (k) — tan”" (k))
k=1

S, (0+0

k=-n

nw

T

(x+1)
¥2 +2x+10

)

10
Now, % (f(m)+ f(n-1))

10
=Y (nw+(n-Dr)

n=2

= :202((211—1)71)
=B+5+7+9+..+19)7%
=(1+3+54+7+9+..+19)r -7
= (102)717—77:
=99rx

Hence, the value of (a +1) is 100.

INTEGER TYPE QUESTIONS

2
1. Given sin”'| sin 2x2 4 <m-3
x°+1

2x° +4
= 5 >3
x“+1
2x% +4
- 2 350
x“+1
2x% +4-3x2 -3
= 3 >0
x~+1
)
_ 12x 50
x“+1
2
-1
= x2 <0
x“+1
= xe(-L1

Hence, the value of (b—a+5) =1+1+5=7.

1

2. Given asin ' x—bcos ' x=c

. T
= asin 1x—b(5—sm ! jzc

= (a+b)sin_]x=c+b7ﬂ
= sin'x= 2c+br
2(a+b)
Now, cos ' x= T 2etbr
’ 2 2(a+b)
. cOs_lx_(a+b)71'—2c—biz'
2(a+b)
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-1, _am—2 = 36x* +12x° +x? =1-13x% +36x*
2(a+Db)

= COS
= 12X +14x* -1=0

- -1
Now, asinx+bcos ™ x Thus,a=12,b=14,¢=0,d=-1

_ a(M]_,_b(L—ZCJ Hence, the value of (b+c¢)—(a+d)
2(a+b) 2(a+Db) =14-11=3.
 (2ac+abr . ab7r —2be 6. Given equation is
2(a+b) 2(a+b) X —x?=3x+4=0
- 2ac+ab7t+abn’—2bcj = a+ft+y=Lof+py+ye=-3,08y=—4
2(a+b) It is given that ,
_(abm+c(a—Db) tan ' +tan' f+tan”'y =0
- (a+b)
=  tan”' atpPry-—ofy |_
Hence, the value of (m2 +m+2) is 4 144
3. Since sum of the roots is —ve and product N tan”! (Lj =0
of the roots is positive 1+3
So , both roots are negative
Thus m is a negative root = tanf= 1
_ (1 .
Now, tan™'(m) + tan™' (—) Hence, the value of (p +¢)is9
" 7. Given equation is

= tan”! (m)—m+ cot_l(m) cos™ x +cos™! 2x)+m=0

= —m+(tan”' (m) + cot”' (m)) =  cos '(2x)+cos N (x)=-7

=—77:+§=—% = cos_l(2x~x—\/1—x2\/1—4x2)=—7r

Clearly, k=1 = 2x? —1-x*V1-4x*) =cos(-7) = -1

Hence, the value of (k+4) is 3.

4. Given equation is = 24D =(1-xP)1-4x%)
. 1,2 1,2 _r 4 2 2 4
sin” (x” —2x+1)+cos™ (x —x)—E = 4x"+4x +1=1-5x"+4x
It is true only when = 9x’=0
(x> —2x+1)=x*—x = x=0
= x=1 But x =0 does not satisfy the equation
Thus, the number of solutions is 1. So it has no solution

| | | Therefore M= 0
5. Given cos (x)+cos” (2x)+cos” (3x)=rx

Again, sin”" > +sin_1( 2\

ain = —|==

=  cos '(3x)+cos ' (2x) =7 —cos ' (x) gain, x x) 2°

= cos ' (3x-2x—V1-9x*V1-4x?) = cos ! (~x) s (E)_’_Cosl[ 1_&]_5
X 2] 2

2 2y _
= (Gx-2x- V10 -9 1 - 4x )=(=x) It is true only when,

= (657 +x) = (—V1-9x?V1-4x?)? (5)2 144
2
X

X
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T

= —=l-— 3a+b=—

2P TP
169

- =1 a+2p=11%

X 6

= 2 =169 On solving, we get,

= x==£13 az—%andbzﬂ

Claerly, x =13 only satisfies the equation

Thus, N =1 = sin_l(log2 X)= r andcos_l(log2 V)==T
Hence, the value of M+ N+ 4 =15. 6
1
8. We have =  (log, x)= - and (log, y) = -1

scos| cos” ({6 - V2] | -cos” (4 (46 ++2) | 1

= x=22 andy=2_1

J3-1 V3 +1
= 4cos| cos”'| ~=— |- cos™! l_ l _
{ (2\/5 22 = x—\/iandy—z

= 4cos[cos71 (cos(75°)) — cos™! (cos(15°))] N iz + Lz +2=2+4+4+2=8

= 4¢0s(75°—15°) oy

— 4cos(60°) 11. Here, both roots are negative

) Now, cot(cot™ a +cot™' B)

9. We have _1(1j _1(1D
=cotfr+tan | — |+mw+tan | —
o B

5
5 cot[z cot ' (k? +k + l)j

. 1(1) I[ID
=cot| 2r+tan | — |+tan | —
1 a B

5
= Scot tan~! (—)
kz:’1 1+k + k> j

5
= 5cot| Y, tan
k=1 1+(k+1)k . 06+ﬁ
= cot| tan™
2 -1 -1 o -1
= 5cot| Y, [tan” (k+1)—tan™" k]
k=1 -1
. . = cot| cot™! i
= Scot(tan”' (6) — tan"' (1)) a+f
6-1 o1
= 5cot| tan™' = cot| cot
(1 +6.1 D a+p
44 +1
= 5cot| tan™' (éj) = ( )=9
7 5
7 12. Given equation is
= 5cot| cot™! (—D 1 1 1
3 tan™" (—) +tan™" (—j = tan™' (—)
=17. g 4 7
10. a=sin""(log, x) and b = cos ' (log, x) —  tan”! ( Xty j — tan”! (l)
xy—1 7

The given equations reduces to
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5) 2 v fon (1)1

= Tx+T7y=xy-1 ’
N y:(7x+1j = tan| tan S
Hence, the possible ordered pairs are 5
(8,57),(9,32),(12,17),(17,12),(32,9),(57,8) " 5)_ tan- "
.. = tan —
Thus, the number of ordered pairs is 6. 12
QUESTION ASKED IN PART IIT-JEE EXAMS i
1. Now, = tan 2
+ — 1
tan”! ala+b+c +tan”! b(a+b+c)
bc ca 7
= tan ( ﬁ))
\/a(a+b+c +\/b(a+b+c)
— tan~! bc ca _ (_l)
1_\/a(a+b+c)\/b(a+b+c) 17
bc 3. Now, cos(2cos 'x + sin"'x)
= cos(cos 'x + sin"'x + cos 'x)
(<+b+>) . [JZ . @]
— tan! \/E \/Z \/; = CO0S (— +cos™! x]
1_\/(a+b+c)\/(a+b+c) 2
c c = —sin(cos 'x)
((a+b+c)j+[a+b) =—sin(sin*1\/1—x2)
= tan”! \/Z \/%
(c a—-b- c) = J1-x*
When x = 1/5, then the value of the given expression
(a+b+c) a+b is — 1_L :_i
+ Jab 25 5
= tan”! a
(abj 4. Given t (242
Je . Given tan| cos 5 an 3

+
(SR

= tan”! 1/c(a thio) j = tan| tan~ ( ) +tan~ (—D
~tan- [ /c(a+b+c)] 3
= tan| tan”! 4

Therefore, 6

=—tan_1[ /c(a+b+c)J+tan_1( c(a+b+c)J :(9+8)
ab ab 12-6

=0 17

Thus, tan 6=0 6

1232
3

-lk\w
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10.

. Wehaved = 2tan_1(2\/§—1) = >2tan_1(\/§)=—

Comprehensive Trigonometry with Challenging Problems & Solutions for Jee Main and Advanced

. No questions asked in between 1984 to 1985

. Given sin 1[sin(2?ﬂj)

i u{=3)
i (5
(3

. No questions asked in between 1987 to 1988

2r
3

and B = 3sin”! G) +sin” @)
gl
= sin” (;j +sin”! @j
<sin™! EQJ +sin”! (ﬁj

2 2

_277:
3

Thus, 4 > B
Ans. (¢)
Given

tan ! JX(x+1) +sin ' Vxt+x+1 = g

_1[ 1
= COS

Vxt+x+1
= (\/x2 +x+1)

]+sin_1(\/x2+x+l) = g

1
Thas, (—j
Va2 +x+1
2
(\/x2+x+1) =1

=
= xX+x+1=1
= xX+x=0
= x(x+1)=0
= x=0,-1

11.
12.

13.

14.

No questions asked in 2000.
We have

U
=

2
1+ =x2(l+£)
2 2

x2+x)=x*2+x)
Q2x+x)=02x*+x)
X =x

xx—1)=0

x=0,1

Hence, the solution set is {0, 1}
We have cos(tan(sin(cot 'x)))

.o 1
Sin| Sin
x2

L U A

—_

tan~

[o{0)

COos

Il

8

=]

L
=
DO s
+

—_
N——
Ne—

COS

_ X +1
x*+2
Ans. (d)

Given f(x) = ,[sin”(2x) +%

It is defined for, sin~"(2x)+ % >0

Il
[«
]
7}

L
><N ><N
+ |+
N | —

N——
N—
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2, .2
= x +y =1
sin”'(2x) > —% g

Ans. (P)
1 = =
(2x)2sin(—%) - (B) Whena=1, b=1, then
T
{ sin 'x + cos 'y + cos ' (xy) = By
xX2——
4 4 1 1 1 T
= — cos x+tcos y+cos (xy)=—
Also,—1<2x<1 2 2
1 | = cos x= cosfly + cos’l(xy)
——<x<—
2 2 =  cos x— cos’ly = cos’l(xy)
Thus, the domain of the given function
=  cos (xy—\ll—xlel—yz) = cos ' (xy)

11
_[ 4’2} - (xy—\/l—x%/l—yz):(xy)

15. Given sin(cot !(x + 1)) = cos(tan 'x)
Vi—x2\1-3% =0

=
N 1
= Sm(sm [m}} = (1-x)(1-»)=0

. Ans. (Q)
= cos[cos_l[ 5 N (C) Whena=1, b=2, then
Vx©+1
.1 1 1 4l
| | = sin x+cos y+cos (2xy)= 3

\/x2+2x+2 - \/x2+1

U
(ORI

T
_cos 'x+cos 'y +cos ! (2xy) = By

-1 12 -2 = “1
NP S =  COoS (xy VI=x"41-y ) cos  (2xy)
= 2x+2=1 2 2
= (xy—\ll—x VI=»7 ) =(xp)

R 5 (iR i) = ep

16. No questions asked in between 2005 to 2006.

= \/x2+2x+2=\/x2+1

. = (1-2)(1-y)=x)’
17. Given sinﬁl(ax) + cos*l(y) + cosfl(bxy) = By = 1_-x*_ y2 + x2y2 = x2y2
(A) whena=1, b=0, then = x2+y2:1
i1
sin"'(x) + cos '(y) + cos '(0) = = Ans. (P)
2 (D) Whena=2, b=2, then

.1 -1 T
= sin + cos + - == 2
63 ) 2 2 = sin!(2x) + cos 'y + cos '(2xy) = 5

=  sin'(x)+cos () =0
T -l -1 -1 _r
= sin"'(x)=—cos () = —sin”" ( - e ) = 5 —cos (2x) + cos” 'y + cos  (2xy) 5

=  x=—y1-)°

cos’l(2x) = cos’ly + cos’l(2xy)

U

= cosﬁl(2x) - cos*ly = cosﬁl(2xy)

=  cos' (2x.y —1-4x*1-? ) = cos '(2xy)
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= (2x.y—\/1—4x2 W) = (2xy)
N (\/1—4x2m) -0

= (1-47)(1-»)=0

Ans. (S)
18. We have

Vi+x? x [{x cos (cot 'x) + sin (cot 'x)> — 1}]"2

e 5]
_ +sin[sin_l( Jﬁn}z -

r 1/2

) 2
> -1
[\/x2+1 \/x2+1]

2
2
1
[x + J_l
2 +1

= V1+x?
= \J1+x?
= 1+
= VJ1+x?

= xV1+x?

Ans. (c)
19. No questions asked in between 2009 to 2010.

sin@
20. Given f(6) = sin| tan™
S ( (\/00520 D

o 1[ sin 0 ]
= g¢in| sin” | ————
Vsin? 6 + cos 20

B sin @
\/sin2 0 +cos’> 6 —sin’ 0

_( sin@ ]
cos> 0

21.
22.

23.

d
N tan0) = 1
oW d(tan 0) (tan6)
No questions asked in 2010
Now, Y, (2k)

k-1
=2(14+2+3+...+n)

B 2(n(n+1))
- 2

= (n*+n)

23
Therefore, Y, cot™ ' (1+n+n*)

n—1

Lo ()
= ) tan | ——
n—1 l+n+n°
23 1 1
=Ytan | ———
1 I+ (n+1)n

_ §tanl((n+1)_nj
n—1

1+ (n+1n
23
= (tan”'(n+1) — tan"" (n))
n—1
= (tan"'(2) — tan"'(1)) + (tan"'(3) — tan"'(2))
+ ...+ (tan '(24) — tan"!(23))
= tan '(24) — tan (1)

_ tan”! 24 -1 _ 1 23
= tan = tan —
1+24 25

Thus, the given expression reduces to

)
for(2)

_2s
23
-1 . -1
cos(tan + ysin(tan
Wehave[ (™! y) + psintan y)J
cot(sin” y)+tan(sin~ y)

ool
A




24.

1 y
+y
[ y2+lJ [«/1—%)}2]
12
YolL y
y \/l—y2
1+y2
\/y2+1
1—)/2+y2
wi-y?
y(\/l—y4)
Thus, the given expression reduces to
1/2
1 A
= —2(y -y ) +y
Y

5 4 1/2
y =y 4
y

= (@ —yH+rH"
=1

Given cot (sin_1 V1 —x2) = sin (tan_l(xx/g))

- o)
|

=)
- (=)&)

X

\/_2

—
=

o)

= sin| sin™!

- (=)=

Ji-x? ) (ex? +1
= 6(1-x)=(6x*+1)
= 6-6"=6x"+1

= 12x*=5
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QUESTIONS WITH SOLUTIONS OF PAST
HIT-JEE EXAMS FROM 1981 TO 2015

1. Leta, b, ¢ positive real numbers such that

0 - tan-! /a(a+b+c)
bc

+tan”! /b(a+b+c) +tan”! /c(a+b+c).
ca ab

Then tan 8 is equal to [IIT-JEE-1981]
Soln. Now,
\/a(a+b+c) \/b(a+b+c)
Let x= , V=
b ca

C
ond o= /M
ab

The given equation reduces to

O=tan' x+tan”' y+tan”'z

0= tan”! X+y+z—xyz
l—xy—yz—zx

+y+z—
tang=| 21X TETVZ

l-xy—yz—zx
Now, x+y+z

:\/a(a+b+c)+\/b(a+b+c)+\/c(a+b+c)

bc ca ab

:\/az(a+b+c)+\/b2(a+b+c)+\/cz(a+b+c)

abc abc abc
_ {a+b+c(a+b+c)
abc
Also,xyz
:\/a(a+b+c)\/b(a+b+c)\/c(a+b+c)
bc ’ ca ’ ab

_ (a+b+c) (a2+b+c)x\/%
\/(abc)

(a+b+c) (a+b+c)

) Jlae)

Thus, x+y+z—xyz=0
Therefore, tan0=0.
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2. The numerical value of

an"'{2tan"! (l) _r .
5 4
1

[IIT-JEE -1981]

I
8
=

Il
S
5
/ N TN N
o
=
iR
| o
N—
|
S
5
—
—
N—

tan

S
— 12
5
1+—.
12
tan(tan_ (
_ (_lj
17
3. Find the value of cos(2cos_1 x+sin”! x) atx=1/5,

_ T . T
where 0<cos ' x<7 and —ESsm leE.

[[IT-JEE-1981]

Soln. Now, cos (2 cos ' x+sin”! x)
= COS (cos_1 x+sin”' x+cos™! x)
(et
— cos| —+cos™ x
2
= —sin(cos_1 x)
= —sin (sin_1 N )
= JI-x*
When x = 1/5, then the value of the given
. 1 2\F
expressionis —| ,/l-— |=———
25 5
4. The value of tan [cos_1 (%) +tan”! (%H is
(a) 6/17 (b) 17/6 (¢c) —-17/6 (d) —6/17

[IIT-JEE-1983]

Soln. Given tan {cos_1 (%j +tan™! (%H

tan(tan ( j+tan (—)]
3.2
_ -1l 4 3
= tan| tan 35
1 I—
4°3
_ 9+8
12-6
-
6

5. The principal value of sin_l(sin(%n is

2r

@ -2 @ 57”

[IIT-JEE - 1986]

2r
() EY

e s
o5
' ((3)
-[3)

6. The greater of the two angles
A=2tan"" (242 -1) and

B=3sin"" (l) +sin”! (E) 1Seen.
3 5

Soln. We have 4=2tan™! (2\/5 - 1)

> 2tan”! (\/g) = 2—”

3

and B=3sin”' (l) +sin”! (g)
3 5
3
sin”! 3(1) - 4(lj +sin™! (gj
3 3 5
. 1 (23) . 1 (3)
sin” | — |+sin” | —
27 5

T
(©) 3

Soln.

[IIT-JEE-1989]



. -1 \/5 . \/§
< Sin [7J+Sll’l (7]

Thus, 4 > B.
7. The number of real solutions of

tan~" Sx(x+1) +sin Wl +x+1=2 i
an”' \[x(x+1) +sin” Vx© +x+ 5

(@ 0 (b) 1
(c) 2 (d) oo [IIT-JEE-1999]
Soln. Given
tan_l,/x(x+1)+sin_1\/x2+x+1=§
1 L
= cos_l[—]-i-sm I(Vx2+x+1)=£
\/x2+x+1 2
Thus, =( X +x+1)
2 +x+1
2
= ( x2+x+1) =1
= xX’+x+1=
= x*+x=0
= x(x+l)=0
= x=0,-1
2 3
8 Ifs1n1Lx——+x—— ....... ]
4

for 0<|x|<\/§,thenxis

(a) 12 b 1
(c) -112 (d -1
[TIIT-JEE-2001]
Soln. We have
2 3 4 6
x° x s X' X
B ek el El [ e e
[ 2 4 ] ( 2 4 ]
2 4
X X 5 x° x
l-—+——..|= l-—+—-
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= X 1+§]=x2(1+§)
= x(2+x2)=x2(2+x)
= (2x+x3)=(2x2+x3)
= x’=x

= x(x-1)=0

= x=0,1

Hence, the solution set is {0, 1}.

2
9. Prove that cos(tanfl (SiH(COF] x))) R x2 =
x“+2

[TIIT-JEE-2002]
We have cos (tan_1 (sin (cot_1 x)))

(. _1[ 1 J
tan~ | sin| sin
[ x*+1
tan~! ! ]
2 +1

Soln.

CoS

COoS

Il

|
XN ><N
+ |+
N | =
N—
N—

cos| cos
B x?+1
V242
10. The domain of f(x)= sin”! (2x)+% is
11 13
w [-33] o [-53)
11 11
o2 [

[IIT-JEE-2003]
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Soln. Given f(x)=,[sin” (2x)+—

It is defined for, sin™" (2x)+ % >0

sin”! (Zx) >—

(2x)> Sin(_ﬁ) _ _%

Also, —1<2x<1

—leSl

2 2
Thus, the domain of the given function

4]

11. If sin (cot_l(x + 1)) =cos (tan_lx) , then the value of x is

@ -12 () 12 (0 (d) 9/4
[[IT-JEE-2004]

Soln. Given sin (cot_1 (x+ 1)) = cos (tam_1 x)

i 772

=
=cos| cos
\/x2+1
1 1
= \/x2+2x+2 \/x2+1
= Vi +2x+2 =+x? +1
= W+ 2x+2=x2+1
= 2x+2=1
=1
= 2

12. Match the following columns:
Let (x, y) be such that

sin”! (ax)+cos™ (y)+cos (bxy) = %

Column - I Column - IT
(A) Ifa=1and b =0, then (x, y)

(P)

lies on the circle x* + > =1

Soln.

(A)

(B)

©

(B) Ifa=1and b =1, then (x, y)
(Q) lieson (x? —1)(y* ~1)=0
(C) Ifa=1and b =2, then (x, y)
(R) liesontheliney=x
(D) Ifa=2and b =2, then (x, )
(S) lies on (4x2 - 1)()/2 - 1) =0
[IIT-JEE-2007]

Given sin”' (ax)+cos™ (y)+cos™ (bxy)=

l\)|;l

When a=1, b =0, then

sin™! (x) +cos™! (y) +cos™! (O) = %
= sin”! (x)+cos™ () + §=§
= sin 0

(
T(x)+cosT ()=
— sin”'(x)=-cos™' (y)=—sin"' (m)

- /l—yz

N x2=1—y2

=

= x+y'=1
Ans. (P).
Whena=1, b =1, then

| -1 -1 T
sin” x+cos” y+cos (xp)= 5

U -1 -1 -1 _r
= ——cos x+cos y+cos  (xp)==
2 2
-1 -1
= cos'x=cos y+cos (xy)
= cos ' x—cos! y=cos™! (xy)

cos™! (xy - m 1-y? ) =cos™' (xy)
i )0

N
= NI-x\1-)* =0
o (1=22)(1-)%)=0
Ans. (Q).

When a=1, b =2, then

- - - /4
= sin' x+cos 1y+cos 1(2xy)=5
T _ _ _ b4
= E—coslx+cosly+cos1(2xy)=5
= cos x=cos' y+ cos™! (2xy)
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_ _ _ 1/2
= cos'x—cos” y=cos' (2xy)

= cos”' (xy - ﬁﬂ) =cos™' (2xy)
- (xy—ﬂm)#hy)
N e s

S (i)

o 1—x2— P 42 = xR

)
(

=V1+x2
= \/1+x2
= \J1+x?
= \/1+x2

= xX+)y’=1 _
Ans. (P). = x/l+x?
(D) Whena=2,b=2,then Ans. (¢).

—  sin™! (Zx) +cos! vt cos! (2xy) zg 14. No questions asked between 2009 and 2010.
_ in 0
15. Let 7(0)=sin| tan™! Sin

= % —cos ™! (2x)+cos™' y+cos”! (2xy) = % /1) Sm( o (\/cos 20
= cos ' (2x)=cos ' y+cos ' (2xy) where _% <0< % . Then the value of
= cos”'(2x)—cos™ y=cos™' (2xp) d

f(0)) is....... IIT-JEE-2011
= cos (2x.y—\/1—4x2\/1—y2)=cos_1 (2xy) d(tane)( ( )) [ ]

[ _ in 0
= (2xy-V1-4x71- 2)= 2x Soln. Given f(0)=sin| tan 1( St j
[z 7)) ven /6) Joos20

- () [

= SIn| sin g——————
= (1-4¢)(1-5)=0 Vsin® 0+ cos 260
Ans. (S). sin @ J

13. If0<x< 1, then Jsin2 6 + cos® 6 —sin? §
1/2

Vi | froos(eotx)sinfoot ) 1] i sme]

2
equals cos” 6
X _[sin6)_ tan 0
(a) |+ 2 (®) x cosf
X
(© xvl+x* @ 1+ Now, m(m@)=1
[IT-JEE-2008] . .
Soln. We have 16. No questions asked in 2012.
23 n
2 V2 17. The value of cot cot_1(1+ 2k) is
V14 x% x [{xcos (cot_1 x) +sin (cot_1 x)} - 1} (;12:'1 k2='1
(a) 23725 (b) 25/23
5 4 X (c) 23/24 (d) 24/23
=1l+x XCOS| COS \/1+72 [HT—JEE _ 2013]
X n

112 Soln. Now, Y (2k)

[ : ]2 pa
. -1
+sin| sin -1
=2(1+24+3+.....+
¥ +1 ( n)
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{2

= (n2 +n)

B ,
Therefore, Y cot™ (1 +n+n )

n=1

—Ztan (

l+n+n® )

a Ztan (1+ n+1) j

n+1
nl 1 n+l

% (tan_1 (n+1)—tan™ (”))
- (tan_1 (2)-tan™ (1)) * (tan_l (3)-tan”™' (2))

' (24)—tan™ (23))

= tan”! (24) —tan™! (1)

_1(24—1) _1(23)
= tan =tan —
1+24 25

Thus, the given expression reduces to

ol (3]
ofor(2]

_2s
23
18. The value of

1 [cos (tan_1 y)+ysin (tan_1 y)]2 .

cot (sinf1 y) + tan (sinf1 y)

1/2

[IIT-JEE -
cos(tanfl y)+ysin (tanf1 y)
cot (sin_1 y) + tan (sin_1 y)

2013]

Soln. We have [

gl

e et

Bt
e
it
S
(=)

Thus, the given expression reduces to

TN 4)zy4j”

£

)1/2

19. If cot (sinfl VI-x? ) =sin (tanf1 (x\/g)), x#0
then the value of x is....... [IIT-JEE - 2013]

Soln. Given cot (sin_1 V1-x? ) =sin (tan_1 (x\/g))

- (&)

U

=
6(1-x?)=(6x" +1)

6—6x> =6x>+1

L

U

=

I

H



20. The number of positive solutions satisfying the

equation
() () (3):
tan + tan =tan | — | 1S....
2x+1 4x+1 x>
[ITT-JEE-2014]
Soln. We have
(wme (G ()
tan + tan = tan —
2x+1 4dx+1 x>
1 1
- tan~! 2x+1 4x+1 —tan”!| =
m ) s
2x+1 4x+1
can”! Ax+14+2x+1 —tan—l(i)
= (2x+1)(4x+1)—1 X

Inverse Trigonometric Function

6x+2 (2]
= 7 || 5
(8x2+6x+1—1) X
3x+1 ( 1 j
= 7~ ||
(8x2+6x+1—1) X
= 3% +x2 =8x% +6x
= 3} —7x* —6x=0

= x(3x?-7x-6)=0
= x(3x?—9x+2x-6)=0
= x(x=3)(3x+2)=0

2

= x=0,3,——
3

Thus, the number of positive solution is one.

21. No questions asked in 2015.
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ZAINTRODUCTION

In any A, the three sides and the three angles are generally
called the elements of the triangle.

A triangle which does not contain a right angle is called
an oblique triangle.

In any AABC, the measures of the angles Z/BAC, ZCBA
and ZACB are denoted by the letters.

A, B and C respectively, and the sides BC, C4 and AB
opposite to the angles A, B and C are respectively denoted
by a, b and c. These six elements of a triangle are not
independent and are connected by the relations.

(i) A+B+C=rx
(i) atb>c;btc>a,cta>b

7.1.1 Sine Rule Statement

The sides of a triangle are proportion to the sines of the
a b

angles opposite to them, i.e. in a AABC, — -
c sin4d sinB
—— . The above rule may also be expressed as
sin

sind _sinB _ sinC
a b c
A
c b
B a D Cc

Proof: Let ABC be a triangle such that
AB=c¢,BC=a,CA=b

Draw CD is perpendicular on 4B.

From AACD, sin A = b = o
AC b

= CD=bsind..n.. 1)
From ABCD, sin B = C—D = C—D
BC a
= CD=asinB ... (i1)
From (i) and (ii), we get,
bsin A=asinB
sind _ sinB (iif)
a b
Similarly, we can prove that,
sind _sinC . (iv)
a c
From (iii) and (iv), we get,
sind_sinB _ sinC
a b c
a b c
= ==
sin4 sinB sinC
7.1.2 Some Solved Examples
Ex-1. Ifin a AABC, 2apl  sin(A+B)’
then the triangle is right angled or isosceles.
232 s
Soln. We have a2 bz = S%H(A B)
a“+b sin(4 + B)

a* —b? 3 sin(A—B)sin(A+B)

a2 +b: sin’ (4+B)
a’ -b? B sin® A—sin’> B
a®+b*  sin? (m-C)

a’ - b* B sin® A—sin’ B
a’ +b° sin® C



Ex-2.

Soln.

Ex-3.

Soln.

a’ +b° kc?
a* —b? (az_bz)
N _
a’ +b° c?
1 1
2 42
a —b -—1=0
= ( )(arz+b2 02)
2 9 1 1
= a =b", =—
a+b>
= a:l),c12+l32—c2

Thus, the triangle is isosceles or right angled.

In a AABC such that £4 = 45° and ZB = 75°
then find a + c\/i .

We have ZC =180°—(A4+ B)
= 180°—(45°+75°)
= 180°-120°
= 60°
From the sine rule, we can write
a b c
sin 4 - sin B - sinC
a b c
Sin(45°)  sin(75°)  sin(60°)
a b

c
= —= =—=k(sa
1 N ﬁ ( )’)
2

V2o

Now, a + C\/E

{5

e

N
:(\Bﬂjk

V2
_ 2[\/§+1Jk

22
=2b
In a triangle AABC, if a? ,b2,02 are in A.P.
then prove that cot 4,cot B,cotC are in A.P.

Given az,bz,c2 are in A.P.

Ex-4.

Soln.

Properties of Triangles 331

= b -a>=c*-b
= sin? B—sin® 4 =sin’ C —sin’ B
= sin(B+4)sin(B—4)
=sin(C + B)sin(C— B)
=  sinC(sinBcos 4 —cos Bsin 4)
= sin A(sin C cos B —cos C'sin B)

Dividing both the sides by sin 4sin BsinC ,
we get,

= cotA—cotB=cotB—cotC

= cotA,cotB,cotC areinA.P.

A +
If cot By = u, then prove that
a

AABC is right angled.
We have

sin 4
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A B-C
= @ —=—
2 2
= A+C=8B
= 2B=A+B+C=180°
= B=90°.

Thus, the triangle is right angled.
Ex-5. In any triangle ABC, prove that

H(sinzA-.i-sinA+lJ>27.
sin 4

.2 .
Soln. We have H(w]

sin A

:(sinA+ _1 +1)(sinB+ _1 +1)
sin 4 sin B

(sinC+ _1 +1j
sinC

>(2+1)(2+1)(2+1)=27

(applying AM = G.M)
Ex-6: In atriangle ABC, prove that,

asin(§+3j = (b+c)sin(§) :

a b c

Soln. Let —=——=—-—-=
sind sinB sinC

We have, be

a
k(sinB+sinC)
k sin A

(sin B +sin C)
sin A

cos( B ; Cj
sin(f)

sin (; + B)
sin(;lj

Ex-7. Inatriangle ABC, prove that,
asin(B—C) bsin(C—A) csin(A—B)
b* - c? - —a® h a’ -b* '
Soln. Let _a = _b = .c =
sind sinB sinC
Wehave,w
b*—c

B ksin A.sin(C — A)
2 (s,in2 C —sin? A)

sin(B+C).sin(B—C)
k(sin2 B —sin? C)

(sinzB—sinzC) 1
k(sinzB—sin2 C) - E

bsin(C— 4)
2 —a®

ksin(C + A).sin(C — 4)
i (sin2 C —sin® A)

sin’C—sin4

1
k(sin2 C —sin® A) k

csin(4-B)

Also,
a’ - b*

ksin Csin (A - B)
k> (sin2 A—sin? B)

sin(4+ B)sin(4 - B)
k(sin2 A—sin® B)

sin? A—sin’B

- 1
- k(sin2 A—sin® B) k

Hence, the result.



Ex-8.

Soln.

Ex-9.

Soln.

Ina AABC, if cosA+2cosB+cosC=2
then prove that the sides of a triangle are in A.P.

Given cos4+2cosB+cosC=2
= cosA+cosC= 2(1—cosB)

= 2cos A+C cos A-C = 4sin’ E
2 2 2
T B A-C .2 B
= cos| ———|cos =2sin"| —
2 2 2 2
o 3Joos 45525073
=  sin| — |cos =2sin”| —
2 2 2
(#55)-2n(3)
=  COoS =2sin| —
2 2
. . B
Multiplying both sides by 2005(5) , we get,
= 2cos E cos A-C =2| 2cos E sin E
2 2 2

= 2sin(A;Cjcos(A;Cj= 2sin B

= sinA+sinC=2sinB

= a+c=2b

= a,b,carein A.P.

In a AABC, if cos Acos B+sin AsinBsinC =1.
then prove that a:bic=1:1:12

We have cos 4 cos B +sind sinB sinC =1

1—cosAcosB

- - =sinC
sin Asin B
1_
N .cos A.cosB —sinC<1
sin Asin B
= 1-cosAcosB <sin Asin B
= 1<sinAsinB+cos AcosB
= cos(4-B)=1
= cos(4-B)=1
= cos(A—B) = cos(O)
= A-B=0
= A=B

Therefore, sinC = M
sin Asin B

Properties of Triangles

_ l—cosAdcosd 1—cos® 4 B sin’ 4 B

= =1
sin’ A4 sin’ 4

sin Asin A4
= (C=90°
Hence, A=45°=B,C=90°
a b c
sin 4 - sin B - sinC
a b c
sin45°  sin45°  sin90°

Now,

€
1

S -]=
5 =] =

=

»—AlQ

b
1

e

= a:bie=1:1:42
Hence, the result.

EXERCISE 1
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Q. Ina A4BC,

sin(B—C) B > —c?

sin(B+C) 42

2. Prove that asin (B—C)+ b sin (C—A)
+csin(4-B)=0.

a’ sin(B - C) N b? sin(C — A)

1. Prove that

3. Prove that

sinB +sinC sinC +sin 4
2 _
. c. s1n(A. B) —0.
sin 4 +sinB
2 2 2 2
4. Prove that b”—c ¢ 4
cosB+cosC cosC +cos 4
2 32
+ 472 b =0.
cos A+ cosB

1+cos(4—B)cosC

- _ @b
. Prove that l+cos(A—C)cosB g2 42

6. Prove that az, bz, ¢* are in AP, if

sin 4 _ sin(4 - B)
sinC  sin(B-C)’

7.2 COSINE RULE

Statement
In any triangle ABC

b+ —a?

1) cosAd=
M 2bc
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2,2 32
. +c”=b
(1) cosB=L1¢ 77
2ac
2,32 2
+b° —
(i11) cosC=412 "¢
2ab
Proof:
o
a b
B ¢ D A

(i) From ABCD, sin A= 2 =P
AC b

= CD=bsin A4

From AACD, cos A= AD = AD
AC

b
= AD =bcos A
= AB—BD =bcos 4
= c—BD=bcos 4
= BD=c—-bcos A
From ABCD,

BC? = BD* + CD?
= 4= (c—bcos A)2 +(b sin A)2
= a*>=c?>-2bccos A+b* cos’> A+ b’ sin’ 4

= ¢* —2bccos A+b*

= 2bccosA=b>+c* —a®

b+t —a?
2bc

= cosd=

Similarly, we can easily proved that, (ii) and (iii).

7.2.1 Some Solved Examples
Ex-1. In atriangle ABC, prove that

a(bcosC—ccosB) = b —c?.
Soln. We have a(bcosC —ccos B)

= (abcosC —accos B)
a’+b*-c? a*+c? -b°
ab| — |—ac| ——
2ab 2ac

_ a*+b>-c? 3 a*+c? -b?
2 2

Ex-2.

Soln.

Ex-3.

Soln.

Ex-4.

Soln.

%(a2+b2 —*—a? - +b2)
1

2<b2—cz—cz+b2)
=%Q#—kﬁ

(-2
Hence, the result.
In a triangle ABC, if

(a+b+c)(a—b+c)=3ac,thenﬁnd ZB.
We have
(a+b+c)(a—b+c)=3ac

2
= (a+c) —b* =3ac
= 2+ -b*=3ac-2ac=ac

a’+c*-b* ac 1
:> ——— e

2ac " 2ac 2
= cosle
2
= B=z
3

Hence, the angle B is 60°

In any AABC, if 2cos B = 4 prove that the triangle
is isoceles. ¢

We have 2cosB =

- 2(a2+cz—b2)=g
c

[N )

2ac

a’+c? -b?
2777 =4
a
(a2+c2 —b2)=a2

=
= (cz—b2)=0
=
=

U

o2 = p?
c=b
Thus, the triangle is isosecles.

In a triangle ABC, if acos A=bcos B, then
prove that A is right angled isoceles.

We have acos A=bcosB

b+ —d? a’+c? -b?
a =b
2bc 2ac




Ex-5.

Soln.

(
= (az—bz):O,(az+b2)=c2
= a=b,(a2+b2)=02

Thus, the triangle is right angled isosceles.

In a triangle ABC, the angles are in A.P, then prove

that, ZCOS(A;C)= are

[ 2 2
a  —ac+c

Since the angles are in A.P, so 4 + C=2B
= A+B+C=3B

= 3B=180°
= B=60°

=  cos B =co0s(60°) = %

a+?-p 1

= @ — 7 =-

2ac 2

= a’+c*-b* =ac

=  a+c—ac=b*
Now, R.H.S
atc

\/612 —aC‘i'C2

a+tc

b
k(sin A +sinC)
k sinB

. (A+C) (A—C)
2sin cos
2 2
2sin (B)cos (B)
2 2

Ex-6.

Soln.
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{5
of7el?
=0
o)
- 2COS(A ; Cj '

In a triangle ABC, prove that

b2 _ 2 PRI
3 sin2A4+ 3 sin2B +
a b

sin2C =0

22
We have, [b—ch sin2A4
a

b =2
= 5 ](2sin A.cos A)
a

B b - c? 2ka b*+c*-a?
a2 2bc

(b2 —cz)(b2 +c? —az)
kabc
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Ex-7.

Soln.

= x[(b4—c4+c4—a4+a4—b4)
(b2 —az)]

In a triangle ABC, if £A4=060° then find

a b c a
the value of (1+—+—)[1+——_j_
c c b b

+a’ (02 —bz)+b2 (az —cz)+c2
=0

Given £4 =60°

=  cos A4 =cos(60°)
1
= cosd=—

P+t —-a* 1
= - = -
2bc 2

= (P+?—a)=bc ...(0)

o i)
_(c+a+b)(b+z—aj

(b+c+a)(b+z a)
[b+c —aJ
|

b+ —a +2bcj

_ [bc+2bc),from @
-(22)
bc
=3
Ex-8 If ! + ! = 3 , then find ZC.
a+c b+c a+b+c
1 3

Soln. Given ! + =
a+c b+c a+b+c

a+b+c+a+b+c_

a+c b+c
= 1+ 41+-2L =3
a+c b+c
b a
= + =1
a+tc b+ec

= b(b+c)+a(a+c)=(a+c)(b+c)
= b +bc+a’+ac=ab+ac+bc+c?

= bt -ct=ab

2,2 2
Now, cos(C):(%j
a

Ex-9. Ifin a triangle ABC,
2cos A4 N 2cosB N 2cosC _L b

B

a b c bc ca
then find the angle 4 in degrees.
Soln. We have
2cosA 2cosB 2cosC 1 b
+ + =

a b c bc ca

2bccos A accosB 2bccosC
+ +

abc abc abc
a’ b?
=4t —
abc abc

= 2bccos A+ accos B+2bccosC =a* + b?

= (b2+c2—a2)+%(a2 +c? —b2)

+(c12+172—c*2)=¢12+l)2



= 22 -2a*+*+a*-b*=0

= =bp+c?
AABC is a right angled triangle at 4
Thus, £4=90°

EXERCISE 2

Q. In any A4ABC,

1.

2.

10.

Prove that b(ccos A—acosC) = (c2 - az)

Prove that

cos A + cos B N cosC a?+b*+c°
a b c 2abc

Prove that

(a—b)* cos’ (%) +(a+b)* sin’ (%) =c?

Prove that

(b2 —cz)cotA+(c2 —az)cotB+(a2 —bz)cotCz 0

InaA4ABC, a=4,b=3,£4=60°
Then prove that ¢ is a root of the equation

?=3¢-7=0

. InaAdBC,if (a+b+c)(b+c—a)=Abc

then find the value of A.

If the angles A4, B, C of a triangle are in A.P.
and its sides a, b, ¢ are in G.P., prove that

az,bz,c2 are in A.P.

If the line segment joining the points P(a, bl)
andQ(a,,b,) subtends an angle 6 at the origin,

aya, +bb,
\/alz + b12 \/a22 + b22

In a triangle ABC, if cot 4,cot B,cotC are

prove that cosf =

2

in A.P., prove that a’,b?,c* are in A.P.

If the sides of a triangle are a, b and a* + ab + b*

then find its greatest angle.

Properties of Triangles

7.3 PROJECTION FORMULAE

Statement:
In any triangle ABC
(i) a=bcosC+ccosB
(i) b=ccosA+acosC
(iii) ¢c=acos B+ bcos A
Proof:

From AABD, we have,
a=BC=BD+DC
=ccosB+bcosC

= a=bcosC+ccosB

Similarly, we can eaisly proved that (ii) and (iii).

7.3.1 Some Solved Examples
Ex-1. In atriangle ABC, prove that,
sinB _c—acosB

sinC b—acosC

Soln. We have, w
b—acosC

acosB+bcosA—acosB

ccosA+acosC—acosC

_ bcos A
ccos 4

b

C

_ ksinB
ksinC

sin B

sinC

Ex-2. In any triangle ABC, prove that,
2 asinzg—i-csinzé =a+tc-b
> Sy | Tate-

., C .2 A
Soln. We have, 2 (a sin’ S csin? E)

337
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- o (€20

= a(l—cosC)+c(1—cosA)

=a+c—(acosC+ccosA)

=a+c-b
Ex-3. In any triangle ABC, prove that,
cos A cos B
bcosC+ccosB  ccosA+acosC
cosC B a’ +b* +c°
acosB+bcos A 2abc
Soln. We have,
cos A cos B
bcosC+ccosB  ccosA+acosC
cosC
acosB+bcos A
cosA cosB cosC
= + +
a b c
B b*+c*—-a° N A +a®-b
2abc 2abc
a +b"—c” 2ip? -
2abc
{ +c —a2)+(cz+a2—b2)+(a2+b2—cz)}
2abc
(a2+b2+c )

2abc

EXERCISE 3

Q. In any A4BC, prove that

1. 2| asin E+cs1n 5 =a+tc—>b

C B
2. 2(bc0523+cc0s25] =a+b+c

Q. In any AABC,

sin B
3. Prove that — =
sinC

c—acosB
b—acosC

4. Prove that (b+c)cos A+ (c+a)cos B+(a+b)cosC

= (a+b+c)

Q. In any A4BC, prove that

cos A cosB
bcosC+ccosB ccosA+acosC
cosC _ a’ +b> +c?
acosB+bcos A 2abc

6. 2(bccosA+cacosB+abcosC) = (a2 +b? +cz)

7.4 NAPIER'S ANALOGY
(LAW OF TANGENTS)

Statement:
In any A4BC, prove that
0 t (B—C) b-c t(A)
i) tan = cot | —
2 b+c 2

(ii) t (C—A)_(c—a) tE
ii) tan 2 ta co >

(ifi) t A-B) [(a-b tg
iii) tan > Py co 2
Proof: (i) Let —— = —_ <
roof: (i) Le = = =
sind sinB sinC

We h (b_cjcot(A)
av
R 2

sinB —sinC
sinB+sinC

wamanc )
2COS(B+C)
{5

Ccos

- ) e
== o0
|

B+C B-C
2¢cos
2 2
= X cot
. (B+C B-C
2sin
2 2

3)
X cot| —
2

=0
=

X
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= tan B-C = 2cosz(ﬂ)—1=i
2 2 5
Similarly, we can easily proved that (ii) and (iii) o 2cos? A ; B ) . % _ %
7.4.1 Some Solved Examples
,(A-B) 9
Ex-1. Inany AABC, b=3+1,c=3-1 = Cos > 710
and £A =60° then find the value of
(A - BJ 3
B-C =  cos =—
tan( ) i 2 10
2
Soln. As we know that, - tan(A -5 ) = 1
22 (B o) S
2 b+c 2 a—>b c) 1
= b cot E = g
a+
(\/_ +1) (\/5 1) (600)
cot 6-3 c) 1
2 - - ==
| (V3+1)+(V3-1) = (6+3Jc0t(2) 5
1
——cot (30°) 1 C)_l
—cot| — |=—
R =3 ( 2)73
1
= —X+/3
7 ()
- c_x
Ex-2. Inany A4ABC, b=+3,c=1,B—C=90° = 27 4
then find ZA4. T
Soln. As we know that, = C= 5
5 ()
an = cot| — T
b+c 2 Hence, the value of C is 7
= tan(%o)— \/5—1 cot(é)
2 ) (V3+1 2 EXERCISE 4
A . . . _ _
=  tan(45°) = (2 _ ﬁ)cot (—) 1. Ifinatriangle ABC,a=4, b=2 and cos (4 — B) =4/5,
2 then prove that angle C is 90°.
A 1 2. In atriangle ABC, if
= cot(—)=—= 2+3 _ -
2 (2—\/5) ( ) x=tan(B ¢ tan 4 , y=tan ¢ A)tan(g)
2 2 2 2
4 d
=  cot| — [=cot(15°) an
2 A-B C
z=tan tan| — |, then prove that
— A= 300 2 2
Hence, the angle 4 is 30°. xX+y+z+xz=0
Ex-3. Ifin atriangle ABC,a=6,b=3 and ) ]
cos (A - B) =4/5 , then find the angle C. 3. Inatriangle ABC, ifa =5, b=4and
31
4 cos(A4— B)==—, then prove that ¢ = 6.
Soln. Given cos(4—B)=— 32
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7.5 HALF-ANGLED FORMULAE

In this section, we shall desire to the formulas for the sine,
cosine and tangent to the half of the angles of any triangle
in terms of'its sides. The perimeter of AABC will be denoted

by 2s
ie. a+ b+ ¢ =2s and its area is denoted by A.

ie. A= \s(s—a)s—b)s—c)

1. F 1fsinésin§ sing-
. Formulae for ) 7 ) 5 )

In any A4ABC,

() sin 4 = [C=020)

(ii) sin g _ w

(i) sin & = ==
2 ab

Proof: (i) We have,

2sin’® (éj
2

=1-cos A4

= 2sin’® (éj
2
1 b+ —d?
2bc
B 2bc—b* = +a?®
2bc

2bc

_ az—(b—c)z]

2bc

_ {a+(b—c)}><{a—(b—c)}j

_ (a+b—c)2>b<£a+c—b)]

B (a+b+c—2c)x(a+b+c—2b)
- 2bc

_ [(2s— 2¢)x (25 —Zb)J

2bc

bc

=  2sin’ (gj = (W]

be

—  sin? [gj _ (Wj

Similarly, we can easily prove that (ii) and (iii)

A B C
2. Formulae for cos| — |, cos| — |, cos| — |:
2 2 2

In any A4BC,
. A |s(s—a)
(i) cos 5 be
B -b
(i) cos — = Ss-b)
2 ca
C  [s(s—c¢)
(ii1) cos 5 b

Proof: (i) We have,

2cos’ (é)
2

=1+cos4

b+ —d?
=1+ —
2bc
B 2bc+b* +c* —a’
2bc

3 (b+c)2—a2]

2bc

(a+b+(;)b(lcy+c—a)J

B (a+b+c)(b+c+a—2a)
a 2bc

_ 2s(2s—2a)J

2bc



Similarly, we can easily proved that (ii) and (iii).

3. F lftanétangtang'
. Formulae for 5 ) 7 ) 5 )

In any A4BC,
(s=b)(s—c)
(i) tan — 2 —s(s—a)
B [s—oG-a
(i) tan 5 sG-b)
C _ |(s—a)s—b)
(ii1) tan 5= SG-0)
Proof: (i) We have,
5)
tan| —
2
(5]
sin| —
_ 2
f3)
cos| —
2
(s—b)(s—c)
_ bc
s(s—a)
bc
R mn(éj: (s=b)(s—c)
2 s(s—a)

Similarly, we can easily proved that (ii) and (iii)

7.5.1 Some Solved Examples

Ex-1. Ina AABC, ifa=13, b= 14 and ¢ = 15, then find
the value of

(i) sin 2
1) SIn —
2
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(i) B
i) cos —
2
(ii1) cos 4
Soln. Wehave 2s=a+b+c=13+14+15
=13+14+15 42 91
) (S b)(s—c)
(1)
_\/21 14)(21-15)
- 14.15
_[76 1
14.15 /5
. A [s(s—a)
(i1)) cos 7 e
21(21-13)
14.15
~[218
14.15
_ A2
5 45
(iii) cos 4
=2cos2(éj—1
2

_ 2(£)_1
5
_8-5_3
5 5
. A b+c
Ex-2. InaAABC, if cos| — |= 5
2 2c

prove that AABC is right angled at C.

A b+c
We have cos( )— ‘/
/ s—a /b+c
=

b+c
bc 2
= 2s(2s-2a)=2b(b+c)
= (a+b+c)(b+c—a)=2b(b+c)

Soln.

—a
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Ex-3.

Soln.

Ex-4.

Soln.

Ex.-5

Soln.

= ((b+c)2 —a2)=2b(b+c)
= b+ —a? =207

= a*+br=c

Thus, the triangle ABC is right angled at C.
In a AABC, prove that,

bcos> (%j +ccos’ (g) =s

We have, bcos’ (%j +ccos’ (g)

o[, [

= i(s—c+s—b)

a
= i(2s—c—b)
a
==(a+b+c—c-b)
a

In a A4BC, prove that

becos? é + cacos® E +abcos? g =5’
2 2 2

We have

bcumz(§)+camm2(§)+abum2(%)
{2

S(s—a)+s(s—b)+s(s—c)

s(3s—(a+b+c))
s(3s—2s)

=SXSs

. [A-B+C
In a AABC, prove that 2acsin —
= (a2+cz—b2).
. ([A-B+C
We have 2acsin —

.(A+C—B)
= 2acsin T

Ex-6.

Soln.

Ex-7.

Soln.

.(ﬁ—B—B)
= 2acsin T

= 2acsin (Z - B)
2

= 2accos B

[az +c? —sz
=2ac] ——
2ac

= (a2+cz—b2)

In a AABC, 3a = b + c, then find the value of

B C
cot| — |cot| —|.
2 2
B C
We have, cot| — |cot| —
2 2

:\/ s(s—b) x\/ s(s—c)
(s—a)(s—c) (s—a)(s—b)
:\/ s(s—b) y s(s—c)
(=a)(-)  =a)(s-)

2s
2s—2a

a+b+c
a+b+c—-2a

4
da-2a

=2.
In a AABC, prove that

A B 2c
1—tan| = |tan| = |= —F———
(2) (2) (a+b+c)

A B
We have 1— tan(—) tan(—)
2 2

ZI_J@—bﬂs—@J@—aﬂs—d

s(s—a S(s—b)




Ex-8.

Soln.

Il
—_
|
—
=]
|
o
~—

Sy =10

___ 2
(a+b+c)

Hence, the result.
In a AABC, prove that:

A B C a+b+c A
cot| = |+cot| = [+cot| = |= cot| —
(2) (2) (2) (b+c—a) (2)

A B
We have, cot 5 + cot E +cot —

N s

(s ats—b+s— c)

l>|°:

(3S (a +b+ c))

l>|h

(3s—2s)

l>|°:

> | 4

\/s(s—a)(s—b)(s—c)
s s(s—a)

(-a) VG=b)(s—0)

Ex-9

Soln.

Ex-10

Soln.
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_ 2s y s(s—a)
(2s - 2a) (s - b)(s - c)

_ (a+b+c)><cot(§]

(b+c—a)

. A B C )
Ina AABC, if cot 5 ,cot 5 ,cot E areinA.P.,

then prove that a, b, c are in A.P.

Given cot ;’ cot g, cot % are in A.P.
S zco{g) _ cot(gjmt@
. S5=0)
-a)i-9
:J ooa) *J o)
=05~ (G-
= A _(2)_(]:)_ 5

o (e

a,b,ce AP

B C
Ina A4ABC, c(a + b) cos 5 b(a+ c) cos R then

prove that the triangle is isosceles.

C
We have, c(a + b) cos — —b(a+c) cos — 5
a+b ,/ a+c 1/
-b
a+b (S )=b a+c (S c
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= (a+b)2><(s;b)=b2 (a+c)2><(S;c) 5. Ina A4BC, tan(g)tan(g)z(sgcj
= cla+b) x(s=b)=b(a+c) x(s—c) 6. Ina A4BC, prove that
S c(a+b) x(s—b)=bla+c) x(s=c) (b;c)cosz(g){ta]mz@)

s e

= b 2 e
(a+c) c(a+ ) 7. Ina AABC, prove that
= 1 - 1 2= 1 - 1 2 cot é + cot E +cot C) 2
b(a+c) (a+c) c(a+b) (a+b) 2 2 2)_ (a+b+c)
1 1 1 1 cotA+cotB+cotC a’+ b+
- b(a+c)_c(a+b)_ (a+c)2 _(a+b)2 8. Ina A4BC, prove that
A B C
- ac+c*—ab—b (a+b)’ —(a+c) (b‘c)COt(EjJr(C—G)CO{EJJF(“—b)COt(E)ﬂ)
be(a+b)at+e)  (a+c) (a+b)’ 9. Ina A4BC, if
a(c—b)+(c2 _bz) 2a(b—c)+(b2 _cz) tan(é)zé,tan(§j=§,then prove
= = 2 6 2 37
bc (a+c)(a+b)
that a, b, in A.P.
(c=b)(atbtc) (b-c)(2at+bc) S s enen
e =
bc (a+c)(a+b) 10. In a A4BC, if c(a+b)cos(§)=b(a+c)cos(%j
(a+b+c) (2a+b+c)
= (c-b) be +( a+c)(a+b) - then prove that the triangle ABC is isosceles.
= (c=b)=0 7.6 AREA OF TRIANGLE
.. (a+b+c)+ (2a+b+c) 20 Statement:
. be (a+c)(a+b) Prove that the area of A4BC is given by
1
= b=c (1) A:EbcsinA
= Adisisoceles.

1
(il)) A= = casinB

EXERCISE 5 )

(i) A= < absinC

[\

[\

1. Ina AABC, 3a = b + c, then prove that
1
cot[ﬁj Cot(Ej PN Proof: (i) We have, A=—x ABx CD

= A ! X cXbsin 4
. B =7
2. Ina AABC, if cos A+cosC = 4sin? (E) , then prove 2

1 :
that a, b, c are in A.P. = A= Ebc sin 4
3. Ina A4ABC, if (s —a) (s — b) =s(s — ¢)
then prove that angle C is 90°. Similarly, we can easily proved that (ii) and (iii).
4 B C 1. Area of a triangle (Hero’s Formula)
4. Ina AABC, if cot > cot 5 cot — anr in A.P., then In any AABC: A = \/S(S —a)(s—b)(s—c)

prove that a, b, ¢ are in A.P.



1 .
Proof: As, we know that A= Ebc sin 4

l><bc><2sin é cos é
2 2 2

bcx\/(s—b)(s—c)x\/s(s—a)

bc
— =)=

7.6.1 Some Solved Examples
Ex-1. Inany A4BC, if a=+2,b=+3 and c=\/§,
then find the area of the AABC.

| 3
AABC = Exﬁxﬁ = \E S

Ex-2. Inany A4ABC, prove that

Soln.

a* - b? sin Asin B
A= X — .
2 sin(4 - B)
2_p? sin Asin B
Soln. We have,

X
2 sin(4— B)

2(.. 2 )
k (SlIl A—sin B) sin A.sin B

B 2 *sin(4-B)
B k2xsin(A+B)><sin(A—B)xsinA.sinB
B 2 sin(A—B)
B k? Xsin(A+B)><sinA.sinB
- 2
- k? X sin (7 — C) x sin A.sin B
- 2

kzxsiangxé
_ Kk

2

1 .

= ExabsmC

=A.

Ex-3. If the angles of triangle and 30° and 45° and the
included side is (\/5 + 1)cm., then prove that the

1
area of the triangle is 5 (\/5 +1) cm?.

b c
sind sinB sinC

Soln. As we know that,

Ex-4.

Soln.

Properties of Triangles

(\/g + 1) b c
= = =
sin(105°) sin45° sin30°
(\/5 + 1) b c
= = =
cos(105°) sin45° sin30°
- (\/g + l) B L _c
G 11
22 2 2
= 22 =bV2=2¢

=  bh=2& c=+2

1 .
Hence, the area of the triangle is = Ebcsm 4.

%x 2x+/2 x sin(105°)

\/§+1
242

%xe\/Ex

In a A4BC, prove that:

(3)re(3)reo(5)
2)T0R) TG ) @rbeey?

cot A+ cotB+cotC A +b2 4+
We have, cot A+cotB+cotC
_cosd cosB  cosC
sin4d sinB sinC
P+t -a* F+adt-bv A +b -
_ 2bc + 2ac + 2ab
ak bk ck
_bz-i—cz—a2 +a’-b> A +b-Cf
2abck 2abck 2abck
_ a’ +b% +c?
2abck

(az +b? +c2)

4x(;ab)><sinC

(az +b° +cz)

S TTAR A @)

A B C
Also, cot| — |+cot| — [+cot| —
2 2 2

345
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_(atb+c) 4
(bre—a) cot(z)
2

_%; .................... (i)

Dividing (ii) by (i), we get,

A B C
cot| — |+cotf — |+cot| — P
(2) (2] (2)_ s

cot(A4)+cot(B)+cot(C) 4(a2 +b%+ Cz)

o Dreo Do) vrpeny

cot(4)+cot(B)+cot(C) (a2 +b? +c2)

2
Ex.-5. If in a AABC, prove that A < S? .

Soln. Leta, b, and c are the sides of a triangle and s be the

semi perimeter.
Let the four quantities are s, (s —a), (s —b) and (s — ¢)
Applying, A.M. > G.M., we get,
s+(s—a)+(s—b)+(s—c)
4
> ‘\‘/s(s - a)(s —b)(s - c)
4s—(a+b+c) 2@
4

45-2s
4

=

=

> (A)%

N |«

= A<s—
4

Ex-6. If ¢, 3, yare the lengths of the altitudes of a triangle
ABC, then prove that

11 1 1
—+t—= —2=—(cotA+cotB+cotC)
a® B A

Let AD= o, BE=fand CF =y
Then,

Soln.

AzlxaxADzlxbeEleCxCF
2 2 2

=B b 2
a b c

2A 2A 2A

= a:—’ ﬁ:—,y:—

Ex.-7.

Soln.

N 1 N 1 N 1
ow, —5+—+—
o ﬁ2 y2
a’ b? c?

402 4A2 42

(a2 +b° + cz)
4A°

1 (a2 +b% + cz)

= —X
A 4A

= %X(cotA-kcotB-i—cotC)

B (cot A+ cot B+ cotC)
A

Hence, the result.

If pi, py, p3 are the altitudes of a triangle from the
vertices 4, B, C and A be the area of the triangle
ABC, prove that

1 1 1 2ab 2(C)
—t+———=———Xcos"| — |.
P Dy Ds (a+b+c)><A 2
Let AD =p,, BE =p, and CF = p,

Th A 1><a>< 1><b>< 1><c><
n. = — = — - —
en, > P 5 V43 5 Ps3

2A
=

2A 2A

T

2ab><s(s—c)>< 1
AXs

2ab
X
AXs

~—

S(S—C




2 ab

_2ab o2 E
- (a+b+c)AXCOS (2)

Ex-8. Ifa, b, c and d are the sides of a quadrilateral,

Soln.

Ex-9.

Soln.

Ex-10.

then find the minimum value of ( PE

We have, (a—b) +(b—c)’ +(c—d)’ 20

= 2(a2+b2+c2)22(ab+bc+ca)
= 3(a2+b2+02)2(a2+b2+02)
+2(ab+bc+ca)
= 3(a2+b2+cz)>(a+b+c)2>d2
3(a2+b2+c2)
= T>l
(a2+b2+cz) 1
= T3 73
d 3
a2+b2+cz) 1
Thus, the minimum value of 7 is 3"

3
In a triangle ABC, if cos A + cos B + cos C = 5

then the triangle is equilateral.

3
We have, cos 4 + cos B+ cos C= E
. (AY. (BY. (C 3
= 1+4+4sin| — [sin| — |sin| — |=—
2 2 2 2
. (Aj. (Bj . (C) 1
= sin| — |sin| — [sin| — |=—
2 2 2 8

It is possible only when

. (A 1 . (B 1 . (C 1
sin| — [=—,sIn| — |[=—,sIn| — [=—
2 2 2 2 2 2
A n B n C =&
= —_—=—, —=—, —=—
2 6 2 6 2 6
= 4=Z,p=Z c=Z
3 3 3

A is an equilateral .

In a APQR, if sin P, sin Q, sin R are in A.P.
then prove that its altitude are in H.P.

a2+b2+02]

Properties of Triangles

Soln. Here,
A—lx X —lx X —lxrx
5 PXp 5 qgXxp; > D3
2A 2A 2A
= p=E—q=—,r=—
Dy V) Ps3

From sine rule of a triangle,
sinP _sinQ sinR
P q r

Given sin P, sin Q, sin R are in A.P.

= p,q,r€AP
2A 2A 2A

= —,—,—€AP
P Py P

7.6.2 m-n Theorem

347

Statement: If D is a point on the side BC such that
BD:DC=m:n and Z£ADC=0, ZBAD=o and

ZDAC = B, then
(i) (m+n)coté =mcota—ncotf

(ii) (m+n)cot®=ncotB-mcotC

BD
Soln. Given — = and £Z4DC = 0
DC n
A
o/ B
V]
B m D n C

So, ZABD =180°— (o +180°—6) = (6 — )
and ZACD =180°—(6+ )

BD AD

From, AABD, Sno = sin ( 6 a) ...... (1)
F AADC bc AD
rom =
"sinfB  sin(180°— (0 +B))
DC AD ..
= @ = ... (i1)

sin 8 - sin(0+ f8)
Dividing (i) and (ii), we get,

BDsinf3 _sin(0+f3)
DCsina sin(0— )
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(i)

msin 3 sin@cos B+ cos@sin
sinf@cosa —cosfsina

nsino

m  (sin@cos B+ cosBsin B)sin
= — = . .
n  (sinBcosa —cosBsinct)sin

Dividing the R.H.S by sinosin Ssin6 | we get,

m _ cotf3+cotf

n  cota—coth

= n(cot B +cot8) =m(cotor — cotB)
= (m+n)cot@ = mcota—ncot f§

BD
Given — =2 and £ADC =6
DC n

Thus, £ ADB=180°-6
Here, £LABD =Band £ ACD=C
So, ZBAD =180°—(180°- 6+ B)=6—-B

and £ DAC =(180°—(6+C))

BD AD

Now, from A4BD = ... i
oW from " sin(6-B) sinB ®
and from AADC,
DC _ 4D
sin(180°—(6+C)) sinC
DC AD ..
= <= (i1)

sin(0+C) sinC
Dividing (i) by (ii), we get,

@ Sil’l(9+C) B sinC
DC'sin(O—B) sinB

m sin(9+C) _sinC

= ;'sin(G—B)  sinB

m sinC.sin(@—B)
= no sin B.sin (0 + C)

m sinC(sin@ cos B —cosBsin B)
N m_

n  sinB(sinf cosC +cosBsinC)
Dividing the numerator and denominator on the right
hand side by sin BsinCsin@ , we get,

m _ cotB—cot@

n cotC+cotd

= (m+n)cot9=ncotB—mcotC

Hence, the result.
This completes the proof of the statement.

7.6.3 Some Solved Examples

Ex-1.

The median AD of a triangle ABC is perpendicular

to AB. Prove that tan A +2tan B =0

Soln.

Ex-2.

Soln.

Since AD is the median, so BD : DC=1:1
A

90° X4_9

90°+ B

B D o

Clearly, ZADC =90°+ B

Now, applying m : n rule, we get,

(1+1)cot(90° + B) =1.cot(90°) — 1.cot(A4 — 90°)
= —2tanB=0-(-tanA)

= —2tanB=tan 4

= tanAd+2tanB=0

Hence, the result.

= L,L,LGA.P
b1 Py Ds

= p,P»,PsEHP

Thus, the altitudes are in H.P.

If D be the mid point of the side BC of the triangle

ABC and A be its area, then prove that

2_ 2
cotl =

,where ZADB =0

c D B
By m : nrule, we get
(1+1)cot6 =1.cotC —1.cot B

= 2cot@=cotC—cotB

A +b* - A+l -b

= 2cotf= —
2absinC 2absin B
2,42 2 2,2 32
_ 2cot9=a +b"—c¢ _a+c b
4A 4A



4A
4A

Hence, the result.

EXERCISE 6

1. Ina AABC, if Z4=60°, b=4cm. and c=+/3 cm.
then prove that the area of the AABC is 3 cm’.

A B C
2. Ina AABC, If ALEC Cobs - &8 and the side
a
a =2, then prove that the area of the triangle ABC is

3sq. u.

3. Ifinatriangle ABC,a=6,b=3 and cos (4 — B) =4/5,
then prove that ar(A ABC ) =9sq.u.

4. If cos A + cos B + cos C = 3/2, then prove that the
triangle ABC is equilateral.

5. In atriangle ABC, A =(6 + 2\/§)sq.u and
ZB=45%a= 2(\/5 + l), then prove that the side b is 4.

6. If the angles of a triangle are 30°and45° and the
included side is (\/3 + 1) , then prove that

ar(AABC) = %(\/5 + l)sq.u.

7. The two adjacent sides of a cyclic quadrilateral are 2
and 3 and the angle between them is 60. If the area of

the quadrilateral is 43 , then prove that the remaining
two sides are 2 and 3, respectively.

7.6 RADII OF CIRCLE CONNECTED
WITH A TRIANGLE

7.7 Introduction

On this topic, we shall discuss various circles connected
with a triangle and the formula for their radii in terms of
elements of the triangle.

7.7.1 Circumcircle of a triangle and its radius: The circle
which passess through the angular pointsof a A is called
the circumcircle. The centre of this circle is the point of
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intersection of perpendicular bisectors of the sides and is
called the circumcentre and its radius is always denoted by R.

The circumcentre may lie within outside or upon one of
the sides of the A. In a right angled triangle the circumcentre
is the vertex whose right angle is formed.

7.7.2 Circum-Radius: Statement Prove that the circum-
radius R of a A4BC is given by
a b c

Q) R=——=7"T"—==7—
2sind 2sinB  2sinC
abc

NI

(i) R="x

Proof:

oy]
<
O

Let ABCbe a A and let the perpendicular bisectors of its sides
BC, CA and AB intersect at O. Then O is the circumcentre
such that 04 = OB=0OC =R

(i) We have LBOC =2 £ZBAC =24
= ZBOD=/COD=A4

In ABOD, sind = 22 -4 _ 4
n nAd=—=—=——
S OB 2 2R
R
= R= a
2sin A
Similarly, it can be shown that
c
= — and R = —
2sin B 2sinC
a b c
Hence, R =

2sind  2sinB _ 2sinC
(i1)) As we know that,

1
A= — bcsind.
b C SI
2
= SIMA=—
bc
., «_2A
2R bc
=  4AR=abc
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abc
R _ -
4A

Hence, the result.

=

6.7.3 Some solved examples

Ex-1.

Soln.

Ex-2.

Soln.

Ex-3.

Soln.

Ex-4.

Soln.

InaA4ABC,ifa=18 cm., b=24 cm. and ¢ =30 cm.,
then find its circum-radius

Clearly , the triangle is right angled.

(- 18%+24% =307

Thus, the area of the triangle

1
=5 x24x18=12x18

Therefore, the circum-radius
=R

abe

4A

18x24x30

4x12x18

In an equilateral triangle of side 2V3 cm., then find
the circum-radius

As we know that,

a
- =2R
sin 4
243
sin(60°)
= R= ﬁ =2
V3
2

Hence, the circum-radius is 2.
If the length of the sides of a triangle are 3, 4 and 5
units, then find its circum-radius R.

Leta=3,b=4and c=5. Clearly, it is a right angled
triangle

1
Thus ,A= 5 X4 X3 X6sq.u

Hence, the circum radius R

_abe
4A

3x4x5
=10

6
If 8R* = &® + b* + %, then prove that the triangle is
right angled
We have 8R? = o* + b* + ¢
8R’? = (2Rsind)* + (2RsinB)* + (2RsinC)*
= sin’4 + sin®B + sin’C = 2

Ex-5.

Soln.

Ex-6.

Soln.

Ex.-7

Soln.

Ex-8.

Soln.

= 1-cos’4 + 1 —cos’B +sin’C=2

In any A4BC, prove that
Acosa+bcosbhb+ccosc=4R sin A sin B sin C
We have,acosa+bcosb+ccosC

= 2R(sin 4.cos 4 +sin B.cos B +sin C.cos C)
2R . . .
= 7[251nA.cosA+2smB.cosB +2s1nCcosC]

= R(sinZA +sin2B+sin2C)
= R( 4 sin A. sinB.sinC)

= 4R.sin A.sin B.sinC

In any A4ABC, prove that
A =2R?sin Asin BsinC.

1 .
We have, AzaxaxbxsmC
1 . . .
A=E><2Rs1nA><2Rs1nB><s1nC

= A =2R? X sin A.sin B.sin C

In any triangle ABC, prove that,

sinA+sinB sinC_ 3
a b c 2R
sin4d sinB sinC
We have, +
a b c
sin A sin B sinC

= + +
2RsinA4 2RsinB 2RsinC

1 1 1 3
2R 2R 2R 2R
In any triangle ABC, a, b, c are in A.P. and p|, p, and
p; are the altitudes of the given triangle, then prove
1 1 1 3R
that, —+—+—<—
2T 2 XA

LetAD=p,, BE=p,and CF =p;.
Then.

1 1 1
A=—XaXp, =—XbXp,=—XcX
5 D 5 P> 2 D3



Ex-9.

Soln.

Ex-10.

Soln.

. 2R(sin A+sinB+sinC)
- 2A
S3—R ( sinA<1, sinB<1, sinCSl)

A

If p,, p, and p; are the altitudes of a triangle ABC
from the vertices a, b and ¢, respectively, then

1 1 1 1
prove that —+—+—=—
P Py D3 T

1 1 1
H A=—ap, =—bp, =—¢
ere, 5 /4] 5 P> 5 P3
2A 2A 2A
= D= P = .P3=
a b c
1 1 1
Now, —+—+—
b Py Ps
_a+tb+tc
2A
_2S
2A
_5
A
_1
B

If p|, p, and p; are the altitudes of a triangle ABC
from the vertices a, b and c, respectively, then

cosA cosB cosC 1
prove that + + =—
y41 D> Ps3 R
We have
cosA cosB cosC
+ +

D1 D> Ps3

1
= —(acosA+bc0sB+ccosC)
2A

1
= —[2Rsin Acos A+ 2Rsin Bcos B
2A
+2Rsin C cos C]

= i(sin2A—i—sin2B + sin2C)
2A
R . . .

= —(4sin 4sin BsinC)
2A

= % sin Asin BsinC
A

- %x(%j x(%)x(sinc)
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Il
l>‘_
I
2
>
v
2.

B
Q
N—

EXERCISE 7

10.

In a triangle ABC, the sides are 6, 8 and 10, respec-
tively. Then find its circum radius.
If twice the square on the diameter of the circle is equal
to sum of the squares on the sides of the inscribed
triangle ABC, then prove that
sin®> A+sin® B+sin’> C =2
In an acute angled triangle ABC, prove that

cos A4 1

iR - R
In an acute angled triangle ABC,
cos B 1
prove that ————==—
4R*-p* R
In an acute angled triangle ABC,
cosC 1
prove that ———==—
4R*-* R

If p,, p, and p; are the altitudes of a triangle ABC from
the vertices a, b and c, respectively, then
a*b*c?

8R’
Ifp,, p, and p; are the altitudes of a triangle ABC from
the vertices a, b and c, respectively, then prove that

prove that p,p, p; =

bpy |
c a b

cpl+czpi=a2+b2+cz
2R

O is the circum centre of R,R,andR; and
AOBC,AOCA are respectively the radii of the cir-
cum-centre of the triangles and AOAB and AOAB,
prove that
a b
—+—+
R R,

¢ _abc
R R
In an acute angled triangle ABC, prove that
asec A+bsecB+csecC

tan Atan Btan C

In any triangle ABC, prove that
(acos A+bcos B+ccosC) = 4Rsin Asin BsinC
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7.8 INSCRIBED CIRCLE AND
ITS RADIUS

On this topic, we shall discuss various circles connected
with a triangle and the formula for the circle which can be
inscribed within a A and touch each of the sides is called its
inscribed circle or incircle.

The centre of this circle is the point of intersection of
the bisecter of the angle of the triangle. The radius of this
circle is always denoted by ‘7’ and is equal to the length
of the perpendicular from its centre to any of the sides of
the A.

7.8.1 In-radius

Statement:
Prove that the in-radius r of the inscribed circle of a triangle
ABC is given by

(iv) V=4RSin(é)Sin(£)sin(£)
2 2 2

Proof:

B2 7\
B C

Let ABC be a triangle such that the internal bisectors of the

angles of the triangle intersect at I. Suppose the incircle

touches the sides BC, CA and 4B at D, E and F respectively

then ID, IE and IF are perpendicular to these sides and /D
=JE=IF=r.
(i) We have, ar(A4BC)

= ar (A IBC) +ar (AICA) +ar (AIAB)

1
—ar+ —br+ —cr
2

= A=
2 2

1
= A= 5r(a+b+c)

—l X2
21’ S

=r sy
= r=—
s
(i1)) We know that, the length of the tangents to a circle
from a given point is equal.
= AE = AF, bd = BF and CD = CE
Now, 2s=a+b+c
=BC+ CA+ AB
=(BD+ DC) + (CE + EA)+ (AF + FB)
=2 (BD + AE + CD)

=2 (BC+ AE)
=2(a+AE)
=s=a+AE.
=>AE=s—-a y
. r
Now, in AIAE, tan| — |=—
2 AE

ipen [A) 4
=r=AE tan 5 =(s—a) tan 5 )

B
Similarly » = (s — b) tan (E) ,

r=(s—c)tan (%j

Hence, the result.
Ina AIBD and AICD , we have

B r C r
tan | —| = —— andtan | — | = ——
(2) BD (2) CD

r r
2
tan| —
2

tan| —
2
Now, a=bd + CD

(iii)

= BD =

,CD=




(iv)

wafSJol )
=Om
st
=@
ou{2Ju()
=g
e {209
=0
{22 2}o(5)
=g
w2 (8

Hence, the result.

Similarly, »

We have, r =
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7.8.2 Some Solved Examples

Ex-1.

Soln.

Ex-2.

Soln.

Ex-3.

Soln.

In any A4BC, prove that
acosa+tbcosB+ccosC=4Rsinasin B sin C.
We have, acosa+ b cos B+ ccos C

= 2R(sin Acos A +sin B.cos B +sinC.cos C)

= R(2sin Acos A+ 2sin B.cos B+ 2sin C.cos C)
= R(sin2A +sin2B+sin2C)

= R(4sinA.sinB.sin C)

= 4(Rsin A.sin B.sinC)

In a AABC, prove that

1 1 1 1
—_—t — + — = —
ab bc ca 2rR

1 1
a c ca

We have,

a+b+c

abc

2s
4AR

A
p

2AR

1
2rR

In a A4BC, prove that

-
cosa+cosh+cosc= (1+E]

We have, cos a + cos B + cos C

A+ B A-B
=200s( * )cos( 5 )+cosC

= 2cos(———) (
= 2s1n(cjcos( —8
2
= 2sin[£)cos( —
2 2
= 1+2s1n C cos(
2 ( 2
cos
(el 457

J+cosC

b
&
NN
+
—
|
)
2.
=
[3S)
—
SR
—

= 1+ 2sin

N|Q
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Ex-4.

Soln.

Ex-5.

Soln.

Ex-6.

Soln.

- 1o § 2 ) 2
- et L 2 )
(3]

In a AABC, prove that

. ) . K A
sind+sinB+sinC=— = —
R Rr

We have, sin 4 + sin B +sin C
a b c
2R 2R 2R
a+b+c
2R

;|,> Sy > xe ';;|t;3

In any AABC, prove that
acotatbcotB+ccotC=2(r+R)
We have, acota+ b cotB+ccotC

A B
= [2R sin A X C?s +2Rsin B x c$)s
sin A sin B
12RsinC x $25€
sinC
= 2R(cosA+cosB+cosC)
- 2R(1+1)
R
=2(R+7r)

In any A4ABC, prove that

cos’ é +cos’ é +cos’ g =2+L
2 2 2 2R

B C
2= +cos?—
B COoS B

:l 2cos’ é +2cos? E +2cos2(£)
2 2 2 2

, A
We have, cos E + cos

|

Ex-7.

Soln.

Ex-8.

Soln.

(1+cos(A)+1+cosB+1+cosC)

N = N =

(3+cos(A4)+cosB+cosC)
(3 + (1 + %D
(4+%)
(o

If the distances of the sides of a triangle ABC from
a circum-center be x, y and z, respectively,

a b ¢ abc
then prove that —+—+—=
X y z

1
2
1
2

dxyz

Let O is the circum-centre and OD = x,
OE =y, OF = z, respectively.
Also, OA=R=0B=0C
We have, x = OD =R cos A
a

cosAd =
2tan 4

2sind’

tanAzi
2x

=

Similarly, tan B = - & tanC = -
2y z

As we know that, in a triangle ABC,
tan A+ tan B + tan C = tan 4.tan B.tan C

a,be_ab e
2x 2y 2z 2x 2y 2z
a b ¢ abc

= — — —_=
x y z 4xyz

If in a triangle AABC, O is the circum-centre and R
is the circum - radius and R,, R,, R, are the circum
radii of the traingles AOBC,AOCA and

AOAB, respectively, then prove that

a b ¢ abc
—t—+—=—.
R R, R, PR
We have,
_OBOCBC RRa Ra
"7 4AOBC  4A, 44,
a 4A
= —=—
R R?
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Similarl b 4A, ¢ 4A; - BD 4B _ ¢
imilarly, Rz_ 2 an R3_ 2 DC _AC b
DC b
Thus, %+ 2+ = gpti=;tl
R R R
4A, 4A, 4A = BC _bre
- _21 + _22 + _23 BD ¢
R* R* R ac
= BD=
A4 A, +Ay) b+c
- R? BD _ AD
In, AABD, BN = _B
_4 sinf )"
R® 2
4A D= BDsin B
R sin(i)
Ex-9. Ifp,,p,,p;arerespectively the perpendiculars from acsin B A
the vertices of a A to the opposite sides, = = -
by (b+c)sin(A) (b+c)s1n(A/2)
(abe) 2

then prove that  p,-p, p3= ——5—.

Soln. Let AD = p,, BE = p, and CF = p, Similarly, BE = (c+a)si (B)
cta)sm| —
2

1 1 1
Then, A=—ap,==bp,=—c
en, 5 P > P2 Ps3

2
& CF = 2—AC
2A 2A 2A .
= plz—’pzz—, p3:— (a+b)sln(2)
a b
2A 2A 2A
We have, p.p;.p; 27‘7'7 EXERCISE 8
_ 8A? 1. InaAABC,ifa=4 cm., b= 6 cm. and c = 8 cm., then
abc find its in-radius.
) 2. If the sides of a triangle be 18, 24, 30 cms, then find
8(‘1170) its in-radius.
_ _\A4R 3. If the sides of a triangle are 3 : 7 : 8, then
abc findR: 7.
_ _ 4. Two sides of a triangle are 2 and+/3 and the
Ex-10 Find the bisectors of the angles of a AABC included angle is 30°, then prove that its in-radius
o1
is E(\/g - 1) .

5. In an equilateral triangle, prove that R =4r.
6. If a, b, c are sides of a triangle ABC, then

1 1 1
rove that —+—+—= .
prov ab bc ca 2rR

7. In atriangle ABC, prove that
asec A+bsecB+csecC
2tan A.tan B.tan C

Since /4 is the internal angle bisctor of

ZA, so we can write
AB BD 8. Ina A4BC, prove that

e Do (b+c)tan(§)+(c+a)tan(§j+(a+b)tan(%)
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= 4(r+ R)
9. Ina AABC, if C=90°, prove that

%(a+b)=R+r

7.9 ESCRIBED CIRCLE OF A
TRIANGLE AND THEIR RADII

7.9.1 In circle which touches the side BC and two sides AB
and AC produced of a triangle ABC is called the escribed
opposite to the angle A4.

Its radius is denoted by r,. Similarly, , and r; denote
the radii of escribed circle opposite to the angle b and c,
respectively.

The centres of the escribed circle are called the ex-
centres. The centre of the escribed circle opposite to the
angle a is the point of intersection of the external bisectors
of angles B and C.

The internal bisector of angle a also passes through the
same point.

The centre is generally denoted by /,.

7.9.2 Radii of Ex-circles
Statement:
In any A4ABC, prove that the ex-radii are given by

0 A A A
i) r = 7y = 7=
V' s—a’? s-b73

s—cC

1) r,=stan —;r,=stan —;r,=stan —

B C
a cos—cosz

(i) r, = ——2—2
cos—
2
bcosgcosé
_ 2 2 .
}"2— B S
cos—

A B
€COS—COS —
2

and r; =
COS—

. . A B C
(iv) r;=4Rsin 5 cos 5 cos 5
. B A C
ry =4R sin — Cos 5 cos
. C A B
r3 = 4R sin 5 cos 5 cos 5

Let /; be the point of intrersection of external bisectors of
angles B and C of A4BC. Suppose the circle touches the
side BC at D and sides AB and AC produced at F and E,
respectively.
Clearly |D=1E=1F=r,.
(1) ar(A4ABC)

= ar(AIlAC)+ar(A11AB)—ar(AIlBC)
1 1 1

= Azzrlb+5rlc—5rla

= %”1 (b+c—-a)

= A=%(a+b+c—2a)

=%@p4@

=ri(s—a)

=n=
Ss—a

Similarly, it can be shown that

and 1y =

Vy =
p)
s—b s—c

(i1) We know that the lengths of the tangents to a circle
from an external point are equal.
= AE = AF, BD = BF and CD = CE
Now, AE + AF=(AC + CE) + (4B + BF)
=(AC+ CD) + (4B + BD)
=AC+ AB+ (BD + CD)
=AC+ AB+ BC
=b+c+a
= 24F =2s
=>AF=s
LE _ 71 _75

y
N ALAF | tan| — |=——= =
oW 204 (2) AF  AF s

= r;=stan 5



Similarly, it can be shown that
t B d t
ry=stan — and r; =stan —
? 2 : 2

Hence, the result.
(iii) In AL}BD , we have

(E—B) LD 5
tan =—=

2 ) BD BD
motan (25 1
an | ——— | = ——
2 2) BD
B i
=cot — = —
2 BD

B
= BD =r, tan 5

C
Similarly, in AI;CD , we have, CD = r, tan 5

Now, a = BC
=BD+DC

B
=r1tan5+r1tan3

B C
=r tan3+tan3
. (B+C]

sin
_\2 )

B C
COS—COS—
2 2

r

A
cos—
_ 2
=r
COS—.COS—
2 2

B C
acosS—CoS—
e —2 2

coS—
2

A C

bcos—cos—

Similarly, r, = 7
cos—

A B
€008 —-Cos—
and r; =
cos—

B C
a coszcosz
(iv) We have, r| =
cos—

Properties of Triangles

and R= ,a
2sin 4
2R sinAcosgcos%
coS—

. B
$IN —COS —COS—COS —

=R

A
cos—
2
. A B C
=4R sin — cOS — COS —
2 2 2
Similarl =4R sin — é E
imilarly, », sin > cos > cos >
ks € cos A con 2
and 74 sin > cos > cos 5

Hence, the result
This completes the proof of the statement.

7.9.3 Some Solved Examples

Ex-1.

Soln.

Ex-2.

Soln.

InaA4ABC,ifa=18 cm., b =24 cm.,

357

and ¢ = 30 cm., then find the value of |, r, and r;.

Now2s=a+b+c=18+24+30=72
= 2s5s=72
= s=36

We have, A= \/s(s—a)(s—b)(s—c)

= |/36(36-18)(36 - 24)(36 - 30)

= 36x18x12x6
= 36x9x12x12
=6x3x12
=216
216 216
Thus, H =——= =—=12
s—a 36-18 18
. A 216 _&_
P s—b 36-24 12
A 216 216
andr3: = :—:36
s—c 36-30 6
. . s—c b-c
In a triangle ABC if = ,
s—a a-—>b
then prove that a, b, c are in A.P.

s—c b-c

Given
s—a a-—»b
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Ex-3.

Soln.

Ex-4.

2s—2¢ b-c
— _
2s—2a a-b
atb—-c b-c
= =
b+c—a a-b
atb—-c b+c—a
= =
b-c a-b
= 2 r1=—% 1
b—c a-—
= c 2=
a-b b-c
b— -b
L clb-o)raa=b)_,
(a—b)(b—c)
be—c* +a® —ab
= =

(a—b)(b—c)

= bc—cz+a2—ab=2(ab—ac—b2+bc)

= 2b% —be—c? +a* —3ab+2ac=0

If K, r, r; are in H.P.,, then prove that
a, b, carein AP

Given 5, 15, 3 are in H.P.

2rir
= P =—
n+n
2. A . A
N A __S—as—c
s=b A A
S—a S—C
1 2. L . !
N __S—as-c
s—b 1 + 1

1 ( 1 1 ) 1 1
= + =2. .
s—b\s—a s—-c s—a s—c

1 s—cts—a | _ 2
= s—b[(s—a)(s—c)]_(s—a)(s—c)
=3 (2s—a—c)=2(s—b)
= a+c=2b

= a,b,ce AP

In a triangle ABC, if a, b, ¢ are in A.P. as well
as in G.P. then prove that the value of

(r—l—r—zﬂoj is 10.

n n

Soln.

Ex-5.

Soln.

Ex-6.

Since a, b, ¢ are in A.P. as well as in G.P., so

a=b=c

Now, 1 =
s—a

Thus, [r—l—r—zﬂoj
non
—1_1+10=10

If B <r, <7y and the ex-radii of a right angled
triangle and 7, =1, , =2, then prove that

3+417

I"3= .

2
A A
We have, 1 =——=1, r, = =2
s—a s=b
and 3 =
s—c
= s—a=A,s—b=é
2
and s—c=—
3
= c=A(1+l), a=A l+l ,
2 2 n
b:A[HLJ
K]
Since triangle is right angled, so
a’ +b* =c?
2
N Az(i)z_Az(%"'z) 2t
2 2

= 9 =(r+2) +4(r+1)’
= 415 -12r,-8=0
= 5 -35-2=0

3217 34417
2 2
as r4 is positive.

= £

Two sides of a triangle are the roots of -
x? —5x+3=0.Ifthe angle between the sides is —.

then prove that the value of 7.R is 2/3.



Soln.

Ex-7.

Soln.

Let a, b be the sides of a triangle.

Thena+b=5and ab=3

at+b*-¢*
2ab

19-¢2

5
cos| — |=
3 6

Now, cosC =

s 4A
abc abc 34 12 2

4s  2(a+b+c) 2(5+4) 18 3

In an isosceles triangle of which one angle is 120°,
circle of radius v/3 is inscribed, then prove that the
area of the triangle is (12 +73 ) sq. u.

. a b
By sine rule, - 200 = sin(30%)
a b
B2 172
= a= b\/§

Also, from the above figure, 7 = V3

% = tan(15°)

= ¥=(2—\/§)
L oo 2B
2-V3)
Now. bzi— 23 ! 2

NER PN NI PNy

Thus, the required area

= %x ab xsin(30°)
LB 2 ]
) -6
3 x(2+\/§)2

Ex-9.

Soln

Ex-10.

Soln.

Ex-14.

Soln.
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3 x(7+4\/§)
— (12+743) sq. u.

Ifin a triangle r =7, — r, —
triangle is right angled.

73, then prove that the

Given r =1 -1 —n

A
s—a s s—-b s-c

- R B B
s—a s s—-b s—c

L (s=a=s)_(s=cxs-b)
(s—a)  (s-0)(s—0)

N e i e

L G- g ) _

= tan( )

= w(g)

- w2

= A=—

2

Thus, the triangle is right angled.
In a AABC, prove that r.r|.ry.ry = A%,
We have, r.5.15,.1;

A A A A

s'(s—a).(s—b)'(s—c)

K
"S-

A4
A
=A2

(i+n) _(ntr) _ (5+n)

Prove that l+cosC l+cosd 1+cosB’
We have, irh

1+cosC
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I 1)1 1)1 1
Soln. Wehave, | —+— || —+— || —+—
non)\n n)\5n h

Ex-15

Soln.

Ex-16.

A A
+
s—a s—b

2cos? (C)
2

A(s—a+s—b)

(s—a)(s—b)

2cos’ (CJ
2

A(2s—a—b)

9}
~

s(s—
(s—a)(s—b)x2>< s

A x abc
s(s—a)(s=b)(s—c)

A X abc

abc

A? A

Similarly, we can easily proved that,

(V2+V3)_a_bc (”3+’”1)_a_bc
1+ cos 4 A 1+cosB A
(n+r) abe . (5+r) abe
Thus, —————=—& — % =—
1+cosA4 A 1+cosB A
[1 1}(1 1][1 1]
Provethat | ——— || ——— || ———
r Vl r 1"2 r 1”3
_ 16R
rz(a+b+c)2

é(s—s+a)(s—s+b)(s—s+c)

%x abc

abc 52

16X =—x———.
40 A% (2s)

16R
2 (a+b+c)2

1 1)1 1)1 1 64 R3
Prove that | —+— || —+— || —+— | = 5
h n\n BB 1 (abe)

(s—a s—b)(s—b S—C)(S—C s—aj
+ + +
A A A A A A

EXERCISE 9

10.

1

1
. Inatriangle AABC, prove that —+—+— =— where
r

n n n

ris inradius and 7,7,,7; are exradii.

. In a triangle AABC, prove that

n+rn+rn—r=4R

. In atriangle AABC, prove that

Ky + 1y +BE = s*
In a triangle A4BC, prove that
n+r—n+r=4RcosC

. In atriangle if [1 - r—lj(l _”_2] =2,
h 3

prove that the triangle is right angled.
In a triangle A4BC, prove that
11 1 a+b*+c?

1
y T ot ot 3= 2
L R A

. In a triangle AABC, prove that

(’”1 - r)(r2 - r)(r3 - r) =47’R

. In a triangle A4BC, prove that

r? +r12 +r22+r32 =16R2—(c12—i-b2 +cz)

. In a triangle A4BC, prove that

b—c+c—a+a—b=0

n n 73
In a triangle A4BC, prove that

(i +72) (s +73) (s +11)

=4R
(hry + 131 + 1377
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/.10 REGULAR POLYGON

If a polygon has all its sides equal in length and also all its
angles equal then the polygon is called a regular polygon.
The circle inscribed in the regular polygon and touching
all the sides of the regular polygon is called inscribed circle.
The circle which passes through all the vertices of the
regular polygon is called its circumscribed circle.
If the polygon has n-sides, then the sum of the interrior

1
S AzM: E a :A3M

We know that, the whole angle subtended at the
centre ‘O’ by the regular polygon is 27
radian o
S ZAz OA3 = —
n

T
n

. . (n=-2)xrm
angles is (n — 2) X wand each angle is ———. From A4,0M, we have,
1
7.10.1 Statement (r LM 5 a
In aregular polygon of 4,4,4....4, of n-sides of each length st (;) N 04, "R 2R
a is given by
a a T
) a a =>R=——"7—< = — cosec (—)
i) R= —cosec(—j . (T 2 n
2 n 2sin o

where R = circum-radius.

T _ AzM a
oM 2r

.. a a . . again, tan | —
(i) r= ECOt (—) , where r = in-radius. g ( n
n

2 b4 =>r= gcot(g)

(iii) A= “T”cot(—) 2 \n

n

i1) Let the area of the regular polygon be denoted by A.

Join O to the n-vertices 4,, 4,,....., 4, of the regular

, nR* . (2n polygon.

(iv) A= 5 sm (7) The regular polygon is divided into #n-isosceles triangle
of equal area.

Therefore, the area A of regular polygon is given by

A = n-times the area of isosceles A4, OA;

where A = area of the regular polygon

(v) A=nr’tan (2—7[]

n

1
Proof: :A:anxA2A3><0M
=A X ! X a X ! oM
=n - a -

2 2

1 a (7‘[]
=>A=nX - Xax — cot|—

2 2

n
2
T
=>A= e cot (—)
4 n

(iii) In AOA4,M | we have,
(1) Let4,4,, A,A; and A;A4, be three consecu (n) OM
cos =—

tive sides of one regular polygon.

Ady = Aydy = A4, = a. 04,

n

Let the bisectors OA4, and OA4; of the angles T

ZA,A,A45 and LA,A4,4, respectively meet at O. = OM= R cos (;j

Clearly, O is the centre of both circumscribed 1 a
circle and inscribed circle. Also. sin (Ej _AM 2
Let R and r be the radii of circumcribed ’ n 04, R

and inscribed circle, then clearly .
OA,=0A;=R and =a=2Rsin (—)
OM =r, where OM is perpendicular from O on 4,4;. "
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zA:%xOM

n .
= — ><2Rs1n(
2

nR? . (
= —— sin

2

o)

T T
—) X R cos (—J
n n

g
n

(iv) In AOA,M |, we have OM=r

2M

A
a
2

r

oM

V3
= a=2rtan (—)

n
= Az%XOM

2

= tan (—

]

n n
= — X 2rtan (—j Xr

2

Hence, the result.
This completes the proof of the statement.

7.10.2 Some Solved Examples
EX'I. If Ao, Al’

...... As be the consecutive vertices of a
regular hexagon inscribed in a unit circle, then find
the product of length of 434, Ay4, and AyA,.

Soln.
Here, O4y=0A4,=04,=............ =045 =
and
2r
ZLA4,04, = ? =LA404, =....... = £A4,04;

2 2
+047 — 4 A
Now, cos(z)z O4 +04 -~ A4,

- =
2

3

204,.04,

1 1+1- 44,

2.1.1

Ex-2.

Soln.

1 2—4A4
2 2
= A4 =1
= A4 =1
(271) OA; + OA} — Ay A}
Also, cos| — |=
3 2.04,.04,
1 1+1-AyA43
N O s
2 2.1.1
12— Ay43
o 1 244
2 2
= A4 =13
4 OA +04; — A A]
Again, cos(—n)z 4y i~ Aoy
3 2.04,.04,
C1+1- A 47
2.1.1
22— 44}
2
124
2 2
= AOA4=\/§

Hence, the value of
Ag Ay Ay Ay Ay A, =133=3 .

Ifthe Area of circle is A, and area of regular pentagon
inscribed in the circle is 4.

Find the ratio of area of two.

Let R be the radius of the circle .

Then, 4, = R
2
A= _nR sin [2—7{)
2 n
5.R?

. (3600]
Sin
5

5 5. 5R?
= ER2 sin(72°) = =% cos(18°)

and 4, =

Now, =L
A,

R? 2
= 5”— 2 x sec(18°)
ERZ cos(18°)



Ex-3.

Soln.

Ex-4.

Soln.

Let 4, A,, A5, A4 and A5 be the vertices of a
regular pentagon inscribed in a unit circle taken in

order. Show that 4,4, X 4,45 = NC

and
2

LA,04, = 5 24,045 =......... = LA4,04;

(m) OA} + 045 — 4,43
Now, cos| — [=

5 2.04,.04,
14+1— 4,47
=  sin(18%)=—F 12
2.1.1
-1 2-44
4 2

J5-1_ 5-45

= A1A22=2—T— >

5+4/5

Similarly, 4,45 = 5 -

Thus, 4,4, X 4,4,

5-45) (5+45)_ [25-5 |20
= X = =,|— = \/g
2 2 4 4
The sides of a regular do-decagon is 2 ft .

Find the radius of the circumscribed circle.

R a
= — cosec
2

/4 .
(—) , As we know that, the circum-
n

radius of # sided regular polygon

a /4 .
—cosec(—) , where a = side and » = number of
"7 sides

=6X cosec[lj
12

6 X cosec(15°)

6x 22
J3-1

Ex-5.

Soln.

Ex-6.

Soln.
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= 6v2(V3+1)

A regular pentagon and a regular decagon have the
same perimiter. Find the ratio of its area.

Let the perimeter of the pentagon and the decagon
be 10 x.

Then each side of the pentagon is 2x and the decagon
is x.

Let 4, = the area of the pentagon

= 5x? cot(zj
5

and A4, = the area of the decagon

2cot(36°)  2cos(36°)sin(18°)
cot(18°) B sin(36°) cos(18°)
2c0s(36°)sin(18°)

2sin(18°) cos? (18°)

~ 2c0s(36°)

B (1+cos(36°))

2[\/§+1J

4

5
4

2(V5+1)

(V5+5)
2(V5+1)

V5 (V5 +1)

2

5
If 2a be the sides of a regular polygon of n-sides. R
and r be the circum radius and inradius, then prove

that r+ R = acot(l).
2n

2a T T
We have, R =—cosec| — |=acosec| —
2 n n
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Ex-7.

Soln.

Ex-8.

S| -oen(5)
and r =—cot| — |=acot| —
2 n n

Now, r+R

T /4
= acot (—) +a cosec(—)
n n
V4 /4
Cot(—) +cosec(—j
n n

1+cos(n)
_\nJ
%)
sin| —
n

b4
= q cot| —

A regular pentagon and a regular decagon have the
same area, then find the ratio of their perimeter.
Let A, be the area of the regular pentagon 4, be the
area of the regular decagon.

Therefore, 4, = A4,

5q° (n) 6b° (n)
= cot| = |=—cot| =
4 5 4 6

=

= 54’ cot(zj =6b> cot(zj
5 6

= 5a%cot(36°) = 657 cot(30°)

= 5a%cot(36°) = 633 b7

a’ b?
_—n - —,™ ),
63 5cot(36°)
Hence, the ratio of their perimeters
S5a

" 6b

5, NA6V3 :,/Sﬁtan(36°)
6 /5Acot(36°) 6

If the number of sides of two regular polygon having
the same perimeter be » and 2n, respectively, prove
that their areas are in the ratio

2co0s(7/n): (1+cos(n/n)).

Soln.

Ex-9.

Soln.

Let the perimeter of the two polygons are

n x and 2 n x, respectively .

Then each side of the polygons are 2x and x.
Let A, = the area of the polygon of » sides

2 T
= nx"cot| —
n

and A4, = the area of the decagon

5 2 T
= —n" cot| —
2 2n

LetA,, Ay, A5y e , 4, be the vertices of
an n-sided regular polygon such that

1 1
= +
A4, 44, AA,
Let O be the centre and 44,.......4, be the regular
polygon of n-sides.

, then find the value of n.

Let O4, =04, = ....cccccu. =04
and £A4,04, = £A4,04,

From the triangle O4,4,,

Os(z_n) 047 + 045 - 445
2.04,.04,

n



2,2 2
_r +r° =44

2.r.r

= A4 =2r" —2r% cos (Z—EJ
n

= AA4F=2" (1 - cos(z—”)j
n

= A4 A} =2/"2sin 2(2—”
n
=477 sin? (Z—ﬂ)
n
= A4 = 2r.sin(2—”)
n
. [4r
Similarly, 4,4; = 2r.sm(—)
n

& AA4,= 2r.sin(6—”)
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Ex-10. If 4, A,, A,, A5 are the areas of incircle and the ex-

Soln.

circles of a triangle, then prove that

1 1 1 1
+ + =—
Ja s VA
Let » be the radius of the in-circle and r,, r, and r,
are the ex-radii of the given triangle

n
. 1 1 1
Given, = +
1 1 1
2r.sin (6”
n

1
Then

1

1
+ +
Ja 4,

1

4

1

1
= + +
Jert \mi Jr?

1 1 1
n n n

Hence, the result.

EXERCISE 12

1. If R is the radius of the circum-scribing circle of a
regular polygon of n-sides with side length ‘a’, then

Ris

£ sin (Z)
(@) Ssm|—

a V1
(© 5 cosec (Ej

(b) %sin(%j

(d) gcosec (%j

2 Ifaisthe area and s be the semi perimeter of a triangle,

then
2

S
33
2
S
A>—
(©) 3

(a) A<

2
N
b) A<—
(b) A<=
2
S
d) A>—
@) 4>
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3 IfA,, A,, A; are the areas of an inscribed polygon of
2n sides and n-sides and circum-scribed polygon of
n-sides, then A,, A, 45 are in
(a) A.P. (b) G.P.

(c) H.P. (d) A.G.P.

4 If the perimeter of the circle and the perimeter of the
polygon of n-sides are same, then the ratio of the area
of the circle and the area of the polygon of n-sides is

(a) tan (E) .z (b) cos (Ej .z
n n n n

() sin (fj .z (d) cot(f) .z
n n n n

5. The sum of the radii of the circle, which are respec-
tively inscribed in and circum-scribed about a regular

polygon of n-sides, is
a /4
b) —cot| —
®) 2 (Zn]

a T
(a) Ecot(;j
(©) %tan(zlnj (d) %tan(%)

7.11 ORTHOCENTRE AND PEDAL
TRIANGLE OF ANY TRIANGLE

Let ABC be any triangle and let AL, BM and CN be the
perpendiculars from a, b and ¢ upon the opposite sides of
the triangle. They meet at a point P. This point P is called
the orthocentre of the triangle.

The triangle LMN, which is formed by joining the feet
of the perpendiculars, is called the pedal triangle.

7.11.1 Distances of the Orthocentre from the angular points
of the pedal triangle

We have, PL = LB tan (PBL)
= LB tan(90°-C)

=AB cos B cot C

c
= xcosBcosC

sin
= 2RcosB cosC.

Similarly, PM = 2R cos A cos C,

PN=2R cos A cos B

Again, AP = AM sec(LAC) = c cosA cosec C

c

xXcosA =2R cos A.
C

S

Similarly, BP = 2R cos B and CP =2Rcos C.

7.11.2 The sides and the angles of the pedal triangle

Since the angles PLC, PMC are right angles, so the points
P, L, C and M lie on a circle.
Thus, ZPLM= /PCM= 90°— 4
Similarly, P, L, B and M lie on a circle and therefore
ZPLM= /PBN = 90°- 4
Hence, /NLM = 180°-24
= the supplement of 24.
So, ZLMN = 180°—=2B and
ZMNL = 180°-2C
Hence, its angles are the supplements of twice the angles
of the triangle.
Again, from the triangle AMN, we have,
MN — AM  ABcosA
sind  sin(ANM)  cos(PNM)

ccosA  ccosd

cos(PAM)

sinC

= MN-= sin A cos A =g cosA

sinC

So, NL = b cos B and LM = ¢ cos C. Hence, the sides of the
pedal triangles are
a cosA, b cosB and ¢ cosC, respectively.



7.11.3 Area of a pedal triangle LMN of a triangle ABC is
2A cosA cosB cosC

Here, PL =2R cos B cos C,
OM = 2R cosC . cosA,
ON=2R cos A.cos B

ar (ALMN )

% X (Rsin24)x (Rsin2B) X (sin2C)

%x R* x(sin24.sin2B.sin 2C)

= %x R? x (8sin A.sin B.sin C) x(cos 4.cos B.cos C)

a b c
‘2R 2R 2R

%sz X(S ) X (cos 4.cos B.cos C)

1 b
= —X e X (cos A.cosB.cosC)
2 R

2A % (cos A.cos B.cos C)

7.11.4 The circum-radius of a pedal triangle LMN of a

R
triangle ABC is 2

Circum-radius
_ MN _ Rsin2A4 _ Rsin24 _5
2sin (MLN) 2sin(180°—24) 2sin24 2

7.11.5 The in-radius of a pedal triangle LMN of a triangle
ABCis 2Rcos AcosBcosC
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In-radius
ar(ALMN)
semi — perimeter (ALMN )

%Rz.sin 24.sin 2B.sin 2C

2R.sin A.sin B.sin C
= 2R.cos A.cos B.cos C

DISTANCE BET
CIRCUMCENT
ORTHOCENTR

o
w)
X
O

If OF perpendicular to AB, we have,
ZLOAF =90° - LAOF =90°-C
Also, ZLPAL=90°-C
Thus, ZOAP
= A— LOAF — LPAL
= A4-2(90°-C)
= A+2C-180°
=A+2C-(A+B+C)=C-B
Also, OA =R and PA = 2R cosA4

Thus, OP* = OA” + PA* —2.04.PA.cos(OAP)
= R* + 4R’ cos® A—4R*cos Acos(C - B)
= R? +4R? cos A[cosA —cos(C— B)]
= R? = 4R cos A[ cos(B+C)—cos(B-C)]
= R* —8R*cos Acos B cosC

= R? (1-8cos Acos B cosC)

= OP:R\/(I—ScosAcosBcosC)
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NCE BE
UMCENT
NTRE

Let O be the circumcentre and OF be perpendicular to AB.
Let / be the incentre and /E perpendicular to AC.

Then LOAF =90°-C
LOAI = LIAF — LZOAF

A
=—-(90°-C

5 ( )

A
_A o _A+B+C

2 2
_C-B

2
IE

Also, Al = 4

) (8

nn{ZJu(9)

sl 2

a2

o= sfeamf el
(

Also, O

= R?>-2Rx 4Rsin é sin E sin g
2 2 2

= R*-2Rr

—  OI=vR*=2Rr

Hence, the result.

NCE BE
UMCENT

1.€. 0G2 =R2_$(612 +b2+c2)‘

Soln:

H
G
o

A C

As we know that, centroid divides the orthocentre and
circumcentre in the ratio 2:1

Thus, OG = %.OH

- 0G*= é.OHZ

1
= §(R2 —8R? cos A.cos B.cos C)

2

= 0G? =% X (1—4{cos(A+B)+cos(A—B)}.cosC)

2
= 0G’ :%x (1+40052C+4cos(A—B).cos(A+B))

2
= 0G* =R?(1+4cos2 C +4cos® A— 4sin’® B)

R2

= 0G> ?(1+4—4sin2C+4—4sin2A—4sinzB)

= 0G* =R?2(9—4(sin2 A +sin? B +sin® C))

1
= OG2=R2—§ x

{(2Rsin 4 + (2Rsin 4)* + (2Rsin 4)*}

- OG> :Rz—l(a2+b2+c2)
9

NCE BE
NTRE AN

ie., OH* =2r* —4R* cos Acos BcosC

Let ABC be a triangle, H is the orthocentre and / is
the incentre.

Soln.



B
Join AH, Al and IH.
In triangle A/H,

IH? = AH? + AI* = 2.AH .Al.cos(ZIAH)
ZIAH = g ~ ZHAC

4_90°—Ccy=L(C-
5 (0 C)—Z(C B)

Thus, 4R* [cos2 A+ 4sin? (gjsin (%)

3 Jsn( oo 5 Joo( 5 oo 3
—4cos Asin| — |sin| — |cos| — |cos| — |cos| —
2 2 2 2 2

— | -16R? cos A.sin? (Ej.sin2 (g)
2 2
i B
= 4R?*| cos® A+ 4sin? (E) sin’ (%)(1 —cos A)
—cos A.cos B.sinC]|

cos® A+ 8sin? é sin’ E sin? g
2 2 2

—cos A.sin B.sinC]

= 32 R?sin? é sin’ (Ejsin2 g)
2 2 2

+4R? cos A.(cos A —sin B.sinC)

(2o (<

—4R* cos A.[ cos(B+C)+sin B.sinC|

= 4R?

= 21> —4R? cos A.cos B.cos C.

Hence, the result.

)
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7.16 EXCENTRAL TRIANGLE

The triangle formed by joining the three excentres 1 4, I, I~
of a AABC is called an excentral of excentric triangle
(i) AABC is the pedal triangle of A I Izl

. n A\ (m B r C
(i) Itsanglesare | ——— |, | =—= || =——=
2 2 2 2 2 2

A

(iii) Its sides are Izl =4Rcos [3),

B

I-= 4Rcos(—),
2
C
and [ Iz=4Rcos (5)
A B

(iv) 1I, =4Rsin (E) ; Il =4Rsin (E)

1l =4Rsin (E)
2
(v) Incentre I of AABC is the orthocentre of the excentric

triangle A 1 1pl.

(vi) ar(L,0p1c)

- st 2)) s 2] - 4)
- o ZJeos <)

5

(vii) Circum-radius = m

L1

2sin (90O - A)
2
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4R cos (;)
=—F—2=2R

2cos (A)
2

Soln: We know that,

A B
I, = asec(g), 1, =asec(5j,ﬂc =asec(%)

Also,

A B
1,15 =ccosec[z), Ipl, =ccosec(5),

I-1,=ccosec (%j

Thus, 1, .1, .11,

=abc xsec(éj sec(g) sec(gj .......... (1)
2 2 2

Also, a=2R sind, b=2R sin b and ¢ = 2R sin C
From (i), we get, Il , .1l .1l

= (2Rsin 4)(2Rsin B)(2Rsin C)

(2= 3)

. A A . B B . C C
2sin—cos— || 2sin—cos— || 2sin—cos—
_RR 2 2 2 2 2 2

(vi)

7.17

X

A B C
COS—COS— COS—
2 2 2
. 4. B .
= 64R° sm—sm—smg
2 2
A . B
= 16R? x4RsinEsinEsin£

= 16R*r

Hence, the result.
If I is the incentre and [, , I, I are the excentres
of the triangle A4BC, then prove that

I, Ilg.0l. =167 R?

The distance between the incentre and the angular
poins of A AABC

IA=4R sin(ﬁjsin(gj,
2 2

IB=4R sin(ﬁjsin(g) ,
2 2

IC =4Rsin (éj sin (Ej
2 2

i.e.,

and

Soln.
A
E
F
B D C
. (A IF
We have, sin| — |=—
2 14

=r=14. sin(é)
2
= 4R sin (é) sin (Ej sin (gj =J4. sin (é)
2 2 2 2
= [4=4Rsin (Ej sin (9) ,
2 2

(A .
Similarly, /B =4R sin (E) sin (g)

2
and I/C =4R sin (éj sin (Ej
2 2

7.18 If I be the incentre of a AABC, then
IA.IB.IC = abc x tan(g)tan (gjtan(g)

Soln.
A

B D C

From the above diagram,

M=—" mB=—" 10=—"
.(A) . B] . C)
s — sin| — sin| —
2 2 2
Thus,
IAIB.IC
_(4). (B). (C
sm| — |Sin| — (Sin| —
2 2 2

> X 4R

s L)in( 2 <)




7.19.

Soln.

:r3.4R=4r2R_ A’ abe_ A
r R= .S2.4A—a cS2
_ abex \/s(s—a)(sz—b)(s—c)
_ abcx\/s(s—a)(s:b)(s—c)
=abch(S;a).(S;b).(S;C)
=abc><\/(s_a)(s_b). .\/(s—b)(s—c)
s(s—c) s(s—a)

C A B
= gbc X tan| — |[tan| — |tan| —
2 2 2
A B C
= agbc X tan| — |tan| — |tan| —
2 2 2

Hence, the result.

O is the circumcentre of a triangle AABC and
R, R, & R, are respectively the radii of the
circumference of the A’s OBC, OCA and OAB,

respectively, then —— + b, e _abe

R, R, Rs_R3.

b
As we know that, R = ase
4A

Let AOBC = A, AOCA=A,, AOAB = A,

0B.0C.BC RRa R’a

In R = )
4A, 4A,  4A,
a 4\
= —=—
R R?
b 4A 4A
Similarly, — = g £ 225

R, R> R, R

7.20

Soln.
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. a b ¢
Similarly, 2 + ra + ra
1 Iy

4
Thus, F(A1+A2+A3)
4 _4A  abc
R R R’

Hence, the result.

The distance between the centre of the nine - point
circle from the Angle a is

= g\/(l +8cos A.cos B.cos C)

Let ABC be a triangle, H = orthocentre,

O = circumcentre, D = nine-point centre

As we know that, nine point centre is the mid-point
of the orthocentre and circumcentre of a triangle.
Thus, AOH be a triangle, where, 4D is the median.
In AAOH, 2(AD* + DO?) = AH* + AO?

=  2A4D? = AH?* + A0? —%0}12

Now from the triangle ABC, we can write,
AH = 2R cosA, OA =R,

0H=R\/(1—8 cosA.cosB.cosC).

From (i), we get, 24D°
R2
= R? (4cos2 A+ 1) — 7(1 —8cos 4.cos B.cos C)

2
R?[l +8cos A.{cos(180° — B+C)+cosB.cos C}]

2

R
= AD* = Tx[1+8cosA{—cosB.cosC



+sin B.sin C + cos B.cos C}]
2

=  AD* = RT(1+8cosA.sinB.sinC)

= AD = g\/(l+8cosA.sinB.sinC)

Hence, the result.

7.17 QUADRILATERAL

7.17.1 Area of a quadrilateral, which is inscribed in a circle.

K=

A A
N "

Let ABCD be a cyclic quadrilateral such that
AB=a,BC=b,CD=cand AD =d.
ar (ABCD) =ar (AABC) +ar (AADC)

1 . 1 .
=—absin B+—cd sin D

2 2

1 . 1 )
=—absin B+—cd sin(m—B)

2 2

1 . 1 )
=—absin B+—cd sinB

2 2

=%(ab+cd)sin B

From A’s, BAC and BCD, we have,
a’>+b*>=2ab cos B=c*+d* -2 cd cos D

=  a*+b>=2ab cos B=c>+d*+2cd cos B

2. .2 2 2
. CosBz[a +b"—c )d ]

2(ab+ cd

Now, sin’® B=1-cos’ B

(a2 +b2 -7 —d2)2
(2(ab +caf))2

HZ(ab ved) —(a? +57 - ¢ - dz)ZH

4(ab + cd)2

=1-
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1
=——X

4(ab + cd)2
[{2(ab-kcd)+(a2-+b2——cz——dz)z}
x{z(ab+cd)+(a2-+b2—c9-d2f}}

1
=——X

4(ab+cd)
H(az +b% + 2ab) - (c2 —2cd +d* )}

xﬂc2+2cd+wi )~ (a> +5> - 2aan

{a+b 2}X{(c+d)2—(a—b)2}

(ab +cd )2

= mx[{(a+b+c—d)(a+b—c+d)}

x(c+d+b—a)(c+d+a-b)]

Leta+b+c+d=2s

Thus, (a+b+c—d)

=(a+b+c+d-2d)=2(s—d)

Similarly, (a+b+d —c)=2(s—c),

(a+c+d—b)=2(s—b),

(b+c+d—a)=2(s—a).

= sin’> B
2(s—d)x2(s—c)x2(s—b)x2(s—a)

) 4(01b+cc17)2

= sin® B
_ 16><(s—a)X(s—b)X(s—c)X(s—d)
4(ab+ca’)2

= (ab+cd)sin B

= ZX\/(s—a)(s—b)(s—c)(s—d)

Hence, the area of the quadrilateral

=l(ab+cd)sin B

= Js=a)s=)(s=)(s—d)




7.17.2 The radius of the circle circumscribing the

quadrilateral ABCD.

R\,
L

a?+b*>—c*-d?
2(ab+cd)

We have, cos B =

and AC? =a*> +b> -2 abcos B
a2+b2—cz—d2]

=a>+b*-2abx
ab+cd

(a2 +I)2)ca’+(c2 +d2)ab
(ab+cd)

(ac+ bd)(ad + bc)
(ab+cd)
In AABC
1 AC

In - X——,
2 sinB

_ \/[(ac+bd)(ad +bc)j
(ab+cd)
_ +4\/(S_a)(s_b)(s—6)(s—d)

(ab+ cd)2

ExsinB_Z (s—a)(s—b)(s—c)(s—d)

1 AC _1\/((ab+cd)(ac+bd)(ad+bc)]

= ar (ABCD)

7.17.3 Area of a quadrilateral ABCD, when it is not

inscribed.
ar (ABCD)
= ar (AABC) +ar (AACD)

= labsinB+lcdsinD
2 2

= 4A=2ab sinB+2cdsinD ...

Also,
2, 42 _ 2 2
a“+b°—2ab cosB=c"+d” —2cd cosD

7.17.4.
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2ab cosB —2cd cosD=a* +b* — ¢* —d* ...(ii)
Squaring (i) and (ii) and adding, we get,

2
1647 +(a” +b7 = * = d°)

= 4a’b* +4c2d?
—8 abcd (cos B cos D —sin B sin D)

= 4(a®b* +*d*) -8 abed cos(B+ D)
= 4(a*b* + c*d*) -8 abed cos2o
= 4(a’b” +*d*) -8 abed (2cos” o~ 1)

= 4(ab+ca’)2 —16 abed cos’ o

= 16A
= 4(ab+ca’)2
—(a2 +b7 -2 —d2)2 —16 abcd cos® o
................... (1ii)
Thus, 16A?

= 2(s—a).2(s—b).2(s —c).2(s —d)
~16abcd cos® o

A% = (S—a)(s—b)(s—c)(s—d)—abcd cos’ o

A= \/(s—a).(s —b).(s—c).(s—d)—abcd cos’ o

Area of a quadilateral which can have a circle
inscribed in it.

D R C

A P B

We have, AP = A4S, BP = BQ, CQ = CR
and DR =RS
AP+ BP+CR+ DR = AS+BQ+CQ+ DS

= AB+CD=BC+DA
= a+c=b+d

Hence, S=W=a+c=b+d

Thus,s —a=c,s—b=d,s—c=a,s—d=5b
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7.17.5.

7.17.6

As we know that,

A? = abed — abed cos® o = abed sin® o

= A=+abcd sino

The area of a quadrilateral, which can be both
inscribed in a circle and circumscribed about
another circle and the radius of the later circle is

2abed
a+b+c+d
In a quadrilateral ABCD,
4B+ £D =180°
= 20=180°
= o=90°

Hence, the area of the quadrilateral, which is
inscribed in a circle and circumscribed anothe circle
isvabcd .

A 2A 2\ abed
We have, r =—= = ana

s 2_s_a+b+c+d

a, b, c and d are the sides of a quadrilateral
taken in order, and 0 is the angle between the
diagonals opposite to b or d, then the area of the

1
quadrilateral is Z(az +ct-p’-d* )tan@

Area of a quadrilateral ABCD
= %xACXBstinO
Now, a’ = 04> + OB* — 2.04.0B.cos(180° - 6)

b* =0C*+OB*-2.0C.OB.cos0 ,
¢* =0C*+0D*-2.0C.0D.cos(180°-6)

7.17.7.

7.17.8.

Soln.

d* = 04+ 0D *-~2.04.0D.cos0 .

We have, a*—b* +cr - d?

= 2¢086(0A.0B + OB.OC + OC.OD + OA.OD)
= 2.cos60.4C.BD

From (i), we get, area of the quadrilateral ABCD

= %(az—b2 +c? —dz) tan 6.

a, b, ¢ and d are the sides of a quadrilateral and
p and g be its diagonals, then its area is

1 2
Zx 422_ 2+2_b2_d2 )
R

As we know that,
a>—b*+c*—d*=2pgcos 6
Area of a quadrilateral ABCD

1
— pgsin@
2Pq

[1 22 .2
— sin” @
417 q
= \/lpzqz (1—00529)
4
1 22 2
Z(4p g~ —(2pgcos0) )

%\/(4p2q2—(a2—b2+c2—d2)2)

Hence, the result.
If a quadrilateral can be inscribed in a circle, then
the angle between its diagonals is

o (A/(s—a)(s—b)(s—c)(s—d)]

(ac+bd)

Let ABCD be a quadrilateral, whose sides are
a, b, c and drespectively and its diagonals are p and g.
Let the angle between the diagonals be 6.



7.17.9

Then, pg = AC + bd .

1 .
Area of a quadrilateral ABCD = ) X pgsin@

A/(s—a)(s—b)(s—c)(s—d)

(ac+bd)

o Sin_l[A/(s—a)(s—b)(s—c)(s—d)]

sin@ =

(ac+bd)

Hence, the result.

If a quadrilateral can be inscribed in a circle as
well as circumscribed about another circle, then
the angle between its diagonal is

1 (ac—bd)
cos .
ac+bd

Since the quadrilateral be circumscribed, then we

1 .
can write, > pgsin 0 =+/abcd

. [2\/abcd J
= sin 6 =

pq

= cosf =

Therefore, cos@ =+1- sin” @
3 4abcd B (ac - bd)
(ac+bd)’ ) \ac+bd

0 =cos™ (ac—bd)
ac+bd

Hence, the result.

=

PROBLEMS FOR JEE ADVANCED EXAM

Ex-1.

Soln.

The sides of a triangle are X +x+1,2x+1

andx” -1, prove that the greatest angle is 120°.
Let a=x" +x+1,b= 2x+landc=x% -1

First we have to shown that, which one is greatest
amongst the sides a, b and c.

Clearly, a>0,b>0and c¢>0

= x>1
Now, a—b

(xz +x+1)—(2x+1)

2
=X —X

Ex-2.

Soln.

Properties of Triangles 375

= x(x—l) >0asx>1
anda—c
(x2 +x+1)—(x2 —1)

=x+2>0,asx>1

Therefore, a is the greast side

= A is the greatest angle
N cos A bic-a
oW, =
2bc

~ (2x+1)2 +(x2 —1)2 —(x2 +x+1)2
2(2x+1)(x* -1)

- (2x + 1)2 + (2)(2 + x)(—x - 2)
2(2x+1)(x* -1)

C(x+1) +x(2x+1)(—x-2)
2(2x+1)(x? -1)

(2w +1)(2x+1- 27 —2x)
2(2x+1)(x* - 1)

2]

2(x?-1) 2

= cosAz—l
2

= A=120°

a
In any triangle ABC, cos@ = ——, cosQ = s
Y & b+c ¢ a+c

cosy = %b where ¢, 0 and v lie between 0 and
a

7, prove that tan? (g) + tan? (%) +tan? (Z) =1

2
Given cos6 =
b+c
a atb+c
l1+cosf =1+ =
b+c b+c
- 20082(9):Lb+c
2 b+c
2
2 (a+b+c)

1+ tan’ (gjz—(z(bﬂ:)

a+b+c)
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Ex-3.

Soln.

Ex-4.

Similarly, we can easily proved that

1+ tan® (§)=—(2(C+a)

a+b+c)
2) (a+b+c)

Adding, we get,

3+ tan? (gj + tan? (2) +tan? (Zj
2 2 2

_ 4(a +b+ c)
- (a +b+ c)
= 3+ tan? (g) + tan’ (2) + tan’ (KJ =4
2 2 2
= tan’ (g) + tan? (gj + tan? (Zj =1
2 2 2

Hence, the result.

Given the product p of sines of the angles of a triangle
and the product g of their cosines, find the cubic
equation, whose co-efficients are functions of p and
g and whose roots are the tangents of the angles of
the triangle.

Given sin4 sinB sinC=p

cos 4 cosB cosC=gq

tan 4 tan B tanC=£
q

Thus,

Also, A+B+C=rm
tanA+tanB+tanC =tan 4 tan B tanC

tanA+tanB+tanC=£
q

Also, tan Atan B + tan Btan C + tan C tan 4

_1+gq
q
Hence, the required equation is

RO Rt

qx3—px2+(1+q)x—p=0.
In a triangle ABC, if
sin’ @ = sin (4 — 0)sin (B - 0)sin (C - 6)

prove that cot@ =cot 4+ cotB +cotC

Soln.

Ex-5.

We have

sin® @ = sin (4- O)Sin(B - 6)sin(C - 9)
2sin’ 6 = sin (4 — 6){2sin (B - 6)sin (C - 6)}
= sin(4 - 60){cos(B - C)—cos(B+C-26)}
4sin’ 0

= 2sin(4- 0){005(8 - C)— cos(B+C— 20)}
= 2sin(4—-0)cos(B-C)
—2sin(4—0)cos(B +C —26)

= (sin(4+B-6-C)-sin(4+C-6-B))
~(sin(4+B+C—-30)-sin(B+C—A4-6))
= sin(7 — (2C +6))+sin (6 — (2B +6))
—sin36 +sin (7 — (24 +9))

sin 360 + 4sin’ 6

= sin(24+0)+sin(2B +0) +sin(2C +6)
3sin@ = (sin2A+sin2B+sin2C)0059
+(cos24 + cos2B+cos2C)sin O
(3—cos2A—cos2B—cos2C)sin9

= (sin24 +sin2B +sin2C)cos O
{(1-cos24)+(1-cos2B)+(1-cos2C)}sin 6
= 4sin 4sin Bsin C cos 6

(2sin® 4+ 2sin® B+ 2sin” C)sin©

= 4sin Asin BsinCcos 9

2[(sin2 A +sin? B —sin? C)

+(sin2 B +sin® C — sin? A)

—k(sin2 C +sin® 4—sin” B):|sin9

= 4sin 4sin Bsin Ccos 6

4[sin Asin Bcos C + sin Bsin C cos 4
+sinCsinAcosB]Sin9

= 4sin Asin Bsin C cos @

cot@=cotA+cotB+cotC .

The base of a triangle is divided into three parts.
If 4,¢,,4; be the tangents of the angles subtended
by these parts at the opposite vertex, prove that



A
aﬂV
0
B X P X Q X (o}

Let BP = PQ = (QC =x and also
let ZBAP=0,ZPAQ = B,£0AC =7y
It is given that tana =t ,tan f=1,
andtany =t
Applying m : n rule in triangle ABC, we get,
(2x+ x)cot® = 2xcot (o + B) — xcoty .....(»1)
From AAPC, we get,
(x+x)cot@=xcot f—xcoty ... (i)
Dividing (i) by (ii), we get,
2cot (ot + ) — coty _3
cot B —coty 2

4cot(o+ ) —2coty =3(cot f—coty)
4cot (o + B)=3cot f—coty

1 _ 1
4cot(a+fB) 3cotf—coty

tan (ot + ) 1
4 N
tanf tany

tan B tany
3tany —tan 8

tano+tanf8
4(1-tanortan )

4(1-1t,) 3t,-1,

(t2t3 ity + 4ty + t2) 41ty + Attt

St +4)+t (4 +1)) =44t (1+122)

Ex-6.

Soln.

Ex-7.

Soln.

Properties of Triangles 377

1
(4 +8,)(6 +16,) =44t (1 +—2j
5
W+t |6+, 1+i
L, bl fz
l+l l+l =4 1+l2
h L )N\L 1§ 5

In a A4BC, prove that

cos A+ cos B+ cos C= (1+%j

We have, cos 4 + cos B+ cos C

A+ B
= ZCOS( ) ( )+cosC
= 2005(1—9) J+cosC
2 2
. (C A-B
= Zsm(z cos( +cosC

o 5)
S mCa
(o452} )
e

o
()

In a A4BC, prove that

=1+ 2sin

= 1+2sin

= 1+2sin

Nla N[O N[O A

7/ N 7 N 7/ N -~/

. ) . ) A
sind+sinB+sinC=— = —
Rr
We have, sin 4 + sin B +sin C
a b c

= — 4+ —+—

2R 2R 2R
a+b+c
2R
2s
2R

s
R
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Ex-8.

Soln.

Ex-9.

Soln.

Ex-10.

Soln.

s> =

In any A4BC, prove that
acotA+bcotB+ccotC=2(r+R)
We have, acot A+ bcot B+ ccotC

| 2Rsin x84 4 2 Rsin B x S8
sin 4 sin B
+2Rsin C x Cf’sc}
sinC
= 2R(cos A+cos B +cosC)
= 2R(1+L)
R
= 2(R+r).

In any A4ABC, prove that

cos’ é +cos’ é +cos’ g =2+L
2 2 2 2R

B C
2— +cos2—
2 2

l 2cos’ é +2cos? E +2cos? g
2 2 2 2

= %(1+cos(A)+1+cosB+1+cosC)

, A
We have, cos E + cos

= %(3+cos(A)+cosB+cosC)
_ 1 3+(1+1)
2 R
= 1(44_1)
2 R
24—

If p|, p, and p; are the altitudes of a triangle ABC
from the vertices A4, B and C, respectively, then

cosd cosB cosC 1
prove that + + =—
P )2 Ps3 R
We have
cosd cosB cosC
+ +
)2 P> D3

Ex-11.

Soln.

Ex-12.

= L(acosA+bc0sB+ccosC)
2A

= i[2RsinAcosA+2RsinBcosB

+2Rsin C cos C]

= i(sin 2A+sin2B +sin 2C)
2A

%(4sinAsinBsinC)

= 2ZR(sinAsinBsinC)

- %x(%j x(%j X (sin C)

If the distances of the sides of a triangle ABC from
a circum-center be x, y and z, respectively,
¢ abc

a b
then prove that —+—+—=
X y z

dxyz’

Let O is the circum-centre and OD = x,
OE =y, OF =z, respectively.

Also, OA=R=0B=0C

We have, x = OD = R cos 4
a

N 2tan 4

——.cos 4
2sin 4

a
tanAd=—
X

=

b
Similarly, tanB=— & tanC = <
2 y z

As we know that, in a triangle ABC,

tan 4 + tan B + tan C = tan 4.tan B.tan C

a b c a b ¢
—+—+

2x 2y ZZQZZ
a b ¢ abc

= 4=
x y z 4xyz

If in a triangle AABC, O is the circum-center and
R is the circum-radius and R, R,, R; are the circum
radii of the traingles AOBC, AOCA and



Soln.

Ex-13.

Soln.

AOAB, respectively, then prove that

a b ¢ abc
—t =
R R R R
We have,

_OBOCBC RRa Ra

' T4AO0BC  4A,  4A,

a 4A
R R®
b 4A, c 4A,

Similarly, — = and —
Y R, R? R, R?

a b c
Thus, —+—+—
R R R
4A, 4A, 4A
R2
4A
R?
4A
R
abc
4R3
Hence, the result.

In any A4BC, prove that

7 r IZ 1 1
a2 03 -

bc ca ab r 2R

n
We have —
bc

sl ool

(2Rsin B)(2RsinC)

e
=(]
sl ZJal el

ﬂ

7

Ex-14.

Soln.

Properties of Triangles 379

sin? (B)
_\2)
r

.. 5]
Similarly, ==
ca

=l sin? é +sin? E +sin? g
r 2 2 2

= L 2sin’ (é) +2sin? (E) +2sin? (gj
2r 2 2 2

= %(1—COS(A)+1—COS(B)+1_COS(C))

L (s (oos ) +cos(B) +cos(C)
1

)

bc ca ab
In any A4BC prove that — + — + —
i n 3

(a bj (b cj (c aj

=2R||—+—|+|—+—|+|—+—]|-3

{b a c b a c
ca ab

bc
We have, — + — + —
i p) 3

1 1 1
= abc| — +—+—
ar, br, cn

s—a s—-b s—c
= abc + +
(aA bA cA]

abc(s—a s—-b s-—c
=— + +

A a b c

abc(2s—2a 2s—-2b 2s—2c
+ +
2A a b c

abc( b+c c+ta a+b
-1+ + -1
2A\ a b c

D))
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Ex-15.

Soln.

Ex-16.

Soln.

5ol

b a c b c a

B—C)

2

—A4 A-B
j+(r+r3)tan( > j=0,

B-C
We have, (r +r)) tan

In a AABC, prove that (» + 1)) tan (

+ (r + r,) tan (

2

(a5 )

- A
_ A(
1

- Ax(b+c)><([;;zjx\/S(S_a)(s—b)(s—c)

b+c

S(S—a)]x([;;Z)x e

1
= Ax(h—c)x—
X ( c)><A

=b-c
o Cc-4
Similarly, (» + r,) tan( 5 )=c—a
A-B
and(r+r3)tan( 5 ]=a—b
B-C C-4
Now,(r+r1)tan( )+(r+r2)tan( > )
A-B
+(r+r3)tan( )
2
=b-ctc—-ata-b

=0

If a triangle of maximum area is inscribed within a
circle of radius R, then prove that

1 1 1 2+1

n n n R

Let ABC be a right angled triangle in a
circle of radius R
Therefore, BC = 2R = diameter.

Now, A= % X AB x AC % sin(90°)

= %XABXAC

Ex-17

Soln.

It will maximum, when AB = AC
Thus, AB* + AC*=BC*=4R?

= 2AB*=4R?

= AB*=2R’

Now, 2s = AB + BC + CA =2A4B + BC

= 2R(1+472)

R? R
and r=— = =

s R(ﬁ+1) (ﬁ+1)
11 (V2

1
Therefore, —+ —+—=—=—"-
n oK BT R

LetAd,, Ay, Az, e , 4, be the vertices of an n-sided
regular polygon such that
1 1 1
= + .
then find the value of 7.

Let O be the centre and 4,4,.......4, be the regular
polygon of n-sides.

Let O4,=04;=.....cccuc.c... =04
and ZA 04, = Z4,04,

From the triangle O4,4,,

Os(z_n) 047 +04; - 44
2.04,.04,

n

_ 4 - A1A22

2.rr

2
= AA4; =2r* —2r% cos (_n)
n

= A4 =27 (1 - cos(z—”)j
n

o2
= A1A22=2r2.2sm2(—”
n



=4r° sin® (2—ﬂ)
n

(2
- A1A2=2r.sm(—”).
n

. (4
Similarly, 4,4; = 2r.s1n(—
6

T

n
& AA, = 2r.sin(—”)

n

1

1
Given, = +
VA T A4 A,
1 1 + 1
e =
2r.sin(2n) 2r.sin(4n] 2r.sin(67r
n n
1 1
+

= n=7

Ex-18. If 4, A,, A,, A5 are the areas of incircle and the ex-

circles of a triangle, then prove that

Soln.

Ex-19.

Soln.

Properties of Triangles 381

1 1 1 1
+ + =—
NZAN RN R
Let r be the radius of the in-circle and |, », and 7
are the ex-radii of the given triangle

1 1 1
+ +
J4 4 4
R U B
Joid nit nr

(1 1 1)
n n n

Then

Hence, the result.

The sides of a triangle are in A.P. and the greatest
and the least angles are 6 and ¢, then prove that

4(1+ cosB)(1—cos @) =cos O + cos

Let a, b, c be the sides of a triangle such that a and
c are the least and the greatest side of AABC
It is given that a, b, ¢ are in A.P.

= 2b=a+tc

a’ +b> - c?

N cosf=
oW 2ab

_(a=¢) b
a 2a
_2a-2c+b
2a
_4a-4cta+c
4a

_Sa-3c
da




b +c*—a

and cosQ = %
C

b P -d?
%+ 2bc
i+(c—a)(c+a)
2c (c+a)c
b (c—a
A
b+2c—-2a
2c
2b+4c—4a
4c
a+c+4c—4a
4c
5¢—3a
4c

2

Now, 4(1—cos8)(1—cosg)

- 4(1_5a—3c)(1 50—3a)

B (461 5a+3c)(4c 50+3a)

(%)
5

_ l((3c—a)(3a—c)j

4 ac

B 9ac—3c* +ac —3a®

4ac

10ac — 3¢ - 3a*

4ac

Sac —3c? +5ac —3a°

4ac

c(5a - 30) + a(SC - 3a)

4ac

4a 4c

cos 0+ cos @

Hence, the result.

{(50— 3a) .\ (5a-3c)

|
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Ex-20. If ¢, 3, yare the lengths of the altitudes of a triangle

Soln.

ABC, then prove that

1 1 1 1
=—(cot A+ cot B +cotC)

P
Let AD= o, BE=fand CF =y
Then,

AleaXADlebXBElecXCF
2 2 2

AD:% BE—% CF—2—A

a b c
2A 2A 2A
= a:—’ ﬁ:—,y:—
a b c

a? 4 b? 4 c?
4A% 4N 4A?
(a2+b2+cz)
4A?
1 (a2+b2+cz)
= —X—
4A

—X(cotA+cotB+cotC)

B (cot A+ cot B+ cotC)
A

Hence, the result.

Ex.-21.If p,, p,, p; are the altitudes of a triangle from the

Soln.

vertices a, b, c and A be the area of the triangle ABC,
prove that

11 1 2ab Z(C)
—+———=-—""—"—"—"Xcos"| —|.
o Py by (a+b+c)xA 2

Let AD = p,, BE = p, and CF = p;

Then, A 1><ar>< 1><b>< 1><c><
n. = — = — - —
en, 5 D > P> 5 D3

2A 2A 2A
D s P =—FH P3=—
b
1 1
Now, —+———
P Py Ps
_a_ b ¢
2A  2A 2A
_(a+b—c)
T 2A



Ex-22.

Soln.

B (a+b+c—2(:)
- 2A
3 (2s—20)
O 2A
~(s—¢)
A
3 2ab><s(s—c) 1
a AXs 2ab
_ 2ab ><s(s—c)
AXS 2ab
2 ab Z(C)
= ———Xcos*| —
(a+b+c)A 2

Three circles whose radii are a, b, ¢ touch one another
externally and the tangents at their points of contact
meet in a point, prove that the distance of this point
from either of their points of contact is

( abe jl/2
a+b+c

A%A

Let a, b, ¢ be the centres of three circles whose radii
are a, b and c, respectively.

Clearly, OD = OF = OE

So, O will be its in-centre.

Let OD=0OF=0E=vr

Let s be the semi-parameter of AABC

a+b+b+c+c+a
Thus, s = 2 =a+b+c
Area of a triangle ABC

= \/S(s—a—b)(s—b—c)(s—c—a)

= J(a+b+c)abe

A
Now, OD=r=—
S

Ex-23.

Soln.

Properties of Triangles 383

(a +b+c)abc

(a+b+c)

abc
(a+b+c)

Hence, the result.
Two circles of radii @ and b cut each other at an angle
0, then prove that the length of the common chord

2absin 0
\/(az +b% +2abcos 9)

is

Let ZC,PC, =6

@ +b* - (GG,)

Thus, cos(180°—6)= "
a

= (C1C2)2 =a’ +b* +2abcosb

= (ClCz) =\Ja* +b* +2abcosb
1 .
Area of AC,PC, = Eab sin @

1
So,area of AGPC, =—.G;C,.PM

1 1
—C,C,.PM =—absin @
2 2

=
. PM= absin @

GG,
- Py absin 6

\/a2 +b* +2abcos 6
Hence, the length of the common chord
= PQ=2PM
B 2absin 0

\/a2 +b% +2abcos 0




384 Comprehensive Trigonometry with Challenging Problems & Solutions for Jee Main and Advanced

Ex-24. Ifthe sides of a triangle are in A.P. and if the greatest

Soln.

angle exceeds the least angle «, then show that
the sides are in the ratio (1—x):x:(1+x)

1—coso
where x= | ———
7—cosx

Let the sidesbe a—d,a,a+d

Consider d > 0.
Thus, the greatest side is a + d and the smallest
side is a — d.

Let £ZA=0,ZC=0+¢ and
ZB=180°-(20+«)

Applying sine rule, we get,
a—d _ a __at d
sin  sin(180°— (20 +a)) sin(6+)

a—d _ a _a+d
sin@ sin(20+a) sin(0+a)

B 2a

sin@ +sin (6 + c)

N a-d  a+d

™ Sing ~sin(+0)
a—d sin@

- _

a+d sin(6+a)

2a s1n9+s1n(9+a
2d  sin®—sin(6+a

)
2 2sm(9+ ) (
2 —_—
2d 2cos(9+ )sm(
tan(0+aj
a__\ 2)
T ()
tan| —
2

)
)

DR M\SQ

Al a _ 2a
5% Sin (26 +a) " sin@+sin (6+0)
sin@ +sin (0 + )
= . =
sin (260 + o)

2sin(9 +a)cos(a)
2 2
= =2
2sin[9+a)cos(9+a)
2 2
3
cos By
= @ ——F<=2
cos(9+a)
2

= tan 6+

Q

....(ii)
COoS (

From (i) and (i1), we get,

\]

1-cos

2
_1+cosa

2

B [1-cosa _
“N7-cosa

Hence, the required ratio is
=a—-d:a:a+d

= 1—£:1:1+£
a a
=1-x:1:1+x.

Hence, the result.



Ex-25.

Soln.

Ex-26.

Soln.

The sides a, b, ¢ of a triangle 4ABC are the roots
of x* - PXZ +gx—r =0, then prove that its area

1 3
is Z\/p(4pq—p —8r).
Given equation is X - px2 +gx—r=0

Thus, a+b+c=p,ab+bc+ca=q,abc=r
Now,A2

s(s—a)(s=b)(s—c)
5ol
g{(g wepra2)

+(ab+bc+ ca)(%) - abc}

S EREEHE

2
3 3
_prlp —2p” +4pqg—8r
2 8

+

= 1£(4pq -p*-8%)

_1 3
A—Z\/p(4pq—p —8r)
Thus, area of a triangle = A
_1 3
—Z\/p(4pq—p —8r)

Hence, the result.

Let O be a point inside a triangle 4ABC such that
ZLOAB = Z0BC = Z0OCA = o then prove that

(i) cotw =cot A+cot B +cotC

(i1) cosec’@ = cosec? 4 + cosec’ B +cosec’C
Let LZOCB=C-w

and ZBOC =180°-w—(C—-w)=180°-C
Similarly, £ AOB =180°-B

Now from AOAB, we have

OB AB
sinw sin (1 80° — B)
OB ¢

sin@ sinB

(i)
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A

@
B C

csinw

= OB=—
sin B

Now, from AOBC, we get,
OB B BC
sin(C-w) sin(180°-C)
OB _a
sin (C — a)) sinC

asin(C - o) .
= OB=——>—7-—"> ... (i1)
sinC
From (i) and (i1), we get,
csinw asin(C - o)

sin B sinC

ksinCsinw _ ksin Asin(C — o)

sin B sinC

sinCsinw _ sin Asin(C - )

sin B sin (A + B)
sinCsin® sin(C - w)
= X 3 = X
sin AsinB sin Acos B+ cos Asin B
sinCsin@w  sinCcos®— cosCsin @
- _

sinAsinB  sin AcosB + cos Asin B
= sinCsin Acos Bsin + sin C cos 4sin Bsin @
= sin Asin Bsin C cos @ — sin Asin B cos C'sin ®

Dividing both the sides by sin Asin Bsin Csin®
we get
cot B+cot A=cotw—cotC

= cotA+cotB+cotC=cotw

We have
cot A+ cotB+cotC=cotw

=  (cotA+cot B+ +cot C)2 =cot’
= (cot2 A+ cot® B+ cot? C)+2=cot2 w

=  cosec’A—1+cosec’B—1
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+cosec’C —1+2 =cosec’w —1
2 2 24 2
=  cosec” A+ cosec B+ cosec”C = cosec” @

= cosec’® = cosec’ A+ cosec>B + cosec’C

Hence, the result.

Ex-27. ABCD is a trapezium such that AB is parallel to CD
and CB is perpendicular to them.

If ZADB=0,BC=pand CD = g, then

(p2 +q2)sin6
prove that AB = ———"———

pcosO+qsinh’
Soln.
D q c
o
0
p
T—(0+a) a

A B

From ABCD, we get, BD = \/P2 +q°

Let LABD=/ZBDC =qx

then ZDAB=n—-(6+a).
Now, from AABD, we have

AB BD
sin @ sin(n—(0+oc))
- AB BD
sinf sin(0+a)
. 4B- .BDsinG
s1n(9+0£)
2 .
_, 4p-_DDsinb
BDsin (0 + @)
B BD?sin@
BDsinBOcoso + BD cosOsin o
(p2+q2)sin9
= AB=——"-—"—

- gsin@+ pcos6

Hence, the result.
Ex-28. In an triangle ABC, if 6 any angle, then prove

that bcos@=ccos(A—6)+acos(C+0)

Soln. We have

ccos(4—0)+acos(C+0)
= ksinCcos(A—9)+ksinAcos(C+9)
= k[sin Ccos(4 —9)+sinAcos(C+9)]

= k[sinCcosAcosG+sinCsinAsin9
+ sin Acos C cosO—sin 4sin Csin 6]

= k[cose(sinAcosC+cosAsinC)]

= kcosOsin(4+C)

= kcosOsin(m — B)

= kcosOsin B

= (ksinB)cosB

= bcosO

Ex-29. If the median of a AABC through a is perpen

dicular to AB, prove that tan A+ 2tan B=0 .
Since AD is the median, so BD : DC=1:1

Soln.

Clearly, ZADC =90°+B.

Now, applying m : n rule, we get,
(14+1)cot(90°+ B) =1.cot(90°) —1.cot(4 — 90°)
= 2tanB=0-(—tan4)

= —2tanB=tan4

= tanAd+2tanB=0

Hence, the result.

. (A). (B). (C)_1
Ex-30. In a A4BC, prove that sin EY sin By sin > Sg

Soln. Let u= (;)@( %j
= u= (nm(?jgn(gnsm( % )

A;BJ_COS(A;BBSH{%)

(o 257 sn( S ()

=  sin’ [g)—cos(A_B).sin(£)+2u =0
2 2 2




. (C
since Sm(?j isreal,so D=0

=  cos’ [A;zB)—Su >0

A—-B
= cosz( 5 )ZSu

1 2(A—B]
= us-—cos | ——
8 2

= u<

: (A]. (B]. (c) 1
Hence, sin|— |sin|— [sin| — |<—.
2 2 2 8

Ex-31. In a AABC, prove that

tan’ é +tan2(£)+tam2(g >1
2 2 2
A B C
Let x=tan| — |,y =tan| — |,z =tan| —
2 2 2

2, .2, .2
To prove, x” +y~ +z" 21

0 | —

Soln.

Now, x2+y2+zz—xy—yz—zx

— [ =a) =2 4= 20

Thus, x* + y2 +z2 > Xy+yz+zx ... (1)

Since in AABC,
A+B+C=rx
A B n C

= 2%

= xy+yz+zx=1
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Therefore, from (i), we get,

x2+y2+2221

= tan’ é + tan’ E + tan’ g >1
2 2 2

Ex-32. If the distances of the vertices of a triangle from the
points of contact of the incircle with the sides be ¢,
B, 7, then prove that

W= afy

= where r is in-radius.
o+B+y

Soln. Let the in-circle touches the side AB at p

where AP =«

P

B C

Let / be its in-centre and A/ bisects ZBAC
Now, from AIPA,

A r
tan| — |=—
2 o
A
= o =rcot| —
2

B C
Similarly, 8= rcot(zj, ¥y =rcot (3)

In a triangle ABC, we have

bl el 2l

a B yv_aBy

=
r r r vy r r
a+B+y _ofy
r r3
I oy
oa+pB+y

Hence, the result.

Ex-33. If 1,1, and#; are the lengths of the tangents drawn
from the centre of the ex-circle to the circum-circle
of AABC, prove that

1+1+1_ abc
£ 6 13 a+b+c
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Soln.

Let O and /; be respectively the centres of the circum-
circle and the ex-circle touching the line BC

Clearly, OI, =+ R> +2Rn

= R+ =R +2Ry

= (R?+1))=(R*+2Ry)

= f =2Ry

Lo
£ 2Rp
Similar] 1 I 1 1
mmilar - = s 5 —
Y 5, 2Rr, £ 2Rn
1 1
Now, 5+5+5
1 hoB
1 1 1

+ +
2Rn  2Rr, 2Rn

I 1 1
— — 4+ —
n n n

(a+b+c)
2A

S abe”
4A

(a+b+c)

abc

Hence, the result.

Ex-34. In AABC, find the min value of

3 cot? (‘;) cot? (g)

=
see( )
=
ot £ (2 2
(Sl
()

Soln. We have

tan2 é +'[an2 E +tan2 g
2 2 2

> 1

Hence, the minimum value is 1.

Ex-35. A triangle has base 10 cm long and the base angles
are 50°and 70° . If the perimeter of the triangle
is x+ ycos(z°)wherez € (0,90°) , then
find the value of (x+y+z).

Soln. LetBC=a=10

From sine rule, we have
a b c

sin4 sinB sinC

a b B c
sin(60°) sin(50°) sin(70°)
a+b+c

sin(60°) + sin (50°) + sin (70°)

a+b+c

V3

=+ 2sin(60)cos(10%)




B a+b+c

E

— 43 10°
> co0s(10°)

a atb+c

in(60°)
sin(60%) \/2§+ 3cos(10°)

10 _ a+b+c
T BB
2 2
10 a+b+c
1 1+2cos(10°)
= a+b+c=10+20cos(10°)

a+b+c=x+ycos(z°)

++/3 cos(10°)

U

= x=10,y=20,z=10
Hence, the value of (x+ y+z)

=10+20+10=40.

Ex-36 In a AABC, find the value of
acosA+bcosB+ccosC
a+b+c

acosA+bcosB+ccosC
atb+ec

l 2sin Acos A+ 2sin Bcos B+ 2sin Ccos C
2 sinA+sinB+sinC

Soln. We have

l sin2A4+sin2B +sin2C
2\ sinA+sinB+sinC

4sin Asin Bsin C
sinA+sinB+sinC

N | =

2sin Asin Bsin C
sinA+sinB+sinC

2sin Asin BsinC

w3 Dl

(o (2

(el
=g=g=g

Ex-37.

Soln.
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. (A . (B) . (C
= 4sin| — |.sin| — |.sin| —
(2) (2) (2)
= l X 4R sin(éj.sin [Ej.sin (gj
R 2 2 2

r
R

In a right angled triangle ABC, the hypotenuse BC
of length ‘a’ is divided into n equal parts (» an odd
positive integers). Let abe the acute angle subtending
from a by that segment which contains the mid-point
of the hypotenuse of the triangle, prove that

4nh

tano = [Roorkee — 1983]

B on on D E M F an dn

o
Each part of the base BC be —
n

Let AD = h is the altitude.

The nth part EF which contains the middle point
M subtends an angle ¢ at 4.

Let LDAE =0 and LEAF =0

S ZLDAF =0+a
Also, let DM = x

Then DE=)c—g and DF:x+ﬁ
2n 2n
In AADF,

a4
2n _2nx—a
h 2nh

X —

tanf=——=
AD

2nhtan® =(2nx—a) ......... )
Also, in AADF
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Elimination 6 from (i) and (ii), we get,
2nhtano +2nx —a

=2nx+a-— (2nx+ a)[wj

2nx
(4n X —a2)
= 2nhtano =2a - tan o
2nh
(4n x° - az)
= 2nh + tano = 2a
n
4n’h® + (4}12x2 - az)
= tano = 2a
2nh
= tano = danh
4n*h? + (4n x° - az)
= tano = danh
4n® (h2 +x2)— a?
danh
= tano = — N
4n® [a] -a?
4
( AM = BM = 3)
2
= tana — M
(n2 —l)a2
4nh
= tano =

Note. No questions asked in 1984, 1985.
Ex-38. If a, b, c are the sides of a triangle ABC and
B C
3a =b+c, then prove that cot (chot (5] =2.
[Roorkee — 1986]
C
Soln. We have cot( ]co 2)

3
R

|
-
—

o;
E/o;
AA/—\

M(n

Q@
N—
—

r,;

‘Q
N—
—

ra

@‘
N—

Ex-39.

Soln.

N

s—a
2s
2s—2a
(a+b+c)
a+b+c)—2a

b+c—a)
a+3a) 4q
= :—:2
(3a—a) 2a
2 32 in(4-B
If in a triangle, @b :s%n( )
a’ +b* sin(4+B)

Prove that it is either a right angled triangle or an
isosceles triangle. [Roorkee — 1987]
a’>-b* sin(4A-B)

We have 2 = sin(A+B) .

sin® 4 —sin’® B sin(A-B

(
sin2A+sinzB n(A+B
) _

sin(4+ B)sin(4-B
sin? A+sin>B  sin A+B)

= sin(4-B)=0,

sin(A+B) 1
a . 2 . 2 5 . =0
sin“ A+sin” B Sm(A+B)

Now, sin(4—B)=0
= A=B
=  Ais isosceles
sin(A+B) 1
an — — =0
sin? 4+sin* B sin(4+ B)

=  sin® A+sin® B=sin’ (4 + B)
=  sin? A+sin® B=sin’ 4cos’ B
+cos? Asin® B+ 2sin Asin Bcos Acos B
=  —2sin® 4sin’ B
+2sin Asin Bcos Acos B=0
= sin4sinB=cos Acos B
= tanAtanB=1



Ex-40.

Soln.

Note.

= tanA4d=cotB
= tanAztan(g—B)
-~ 4=Z_p
2
= A+B="2
2

T T

=

C=7t—(A+B)=7r—E

2

Thus, the triangle A4BC is right angled.

In any triangle ABC, show that

o 2 2] (2
eo€)

We have

{2 o2

)

[Roorkee — 1988]

el

s(s—a) s(s—b)

—b><s—c>+J<s—a><s—

&

y

_ s [ s—a+s—b ]
(s=e){ J(s—a)(s—b)

[ Vs ]Xs_
\/(s—c)(s—a)(s—b) ¢

cs

No questions asked in 1989.

[\/(s—c)(s—a)(s—b)J x(s =)

Ex-41.

Soln.

Ex-42.

Soln.
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Ifx, y, z are the perpendicular distances of the vertices
of a triangle ABC from the opposite sides and A be
the area of the triangle, then prove that

1+1+1
2 yz )

1
X(cotA+cotB+cotC).

[Roorkee Main — 1990]
From AABC,

and R.H.S

= i(cotA+cotB+cotC)

a’+c*-b?
2bac

2abc

L a’+b*+c?

Ak 2abc

B l a’ +b> +c°
A 22A

( A= lab sinC = l(abc k))
2 2

a’+b* +c?
4A*
Hence, the result.

The two adjacent sides of a cyclic quadrilateral are
2 and 5 and the angle between them is 60°. If the

area of the quadrilateral is 43 , find the remaining
two sides. [Roorkee Main — 1991]
Suppose AC=2,AB=5,BC=x,CD=y

and £ BAD = 60°

L br+c? —a?
2abc

a’ +b? —cz]

1 .
Area of AABC = 5.5.2.51n(60°)

_53

2
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Also, from AABC,

cos(60°) = M
2.5.2
_29-BD?
20
29-8D* 1
20 2
= BD*=19
= BD= \/E

Since 4, B, C, D are concyclic, so

ZBCD =180°-60°=120°

Then from ABCD,
2
x*+y* - (\/ﬁ )
cos(120°) =
2xy
2
X’ + y2 - (\/E) 1
= =——
2xy 2
2
X2+ - (\/E)
= =-1
Xy

= X+ +xp=19.... @)
Again, area of ABCD

2Ty
Thus, area of quad. ABCD = 43

53, B,

=
2 4
5 xy

= —+—=4
2 4

L W4 2.3
4 2 2

= xy=6

Note.
Ex-43.

Soln.

Ex-44.

Soln.

From (i), we get,
x* + y2 =13
= x=3,y=2
No questions asked in 1992.
In a triangle ABC, R is the circum-radius and

8R* = a” +b* +c* . The the triangle ABC is
(a) Acute angled
(b) Right angled
(c) Obtuse angled
(d) None of these.
As we know that

a b ¢ _
sind sinB sinC
Now we have,

SR> =a’ +b* +¢?

2R

—  8R>=4R* (sin2 A+sin? B +sin? c)
= (sin2 A+sin® B +sin? C) =2

= (cos2 A—sin® C)+cos2 B=0

=  cos(4+C)cos(4-C)+cos’ B=0
= cos(w—B)cos(4—C)+cos’ B=0
= —cosBcos(4—C)+cos’B=0

=  cosB(cos(4—C)-cosB)=0

= cosB.2cosAcosC =0

= cosA=0,cos B=0,cosC=0

T
= A=—=B=C
2

Thus, the triangle is right angled.
If the sides a, b, ¢ of a triangle are in A.P., then

A C
find the value of tan (—) + tan(—)
2 2
. B
in terms of COt(Ej .

We h tan(é)+tan(£)
e have 2 >

_ \/(s—b)(s—c) +\/(s—a)(s—b)

s(s—a s(s—c)

[ Roorkee Main — 1993]



Note.

Ex-45.

Soln.

F[f_cﬂa]
L

2sca]
Jls—a)(s—c)

= [——F—— (a+b+c c— a)

s(s—a)(s—c)
SO N Gl I
=S G—a)=0)
Lo ol I

3 s(s—a)(s—c)
_2 | sls=b)

3 \(s—a)(s—¢)
(2]

Hence, the result.

No questions asked in 1994.

3V3
A cyclic quadrilateral ABCD of area Tf is

inscribed in a unit circle. If one of its sides
AB =1 and the diagonal BD = \/3 . Find the length

of the other sides. [Roorkee Main — 1995]

In AAOB,

0O4A=0B=1

and AB =1 (given)

Thus, LOAB = LOBA=ZA0B = 60°
In ABOD,0A=1,0B=1,0B=1
and BD =3
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A

30
B D E o

Let LBOD =0

OB? + OD? - BD?
2.0B.OD

1+1-3 1
= cosf=—=——
2.1.1 2

Then cos@ =

= 06=120°

Therefore, ZAOD = ZAOB+ ZBOD
=60°+120°=180°

=  AOD is a straight line

=  AD = diameter = 2

If £B0C =g, then 2COD=2"~¢

Area of the cyclic parallelogram ABCD

= arof (AAOB + ABOC + ABOD)
W3 o1
——=—.1.1.sin(60°

- T4 2 (609

—.1.1. sm(p+— 1.1. sm(z?n—(pj

(Zn D 3\/7
+sin@ +sin ?—go

4

= l sin +s1n _71:_ ) —ﬁ—ﬁ
2 ¢ ¢ 4 4
= l sin +sin(2—n-— ) —ﬁ
2 ¢ 3 ¢ 2

- (smmm(%_gojj &

- 2sin(§jcos(go —gj NE

(o)
= 2X—Xcos|Qp——|=
2 3

e
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Ex-46.

Soln.

= cos( —Ej—l
¢ 3
T
_Zl=0
- (q’ 3)

T
= (P=§

Thus £BOC = 60°

and £LCOD =120° -
BC OB
In — =—
sin60°  sin 60°
BC=0B=1

= ZC=60°ndLA4=75°

60° =60°

Similarly, we can prove that CD =1

Hence, AB=1,BC=1,CD =1 and AD = 2.

In a triangle ABC, ZC=60°and ZA=75°.If Disa
point on AC such that the area of the triangle BAD

is /3 times the area of the triangle BCD, find the
angle ZABD. [Roorkee Main — 1996]

Here, £ B =180°—

(60°+75°) = 45°

Let LABD =6
ar(ABAD
It is given that, Q =3
ar(ABCD)
lcx sin @
- 12— -3
—axsin(45°—0)
2
N csin @ B
asin(45°-0)
N sinC sin @ B
sin Asin (45O - 9)
sin 60°sin @
= =43

sin 75°sin (45° - 0)

Ex-47

Soln.

NEX
751n9 \/_
= =43
@ sin(45° - 0)
242
= ﬁsin@z(\/g+l)sin(45°—9)
= \/Esinez(\/g+l)%(cos9—sin0)
= 2sinf= ( 3+1) cos@—sm@
= (3+\/_)s1n9 ( 3+1)c0s6
- sin@ (\/7+1) 1
cos@ (3+f) NG
= ‘[an0=L
3
= o="
6

T
Hence, £ ABD = I’

4
Ifina triangle ABC, a=6,bh=3 and cos(4— B)=—

then find its area. [Roorkee Main 1997]

4
Given cos(A—B)zg
= ZCosz[ﬂ)—lzi
2 5
=  2cos’ ﬂ)=1+ﬂ
2 5
Q[A—B) 9
= cos’|——|=—
2 10
(A—B) 3
=  COos =—
2 10
(A—B) 1
= tan =—
2 3
(a—b (C) 1
= cot| — [=—
a+b 2 3
(6—3) [CJ 1
= | —=|cot| =|==
6+3 2 3
1 C 1
= —cot| —|=—
3 2 3



Ex-48.

Soln.

C
= cot|—|=1
2
C T
= cot| — |=cot| —
2 4

Thus, ar(A4BC)
l absinC
2

% X 6% 3x5sin(90°)

9 sq units.

Two sides of a triangle are of lengths V6 and 4 and

the angle opposite to smaller side is 30°. How many

such triangles are possible?

Find the length of their third side and area.
[Roorkee Main — 1998]

A
c b
30°
B a C
We have
b c

sinB sinC
Jo o 4
sin(30°) sinC
4 1 2
sinC=—=x—=—=x<1
J6 2 6

C may be acute or obtuse

=

=

Also, we observe that b < ¢

=B<C

if C is obtuse, then B should be acute
It is possible.

ie.,
=
Thus, two triangles are possible in this case.

Now, applying cosine rule,

2, 2 42
cosgoCta—b"
2ac
16+a*-6
——% COS 300 =
(30%) 2.4.a

Ex-49.

Soln.
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L, B _l6+a’-6
2 2.4.a
A +10 3
= =
8a 2
= a*-4f3a+10=0
2
N (a—zﬁ) =12-10=2
= (a—2\/§)=ix/§
= a=2\/§i\/§
A
c b
30°
B 2f3-J2 Ci D C,
< 2 /3 +/2—>

Now, ar (A ABC;)

= %x4x(2\/§—\/5)><sin(30°)

= (2\6 - \/E) sq units
and ar (A ABC,)

_ %x4x(2\/§+\/5)xsin(30°)
= (2\/§+\/§) $q. units.

The radii r|, r,, 3 of escribed circles of a triangle
ABC are in the harmonic progression. If its area is
24sq. cm. and its perimeter is 24 ¢cm, then find the
lengths of its sides. [Roorkee Main — 1999]
Given 2 s =24

= s5=12

Also, #,ry,13 € HP

A A A

= , s e H.P
s—a s—b s—c

= A , A s A e H.P
s—a s—b s—c

= ! , ! s ! e H.P
s—a s—b s—c

= (s—a),(s=b),(s—c)e 4P

a,b,ce AP
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Note.
Ex-50.

Soln.

= 2b=a+tc
= 3b=a+b+c=24
= b=8

Again, 1,r,,1; € H.P

1 1 1

= —,—,—€AP
nnn
2 1 1
= —=—+—
n non
2n
= n=—t
ntn

= 1K thin =245
= 1 Tt =26 i = 37
= 3np=s" =144

144
= V1V3=T=48

24 24
(12-a) 8 (12-c¢)

(12-a)(12-c)=12

=48

U

144-12(a+c)+ac=12
144-12.16+c(16—c) =12
16c—c*—64=0

> —16c+64=0
(c-8)’=0

L

c=38
So, the lengths of the sides are 8 cm, 8 cm, 8 cm.

No questions asked in 2000, 2001.
In a triangle ABC, let the sides a, b, ¢ are the roots

of x> —11x% +38x—40=0. If the value of

cosd cosB cosC m
+ + = —, where m and
a b c n

n are least +ve integers, then find (m +n).

Given equation is X —11x* +38x—40=0
It is also given that a, b and c are its roots

Thus, a+b+c=11,

ab+bc+ca =38

and abc=40

m cosA cosB cosC
Now, —= + +

n a b c

br+c-a? N ?+a’-b* +a2 +b2 -2
2abc 2abc 2abc

a>+b*+¢?

2abc
(a+b+c)2 —2(ab+bc+ca)
- 2abc
(11)* -2.38

2.40
121-76

80
45 9
80 16
Thus,m=9and n=16
Hence, the value of m +n
=9+16=25.

LEVELI
(QUESTIONS BASED ON FUNDAMENTALS)

1.

In any triangle ABC, prove that
(b2 — cz)cotA + (02 — az)cotB +(a2 - bz)cotC =0

. In atringle AABC, prove that

asin(B—C)+bsin(C - 4) +csin(4—-B)=0

In a tringle A4BC, prove that

a’ sin(B-C) N b? sin(C — 4) _'_c2 sin(C— 4)
sin 4 sin B sinC

=0

In a triangle ABC, prove that for any angle 6,
b cos(A—0)+c cos(B+8)=ccos0

) C
If cos A+ cos B=4sin> (E) , prove that the sides, a,

¢, b of the triangle ABC are in A.P.
sind _sin(4-B)

Ifina A4BC sinC sin(B-C)

, then prove that,

az, bz, ¢? are in A.P.
In a triangle ABC, prove that,
2(bccosA+cacosB +abcosC) =a*+b>+c?



10.

11.

12.

13.

14.

15.

16.

17.

18.

In a tringle A4ABC, prove that
(a—b)’ cos’ (%) +(a+b)’ sin’ (%) =c?

With usual notation, if in a triangle ABC,
btc c+a a+b
11 12 13

cosd cosB cosC
7 19 25

, then prove that,

Let a, b and ¢ be the sides of a AABC. If a’, b* &

are the roots of the equation X —Px*+0Ox—R=0,
where p, g and R are constants, then find the value of

cosC

cosA cosB
_l’_

, in terms of P, O and R.
a b
In a triangle ABC, prove that,

b%sin2C+ c* sin2B = 2bcsin A

) sinB c¢—acosB
In a tringle AABC, prove that —— =
sinC  b—acosC

In a AABC, prove that,

2| asin? (£)+csin2 (éj =c+a-b
2 2

In a tringle A4BC, prove that

0052 (A) 0082 (B) 0082 (C) 2
2 2 2) s

+ + =
a b c abc

In a AABC, prove that

becos? (é) +cacos® (E) +abcos? (E)
2 2 2

= %(a+b+c)2

In a AABC, prove that,

A B
b—c)cot| — |+(c—a)cot| —
(b-cJeor 5 |+ (e a)oor( 2
+(a— b)cot(g) =0
2
If the sides a, b, ¢ of a triangle are in A.P., then find

A C). B
the value of tan(zj + tan (Ej in terms of cot(z)

If D is mid-point of CA in triangle ABC and A is the
area of triangle, then prove that

4A

2
a —c¢

tan (£ ADB) =

19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

29.

30.

31.

32.
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In any triangle ABC, prove that,
4A(c0tA +cotB+ cotC) =a*+b*+¢?

In any triangle ABC, prove that,
2abc A B C
—— |.cos| — |cos| — [cos| — |=A
a+b+c 2 2 2
If in a triangle ABC, a =6, b =3 and
4
cos(4—B)= 5 then find its area.

If in a triangle ABC, £A=30° and the area of the
2

triangle is , then prove that either

B=4CorC=48B
In any triangle AABC, prove that,

Rr(sinA+sinB+sinC)=A,

In any triangle AABC, prove that,
acosBcosC+bcosCcos 4

A
+ccosAcosB=—

In any triangle A4BC, prove that,
1 1 1 1

E ca £=2Rr

In any triangle A4BC, prove that,

cos> é +cos’ E +cos’ g =2+L
2 2 2 2R

In any triangle AABC, prove that,
acotA+bcotB+ccotC = 2(R+r)

In any triangle AABC, prove that,
n+r—nr+r=4RcosC
In any triangle A4BC, prove that,

1+1+1+1_a2+b2+02
”12 ’,22 r32 2 A2

In any triangle A4BC, prove that, prove that,

111 1Y 41 1 1
et —t— | = =+ —
R r\n n o n

In any triangle A4BC, prove that,

bc—nn _ca=rnrn _ ab—nr,

i b} n

Prove that the radii of the three escribed circles of a
triangle are the roots of

¥ —(r+4R)x2 +52x—rs?=0
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33

34.

35.

36.

37.
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. If o,B&Y are the respective altitudes of a triangle
ABC, prove that

1 1 1 cot A+cotB+cotC
Sttt o=
o By A

If a,f&Yy are the respective altitudes of a triangle

ABC, prove that
2ab

111 o £)
a By (a+b+c)A eos 2

If in a triangle AABC, a® +b* +¢* =8R?  then prove
that the triangle ABC is right angled triangle.

The sides of a triangle are x*+x+1,2x + 1 and
x> — 1, prove that the greatest angle is 120°.

The sides of a triangle are three consecutive natural
numbers and its largest angle is twice the smallest one.
Determine the side of the triangle.

38 ABC is a triangle. Its area is 12 sq. cm and base is 6

39.

40.

41.

42.

43.

44,

cm. The difference of the angles is 60°. Prove that the
angle A opposite to the base is given by 8 sin 4 — 6
cos4 = 3.

a
In any triangle ABC, if cosO = ,
b+c
cos cos ¢ h
= , =——, where
¢ a+c a+b

0,9 &y lie between 0 and , prove that,

tan’ (g) + tan’ (g) + tan? (%j =1

The sides of a triangle are ABC are in A.P. If the an-
gles a and ¢ are the greatest and the smallest angles
respectively, then prove that,

4(1-cos A)(1-cosC)=cos 4 +cosC

In triangle ABC, if a, b, c are in H.P., prove that

.2 A .2 B .2 C .
sin“| —|,sin"| — |, sin”“| — | are also in H.P.
2 2 2

In a triangle ABC, if the sides a, b, ¢ be in A.P., prove that

cos A. cot é , COS B. cot E , cosC. cot g
2 2 2

are also in A.P.

The sides of a triangle are in A.P. and its area is 3/5 th
of an equilateral triangle of the same perimeter. Prove
that the sides are in the ratio 3 : 5 : 7.

The ex-radii #, 75,73 of a triangle ABC are in H.P,,
prove that the sides a, b, ¢ are in A.P.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.
55.

In usual notation, if #; =7, + 73 +r, then prove that the
triangle is right angled.
If 4, B, C are the angles of a triangle, then prove that

r . .
cos A+cosB+cosC =1+ rL where r = in-radius and

R = circum - radius.

In triangle ABC, if 8R* = a* +b” +¢*, prove that the
triangle is right angled.

Let 4,4, 45,........ ,A, be the vertices of an n-sided

1 1
= +
A4, A4, A4,
prove that the value of nis 7.
If A,4,,4, & A; are the area of the inscribed and

escribed circles of a triangle, then prove that
1 1 1 1
—= + + )
NyEN Ny
The sides of a quadrilateral are 3, 4, 5 and 6 cms. The
sum of a pair of opposite angles is 120°. prove that

the area of the quadrilateral is 3430 sq. cm.
In triangle ABC, prove that,

regular polygon such that , then

r2+r12+r22+r32=16R2—az—bz—c2

In triangle ABC, prove that,

IA.IB.IC = abc tan (éj .tan (E) .tan (g)
2 2 2

In a triangle ABC, if (1 - i][l - i) =2,

) 13
prove that the triangle is right angled.
Intriangle ABC, provethat, cot? A+cot’ B+cot> C =1

If cosA=tan B, cosB = tan C and cosC = tan 4, then
prove that, sin 4 = sin B = sin C =2 sin 18.

LEVEL 11
MIXED PROBLEMS

I.

) a+b+
In AABC,a>b > c, if — S 3, =%
sin” A+sin” B+sin” C

then the maximum value of a is
1
— b) 2
@ 5 (b)

(c) 8 (d) 64
Sides of a triangle 4ABC are in A.P. If a <min {b, c},
then cos 4 may be equal to

3c—4b
@ = ®)

3¢—4b
2c




10.

© 4¢—-3b 5 4c—-3b
o 2c

Ifa AABC, a* + b* + ¢* = 2a°b* + b + 2%,
then sin 4 is

(@) = ®) =
a N 5

3 3 +1
© % @ 5

. Inatriangle ABC, 2a* + 4b* + ¢* = 4ab + 2ac, then the

numerical value of cos B is

(@ 0 (b)

0|3 oo w

5
© 3 @

. If a, b, ¢ be the sides of AABC and if roots of the

equation a(b —c) x> + b (c—a) x + ¢ (a— b) = 0 are

A B C
equal then sin’ (5) . sin? (5) . sin? (E) are in

(a) AP (b) G.P.

() H.P. (d) AGP

In a triangle ABC, (a+b+c) (b+c—a)=kbcif
(a) k<0 ) k>6

() 0<k<4 (d) k>4

a’ cos B-0O)+ b cos (c-4A)+ ¢ cos (A - B)isequal

(a) 3 abc () (a+b+o)
(¢) abc(a+b+c) @ o
A B C
If cosa _ o8P _ 08 and a = 2, then the area
a b c
of the triangle is
(a) 1 (b) 2
3
© § @ 3

Ifina AABC, cos A +2 cos B+ cos C=2, then a, b,
carein

(a) AP (b) G.P.

(c) H.P. (d) None

Ifina AABC, sin’4 + sin’B + sin®C =3 sind sinB sinC,
then the value of

a b c
b ¢ a
c a b
(a 0
(b) (a+b+c)

() (@a+b+c)(ab+bc+ca)
(d) None

11.

12.

13.

14.

15.

16.

17.

18.
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B C
If b + ¢ = 3a, then the value of cot (5) cot (E) is
(a) 1 (b) 2
(© 3 d V2

Let AyA4 4,434,445 be aregular hexagon inscribed in a
circle of unit radius. The product of length of the line

segment Ay4,, AyA,, Ayd, 1S

3
@ 5 (b) 33
33
(© 3 (d) EN
acosA+bcosB+ccosC .
In a AABC, the value of is
atb+c
R R
(@ — b -
r 2r
© @ =
o) — il
R R
In a AABC, the sides a, b, ¢ are the roots of the equa-
. 3 5 cosA cosB
tion x” — 11x“ + 38x —40=0. Then
a
cosC .
is
c
@ 1 ) -
a 2
4
© — @ N
c T one

The ex-radii of a A |, r,, r; are in A.P., then the sides
a, b, c are in
(a) A.P.
(c) H.P.

(b) G.P.
(d) A.G.P.

sin> A+sin A+1

In any A4BC, Y, is always greater

sin 4
than
(a 9 (b) 3
(c) 27 (d) 36

In a triangle (1 - ”_1] (1 - ”_1) = 2, then the triangle
n 73

is
(a) right angled
(c) equilateral

(b) isosceles
(d) None

T
Ina A4ABC,a=2band |a—b| = g,thenéCis

@ 5 ® %
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19.

20.

21.

22.

23.

24,

25.

26.

27.

Comprehensive Trigonometry with Challenging Problems & Solutions for Jee Main and Advanced

/4
() 3 (d) None
If the median of AABC, through 4 is perpendicular to
AB, then
(a) tand +tanB=0
(b) 2 tand +tanB =0
(c) tan4d + 2 tanB =0
(d) None

3
Ina AABC, cos A +cos B+ cos C= E,thentheA

(a) Isosceles
(c) equilateral

(b) right angled
(d) None

IfA,...... A, be a regular polygon of n-sides and
1 1

= , then
44, A4 A4,
(a) n=5 (b) n=6
(c) n=17 (c) None

A 5 C 2

In a AABC, tan (— = — andtan | — | =s—, then
2 6 2 5

(@) a,c,be A.P. (b) a,b,ce AP

(¢c) b,a,ce AP (d) a,b,ce G.P.

If the angles of a triangle are in the ratio 1 : 2 : 3, then
the corresponding sides are in the ratio

(@ 2:3:1 () V3:2:1
© 2:3:1 @ 1:3:2
InaAABC,acotA+bcotB+ccotCis
(a) r+R (b) r—R

() 2(r+R) (d) 2(-—R)

If 4, 4,, 4,, A5 are the areas of in circle and the ex
circles of a triangle, then

1 1 I .
+ +
\/Z \/A—z \/A_3 ®

2 1
a) — b) —
(a) i (b) i
© — @ -
) —— =
2J4 V4
sin> A+sin A+1 .
In any AABC, Il| —————— | is
sin 4
always greater than
(@ 9 (b) 3
(c) 27 (d) 36
In an equilateral triangle, R : r: r, is
(@ 1:1:1 (b) 1:2:3
(c) 2:1:3 (d 3:2:4

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

In a AABC, tan A tan B tan C = 9. For such triangles,
if tan’4 + tan’B + tan’C = A, 7 then

(@) 9. Y3 <a<27 (b) A£27
() 1<9.33 d 1>27

In a AABC, a® cos’d = b* + ¢?, then

V4 T V4
A< — b) — <A< —
@ A<, (b) o <A<
T V3
A> — d) 4= —
© 4> - @ 4=
InaAABC,A:B:C=3:5:4,thena+b+c\/5is
(a) 2b (b) 2c
(c) 3b (d) 3a

If 4, B, C are angles of a triangle such that the angle
A is obtuse, then tan B tan C <

(@ 0 (b) 1

(c) 2 (d 3

In a triangle, if | > r, > 1, then

(@ a>b>c (b) a<b<c

(c) a>bandb<c (d) a<band b>c

A B C .
4rR cos —— cos — cos — 1S

2 2 2
(@) s (b) s>
(c) A? (d) A

If(a-b)(s—c)=(b-c)(s—a),
then r, r,, r; are in

(a) H.P. (b) G.P.
(c) AP (d) A.G.P
Ifcz=a2+b2,2s=a+b+c,then
4s (s—a)(s—b)(s—c)is

(a) s* (b) b*?
(c) *d? (d) a’b?
1 N 1 N 1 N 1 .
- - - — 1S
”12 r22 r32 2
@) a’ +b* +c? ) >a?
A =4
52 A?
(c) 4R (d) 4r
(ry=r)(ry=r)(r;—r)is
R 2
(a) — (b) 4R°r
r
(c) 4Rr* (d) 4R
If the sides be 13, 14, 15, then
b—c c¢-a a—-b .
+ + is
1 ) 3



39. —

40.

41.

42.

43.

44,

45.

46.

47.

48.

49.

(@ 5 (b) 4
() 0 (d 1
I T T
bc ca+ab s
L1 b) 2R
(a) R (b) 1 frl
(c) r—2R (d) ;_ﬁ
rytr,=

(a) ctan (%)
(c) csin (%)

16R* rr, 1, ryis

(b) ccot (%j
(d) ccos (%j

(a) abc (b) B
(¢) a’b*? d) a*b’c
r 7’2
If — = =, then
i r
(a) 4=90° (b) B=90°
(c) C=90° (d) None
In a AABC, the value of r rr,ry is
(@) A (b) A®
(©) A’ (d) a*

Ifr,=r,+ry+r, thenthe Ais

(a) Equilateral (b) Isosceles
(c) Right angled (d) None
(rytry) (rytrs) (rytr)is

(a) Rs® (b) 2Rs?

(c) 3Rs? (d) 4Rs®

The diameter of the circum-circle of a triangle with
sides 5 cm, 6 cm., 7 cm is

36

(a) — - om. (b) 246 cm
35 35
(©) 23 °m (d) NG

In a AABC, the sides are in the ratio 4 : 5 : 6. The ratio
of the circum-radius and the in-radius is

(a) 8:7 (b) 3:2

() 7:3 (d) 16:7

If in a triangle, R and r are the circum radius and in
radius, respectively, then the H.M. of the ex-radii of
the triangle is

(a) 3r (b) 2R

(c) R+r (d) None

If a, b and c are the sides of a triangle ABC and 3a =
b + ¢, the value of Cot (B/2) cot (C/2) is

1 Ifin a triangle ABC,

Properties of Triangles 401

(@) 3 (b) 2
(c) 4 (d) 1.

50. In a triangle of ABC, if cos 4 + cos B =4 sin2 (C/2),

then a, b and ¢ are in
(a) A.P.
(c) H.P.

(b) G.P.
(d) None.

LEVEL III
(FOR JEE ADVANCED EXAM ONLY)

cosA+2cosC _ sinB
cosA+2ccosB  sinC

, prove

that the triangle ABC is either isoceles or right angled.

. Inatriangle ABC, if

atanA+btanB=(a+b)tan(AJ2rB),

prove that the triangle is isosceles.

. In any triangle ABC, prove that,

(rz +r1)(r3 +r2)sinC =2nhrthHn R

. In any triangle ABC, prove that,

P+t )+ =16R? —(a2+b2+cz)

. In any triangle ABC, prove that,

[(r+rl)tan(B_Cj) +((r+r2)tan(C;AD
+((r+r3)tan(C;AD=O

. In any triangle ABC, prove that,

EONEn

(@=b)(a-c) (b-a)(b—c)

o

I (l—r—lJ( —r—1]=2,prove that the

n !

triangle is right angled triangle.

. In triangle ABC, prove that,

area of thein-circle

area of triangle ABC

T

“{3)=(3)=(6)

A
9. Ifa, b, c are in A.P., prove that, cos A4.cot (5)’

cos B.cot (g) , cosC.cot (%j are in A.P.
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.
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If the circumference of the AABC lies on its incircle,
then prove that, cos 4 +cosB+cosC = J2

ABCD is a trapezium such that AB, DC are parallel
and BC is perpendicular to them. Ifangle ZADB =0,
( pr+q’ )sin 0
BC=pand CD=gq,prove that, AB = ———"——
pcosB+gsind
Let O be the circumcenter and H be the orthocenter of
AABC. If Q is the mid-point of OH, then show that

R
AQ=E\/1+8cosAcosBc0sC .

If 1, I, & I; are the centres of escribed circles of

b
AABC, prove that the area of Al I, I; = %.
r

In AABC, prove that,
a? (s—a)+b2 (s—b)+c2 (s—c)

=4RA| 1—-4sin 4 sin L sin ¢
2 2 2
Let O be a point inside a triangle ABC such that

ZLOAB = Z0BC = Z0OCA = w, then prove that
(i) cotA+cotB+cotC =cotw

(i1) cosec’ 4 + cosec’ B + cosec’C = cosec’®

Find the distance between the circum-center and the
mid-points of the sides of a triangle.

Find the distance between the in-center and the angular
points of a triangle.

Prove that the distance between the circum-centre (O)
and the in-center (/) is

A e e

Prove that the ratio of circum-radius and in-radius of
an equilateral triangle is 1/2.

Prove that the ratio of the area of the in-circle to the

f a triangle is 7 : tan é -tan E - tan g
area of a triangle is 7 : > > 5 )

Prove that the distance of the orthocenter from the
sides and angular points of a triangle is
2RcosA,2RcosBand2 R cos C.

Prove that the distance between the circum-center and
the orthocenter of a triangle is OH =

RJ1-8cos A.cos B.cosC .

Prove that the area of an ex-central triangle

is 8R? cos é cos(ﬁ)cos(g .
2 2 2

24.

25.

26.

27.

28.

28.

29.

30.

31.

32.

33.

34.

Prove that the circum-radius of an ex-central triangle
51
S —/—————_— =
2sin(1;1,15)
Prove that the distance between the in-center and the
ex-centers are

1, = 4Rsin(§), 1, = 4Rsin(§j ,

II; = 4Rsin (%) .

If a*, b*, ¢* are in A.P, then prove that

cota . cot b, cot c are in A.P.
In any triangle ABC, prove that,

a cos(B— C)+b3 cos(C— A)
+c cos (4—B)=3abc

The sides of a triangle are in A.P. and the greatest and
least angles are 6 and ¢, respectively, then prove that
4(1-cos0)(1—cos@)=cosH +cose .

If in a triangle, the bisector of the side ¢ be perpendic-
ular to the side d, prove that 2 tan4 + tan ¢ = 0.

In any triangle, if 6 be any angle, then prove that,
bcosO = ccos(A4—0)+acos(C+0).

If AD, BE and CF are the internal bisectors of the
angles of a triangle ABC, prove that

1 A 1 B 1 C
——cos| — |+ ——=cos| — |+ —==cos| —
AD 2) BE 2) CF 2

I 1 1
=—+—+-

a b c
Prove that the triangle having sides 3x + 4y, 4x + 3y
and 5x + Sy units, respectively, where x, y > 0, is obtuse
angled.

If A be the area and ‘s’ be the semi perimeter of a
2

s
triangle, then prove that, A < —

g p 33
Let ABC be a triangle having altitudes 74, h, & Iy
from the vertices 4, B, C, respectively, and  be the
h+r h +r+h3 +r
h—r hy—r
Two circles of radii @ and b cut each other at an angle

6. Prove that the length of the common chord is
2absin 0

\/a2 +b% +2ab cosO

in-radius, prove that, >6.

hz_r




35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

If o, B, yare the distances of the vertices of a triangle
from the corresponding points of contact with the

aBy
o+pB+y

L 2
in-circle, prove that r~ =

Tangents are drawn to the in-circle of a triangle ABC
which are parallel to its sides . If x, y, z be the lengths
of the tangents and a, b, ¢ be the sides of a triangle,

X z
then prove that, —+ DAL .
a c

If 4, t, & t; be the lengths of the tangents from the
e-centers of escribed circles to the circum-circles,

that 4+ L4 L _ 29
prove that —+—+—=—-.
o4 abe

if x, y, z be the lengths of the perpendiculars from the

circumcentre on the sides BC, CA, AB of a triangle
ABC, prove that,

a b ¢ abc

X y z_4xyz

If py, py, p; are the altitudes of the triangle ABC from
the vertices a, b and c, respectively, prove that

cosC 1

cos 4

P P>

cosB
+

D3 R

The product of the sines of the angles of a triangle is
p and the product of their cosines is g. Prove that the
tangents of the angles are the roots of

qx3—px2+(1+q)x—p=0.

In a triangle ABC, if cos 4 . cos B + sin 4 sin B sin C
=1, prove that the sides are in the ratio 1:1: V2.

The base of a triangle is divided into three equal parts.
If 1,1, &5 be the tangents of the angles subtended by
these parts at the opposite vertices, prove that,

L))
h L)L & t,

The three medians of a triangle ABC make angle
o, B,y witheachother, provethat, cot o + cot  + coty

+cotA+cotB+cotC=0

Perpendiculars are drawn from the angles 4, B, C of
an acute angled triangle on the opposite sides and
produced to meet the circumscribing circle. If these
parts be @, B, ¥, respectively, then prove that

£+£+£=2(tanA+tanB+tanC)

a B v

45.

46.

47.

48.

49.

50.
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In a triangle ABC, the vertices 4, B, C are at distances
of p, ¢, r from the orthocentre, respectively. Prove that

[ a b c) abc
—+—+—|=—
p q r par
The internal bisectors of the angles of a triangle ABC
meet the sides in D, E and F'. Prove that the area of the

2Aabc
(a+b)(b+c)(c+a)

triangle DEF is

In a triangle ABC, the measures of the angles 4, B, C
are 3at, 3 and 37y , respectively. P, O, and R are the
points within the triangle such that

ZBAR=ZRAQ =ZQAC =«
ZCBP=/PBR=/RBA=f and

ZACQ= LQCP = LPCB =Y , then prove that
AR =8Rsin 8 siny cos(30°—7)

If in a triangle ABC, the median 4D and the perpen-
dicular AE from the vertex A4 to the side BC divides
the angle 4 into three equal parts, show that

A ) A 3a2
COoS| — |.S;m™ | — |= .
3 3 32bc

If the sides of a triangle are in A.P. and if its greatest
angle exceeds the least angle by o, show that the sides

I—coso
areintheratio (1 — x) :1: (1+ x) ,where x = =2
7—coso

T
Let 4, B, C be three angles such that 4= 2 and tan

B tanC = p. Find all possible values of p such that 4,
B, C are the angles of a triangle.

Ans. p<0 &p=3+2V2 .

INTEGER TYPE QUESTIONS
1. In any right angled triangle, find the value
a*+b* +c*
Of T .
. cosd cosB cosC
2. In any triangle ABC, = =
b c
nt+rn+n
find the value of | ———|.
r
3. In any triangle ABC, find the minimum
+7+
value of (uj
r
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. In any triangle ABC, find the minimum

sin> A+sin A+1
value of | ———|.

sin A

. In a triangle 4BC, find the value of

V(o 2 2, 2 2,42, .2
8?(1’ +1 +r +r +(a +b" +c ))

where » = in-radius, R = circum - radius and

i, 1,1 are ex-radii.
1

. In a triangle 4BC, the median AD = —=

Jl-643

and it divides the Angle a into angles 30°and 45°
Find the length of the side BC.

. In a triangle 4BC, find the value of

(n+n)(rn+nr)(H+r)
Rs®

, Where

R = circum - radius, #4,7,,7; are ex-radii.

and s is the semi perimeter.
If in a triangle ABC, a =6, b =3 and

4
cos(4-B)= 5 then find its area.

A triangle has base 10 cm long and the base angles
are 50°and 70° . If the perimeter of the triangle
is x+ ycos(z°)wherez € (0,90°), then

xXt+y+z
find the value of | ——|.

y

10 Inany AABC, find the value of

acotA+bcotB+ccotC
(V+R)

SELF ASSESMENT 1

Time : 3 Hrs.

CH: PROPERTIES OF TRIANGLES
Max. Marks : 100.

Give answer of the following questions.

1. Ifin a triangle ABC, tan 4 = 2, tan B = 3/2 and

c= 265 , then find the circumradius of the triangle.

2. Ifin a triangle ABC, c0s3A4+cos3B +cos3C =1

then prove that the measure of one of the angles must

2
be—ﬂ.
3

3.

10.

If in a triangle 4BC, the sides a, b, c are in A.P., then
prove that

A C B
cot| — |+cot| — [=2cot| —|.
2 2 2
If in a triangle of ABC, A = 3 B, then prove that

0 b 1 [3b—a
1n = — .
S A

Let A;,A, denote the areas of a triangle and that of
the incircle . prove that

A, ( A B C)
— =| cot—.cot—.cot— |: 7T
A, 2 2 2

If the ex-radii ry, r,, 3 of a triangle 4BC are in H.P,
then prove that the sides a, b, ¢ are in A.P.

The lenghts of the sides of a triangle are three consec-
utive natural numbers and its largest angle is twice the
smallest one. Determine the sides of the triangle.

Let O be a point in the triangle ABC such that
ZOAC=ZLOCB=Z0BA=q,

then prove that cotor = cot 4+ cot B +cotC

If in a triangle ABC, two sides are a = 6, b = 3 and

4
cos(A—B)= 3 then prove that the area of the

triangle is 9.
In a triangle ABC, the angles 4, B, C are in A.P., then
prove that

(A—Cj a+c
2cos =
2 a’ —ac+c?

(QUESTIONS ASKED IN HHT-JEE
EXAMS WITH THEIR SOLUTIONS)

1.

If py,py,p; are the altitudes of a triangle from the
vertices 4, B, C, respectively and A be the area of a

triangle, prove that
cos’ (g)
2

11 1 2ab
[IIT-JEE-1978]

non p (avbroa

I 2 2|

. A quadrilateral ABCD is inscribed in a circle S and 4,

B, C, D are the points of contacts with S of an other
quadrilateral which is circumscribed about S. If this
quadrilateral is also cyclic, prove that

AB? + CD? = BC? + AD*. [[IT-JEE-1978]

. If two sides of a triangle and the included angle are

givenby a = (\/§+1) cm, b=2cmand C=60°, find
the other two angles and the third side.
[LIT-JEE-1979]



10.

11.

12.

13.

14.

15

If a circle is inscribed in a right angled triangle ABC
with right angled at B, show that the diameter of the
circle is equal to AB + BC — AC.

[LIT-JEE-1979]
ABC is a triangle, d is the middle point of BC. If AD
is perpendicular to AC, prove that

2(? - a?)

3ac

cos AcosC = [IIT-JEE-1980]

. Letthe angles 4, B, C of a triangle ABC be in A.P. and

let b:c¢=+/3:v/2 . Find the angle 4. [IIT-JEE-1981]
No questions asked in 1982.
The ex-radii 7,%,,7; of AABC are in H.P.

Show that the sides a, b, ¢ are in A.P.
[IIT-JEE-1983]
For a triangle ABC, it is given that

3
cosA+cosB+cosC = 5> prove that thetriangle is

equilateral. [IIT-JEE-1984]
With usual notation, if in a triangle ABC

b+c c+a a+b
11 12 13

, prove that

cosA cosB _cosC
7 19 25
In a triangle ABC, the median to the side BC is at length

[[IT-JEE-1984]

and it divides the angle a into angles of
11-63

30° and 45°. Find the length of the side BC.

[IT-JEE 1985]
In a triangle ABC, if cot 4,cot B,cotC are

in A.P., then prove that a®,b*,c* arein A.P.

[TIIT-JEE-1985]
The set of all real numbers a such that

a’*+2a,2a+3,a* +3a+8 are the sides of

A triangle. is ........... [IIT-JEE-1985]
The sides of a triangle inscribed in a given circle

subtends angle o, B&Y at the centre. The minimum
value of the arithmetic mean of

cos(a+z) cos(ﬁ+£j cos( +Z) i
5 ) 5 ) 4 5] is -

[IIT-JEE-1986]
In a triangle ABC,
cos 4 cos B +sind sinB sinC=1,

show that a:b:c=1:1:~/2 [IIT-JEE-1986]

16.

17.

18.

19.

20.

21.

22.
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There exists a triangle ABC satisfying the conditions

(i) bsinA:a,A<%

(ii) bsind>a, A >§

(ii) bsinA>a, A >§

(iv) bsinA<a, A<§,b>a

[LIT-JEE-1986]
In a triangle, the lengths of the two larger sides are 10
and 9, respectively. If the angles are in A.P., then the
length of the third side can be

@@ 5-6 ) 3V3

©) 5 d) 5++6

[IIT-JEE-1987]
If the angles of a triangle are 30° and 45° and the
included side is (\/5 + l) , then the area of the

triangle is ...... [IIT-JEE-1988]
ABC is an isosceles triangle inscribed in a circle of
radius 7. If AB = AC and 4 is the altitude from A4 to
BC, then the triangle ABC has perimeter

P=... and area A= ...... and

) A
also hm(—3] = ...
x—0 p

In a triangle ABC, a is greater than angle B. If the
measures of angles 4 and B satisfy the equation

[LIT-JEE - 1989]

3sinx—4sin® x—k=0 , then the measure of
angle Cis

@ 5 ® 7

© 2r ) Sw
o) == it
3 6
[IIT-JEE-1990]
ABC is a triangle such that

sin(2A+B)=sin(C—A)=_sin(3+c)=%_

If A, B and C are in A.P., determine the values of
A, Band C. [IT-JEE-1990]
The sides of a triangle are three consecutive natural
numbers and its largest angle is twice the smallest one.
Determine the sides of a triangle .

[OT-JEE-1991]
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23

24.

25.

26.

27.

28

29.

30.
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. In a triangle of base g, the ratio of the other two sides
is r (< 1). Show that the altitude of the triangle is less

than or equal to ad 5 [IIT-JEE-1991]

Three circles touch one another externally.

The tangents at their points of contact meet a point
whose distance from a point of a contact is 4. Find the
ratio of the product of the radii to the sum of the radii
of the circles. [IIT-JEE-1992]

If in a triangle ABC,
2cosA 2cosB 2cosC 1 b
+ + =—+—,
a b c bc ca

then find the angle 4 in degrees. [IIT-JEE-1993]

Let 4,,4,,....., 4, be the vertices of n sided regular
polgon such that

1 1
+ =
Al AZ Al A3 Al AZ

,then find n.  [IIT-JEE-1994].

Consider the following statement concerning a
triangle ABC
(1) The sides a, b, ¢ and area of A are rational

. B C .
(i) a,tan 5 ,tan 5 are rational

(iii) a,sin 4,sin B,sinC are rational
Then prove that (i) = (ii) = (iii) = (i)
[IIT-JEE-1994].

. Ina AABC , AD is an altitude from 4, Given

b
% , then find £B.
a” —c

b>c, ZC=23° and AD =

[IT-JEE-1994].
If the length of the sides of a triangle are 3, 5, 7, then
the largest angle of the triangle is

5
@ 3 ®) >

© 21 ) 3
3 4
[IIT-JEE-1994]

T T
In a triangle ABC, £B = E& £C= 1 Let D divide

BC internally in the ratio 1:3, then
sin(£BAD)
sin(£CAD)

(@) =
a 6

is equal to

1
@)5

1 2
© —= (d \F
V3 3 [IIT-JEE-1995]

31. Inatriangle ABC, a:b:c =4:5:6. The ratio of the radius
of the circum-circle to that of in-circle is.....
[TIIT-JEE-1996]

T
32. Let ABC be three angles such that 4= 2 and

tan(B)tan(C)= p . Find all possible values of p such

that a, b, ¢ are the angles of atriangle.
[IT-JEE-1997].
33. Prove that a triangle ABC is equilateral if and only if

tan (4)+ tan (B) +tan (C)=3v3 .  [IIT-JEE-1998]

34. Ifin a triangle POR, sinP, sinQ, sinR are in A.P.
then
(a) the altitude are in A.P.
(b) the altitude are in H.P.
(c) the medians are in G.P.
(d) the medians are in A.P. [TIIT-JEE-1998]
35. Let ABC be atriangle having O and / as its circum-cen-
tre and in-centre, respectively. If R and r are the
circum-radius and in-radius, respectively, then prove
that (IO)2 = R* —2Rr . Further show that the triangle
BIO is a right angled triangle if and only if b is the
arithmetic mean of a and c. [IIT-JEE-1999]
36. In any triangle ABC, prove that

(3Bl 3ol o o)
cot| — [+cot| — |+cot| — [=cot| — [cot| — |cot| — |.
2 2 2 2 [ 2 JEE- 1
37. Let ABC be a triangle with incentre / and in-radius »
Let D, E, F be the feet of the perpendicular from 7 to
the sides BC, CA and 4B, respectively, If r,r,1; are
the radii of the circles inscribed in the quadrilaterals
AFIE, BDIF and CEIF, respectively,
prove that,

n ’”2 3 nnn

) (”1 _rz)(rz _r3)(r3 _”1)

[IIT-JEE-2000]

+
r—n r—n

+

r—n

: . (A-B+C
38. In a triangle ABC, 2acsin — )"

(a) a*+b>—c? (b) t+a*-b*
2 d) ¢ —d® b

[IIT-JEE-2000]

(c) P —c*—a

T
39. In atriangle ABC, let £C = 2 If r is the in-radius

and R is the circum-radius of the triangle, then



40.

41.

42.

43

44,

45.

46.

2(R+r) is equal to
(@) a+b
(c) cta

(b) b+c

(d) atb+c
[IIT-JEE-2000]

If A is the area of a triangle with side lengths a, b and

1
¢, then show that A < Zw/(a+b+c)abc _

Also show that the equality occurs in the above in-

equality ifand only ifa=b=c [IIT-JEE-2001]

Which of the following pieces of data does not unique-

ly determine an acute angled triangle ABC

(R being the radius of the circum-circle)?

(a) a, sind, sinB ®) a,b,c

(c) a,sinB, R (d) a,sind, R
[LIT-JEE-2002]

If the angles of a triangle are in the ratio 4:1:1, then

ratio of the longest side to the perimeter is

3 1

@ ) ®%
© — @ =
(2+x/§) 3

[IIT-JEE-2003]
If I, is the area of n-sided regular polygon inscribed
in a circle of unit radius and O, be the area of the
polygon circumscribing the given circle, prove that

2
Inzﬂ 1+ 1—(21”j _
2

n

[IIT-JEE-2003]

The side of a triangle are in the ratio 1: NER 2, then
the angles of the triangle are in the ratio is
(a) 1:3:5 (b) 2:3:4
(c) 3:2:1 (d) 1:2::3

[IIT-JEE-2004]
In an equilateral triangle, three coins of radii 1 unit
each are kept so that they touch each other and also
the sides of the triangle. Area of the triangle is

(a) 4+23 (b) 6+4\3
(©) (12+¥J (d) [3+¥)

[LIT-JEE-2005]
In a triangle ABC, a, b, c are the lengths of'its sides and
A, B, C are the angles of a triangle ABC. The correct
relation is given by

(a) (b—c)sin[B_ C) = acos(gj

47.

48.

49.

50
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(b) (b—c)cos(gjzasin(B;Cj

(c) (b+c)sin(B+Cj = acos(gj

(d) (b—c)cos(g) = 2asin(B-|2-C)

[IIT-JEE-2005]

One angle of an isosceles triangle is 120° and radius

of its incircle is /3 . Then the area of the triangle in
$q. units is

(@ (7+1243)
© (12+743)

® (12-73)

(d) 4=

[LIT-JEE-2006]
In atriangle ABC, internal angle bisector of Z4 meets
side BCin D, DE 1 AD meets ACin E and ABin F.
Then
(a) AEisH.M. of b and ¢

2bc A
(b) AD= (b " c)cos(z)
(c) EF= (;icc]sin@]

(d) AAEF isisosceles.

[LIT-JEE-2006]
Let ABCD be a quadrilateral with area 18, with side
AB parallel to the side CD and 4B =2 CD. Let AD
be perpendicular to AB and CD . If a circle is drawn
inside the quadrilateral ABCD touching all the sides,
then its area is
(a 3
(c) 3/2

(b) 2
(@1

[LIT-JEE-2007]
A straight line through the vertex P of a triangle POR
intersects the side OR at the point S and the cirum-cir-
cle of the triangle POR at the point 7. If S is not the
centre of the circum-circle, then

@ Ll 2
R O
PS ST~ JOSx SR
11 2

(b) St om> T
PS ST~ JOSxSR

1 1 4
PS ST ~OR
1 1 _ 4
PS ST OR

(©

(d) [IIT-JEE-2008]



408 Comprehensive Trigonometry with Challenging Problems & Solutions for Jee Main and Advanced

51.

52.

53.

54.

53.

54.
55.

In a triangle ABC with fixed base BC, the vertex 4

. A
moves such that cos B + cos C = 4sin’ (E)

If a, b and ¢ denote the lengths of the sides of the

triangle opposite to the angles A4, B and C respectively,

then

(@) b+c=4a

(c) locus of points 4
is an ellipse
straight lines

(b) b+c=2a
(d) locus of points
A is a pair of

[OIT-JEE-2009]
Two parallel chords of a circle of radius 2 are at a

distance (\/5 + l) apart. If the chord subtends angles
T

2
I and 77[ at the centre, where £ > 0, then find the

value of [£]., [, ] = G.LF [IIT-JEE-2010]
Consider a triangle ABC and let a, b, ¢ denote the
lengths of the sides opposite to vertices 4, B, and C,
respectively. Suppose @ = 6, b= 10 and the area of the

triangle is 15V3 . If ZACB is obtuse and if  denotes
the radius of the in-circle of the triangle, then find the

value of 77 . [MIT-JEE-2010]

T
Let ABC be a triangle such that ZACB = s and

let a, b and ¢ denote the lengths of the side opposite
to 4, B and C, respectively. The values of x for which

a=x*+x+1,b=x*-1 and c=2x+1

is (are)
(@ —(2+43) ® (1++3)
© (2++3) d) 43

[IIT-JEE-2010]
T
Let ABC be a triangle such that ZACB = s and

let a, b and ¢ denote the lengths of the side opposite
to 4, B and C, respectively. The values of x for which

a=x"+x+1,b=x>-1 and c=2x+1 is (are)
@ —(2+3) ® (1+3)
(© (2+3) d) 43

[IT-JEE-2010]
No questions asked in 2011.
Let POR be a triangle of area A witha=2, 5="7/2 and
¢ = 5/2, where a, b, c are the lengths of the triangle
opposite to the angles at P, O, and R

2sin P—sin2P

respectively. Then —————
2sin P+sin2P

equals

45
(b) A

45\
(d) (ﬂ)

[[IT-JEE-2012]

3
(@) A

3 2
@ (3)

56. No questions asked in 2013.
57. Inatriangle, the sum of two sides is x and the product
of the same two sides is y.

If x> —c* = ¥, where c is the third side of the triangle,

then the ratio of the in-radius to the circum-radius of
the triangle is

_y _3y
@ 2x (x + c) ®) 2c (x + c)
_y _ 3y
© 4x(x+c) @ 4c(x+c)

[IIT-JEE-2014]
58. No questions asked in 2015.

COMPREHENSIVE LINK PASSAGE
(FOR JEE ADVANCED EXAM ONLY)

In these questions, a passage (paragraph) has been given
followed by questions based on each of the passage. You
have to answer the questions based on the passage given.

PASSAGE 1

If py, py, p; are the altitudes of a triangle ABC, from the
vertices a, b, ¢, respectively and A is the area of the triangle
and ‘s’ is the semi perimeter of the triangle .

On the basis of the above information, answer the
following questions.

1 1 1
1. If —+—+—=— thenthe least value of p; p, p3
P Py Py 2
is
(a) 8 (b) 27
(c) 125 (d) 216
cosdA cosB cosC .
2. The value of + + is
P 1%) D3
1 1
— b R
@ - ) —
© a’ +b% +c? @ 1
) —— % il
2R A
»? 2 2
3. The minimum value of P + ¢ D + 4’ is
c a b
(a) A (b) 2A
(c) 3A (d) 44



1 1 1
4. The value of =St =t3 is

n P
(Za)’ (Ma)
(a) e (b) 8A3
S a? 142
© a2 @ 5a2

5. In the triangle ABC, the altitudes are in A.P., then
(a) a, b, c,arein A.P.
(b) a, b, c are in H.P.
(¢) a, b, carein G.P.
(d) angles 4, B, C are in A.P.

PASSAGE 11

ABCD be a cyclic quadrilateral inscribed in a circle of
radius R.

(a2 +b2 - —d?
2(ab+cd)

1 .
quadrilateral = — (ab + cd)sin B

- = a-DE-6-a).

2

Also, AC* . BD* = (ac + bd)2
i.e., AC.BD=A4B.CD+ BC.AD

Then cosB = and the area of the

[\

where, s =

On the basis of the above information, answer the following
questions.
1. The side of a quadrilateral which can be inscribed in
a circle are 6, 6, 8 and 8 cm.
Then the circum radius is
(a) 5/2 cm (b) 24/7 cm
(¢) 11/7 cm (d) None.

2. The sides of a quadrilateral, which can be inscribed in
acircle are 5, 5, 12 and 12 cm . Then the in-radius is
(a) 15/17 cm (b) 30/17 cm
(c) 60/17 cm (d) None.

3. If a quadrilateral with sides a, b, ¢, d can be inscribed
in one circle and circumscribed about an other circle,

then its area is
(b) +/2(abed)

(a) Vabcd
(c) 2x4/(abcd) (d) None.
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PASSAGE III

G is the centroid of the triangle ABC. perpendiculars from
vertices A, B, C meet the sides BC, CA, AB at D, E, F
respectively. P, O, R are the feet of perpendiculars from G
on sides.

BC, CA, AB respectively, L, M, N are the mid points of
the sides BC, CA, AB respectively.

On the basis of the above information, answer the
following questions.

1. Length of the side PG is

(a) %bsinC (b) %csinC

(c) %bsinC (d %csinB
2. ar(AGPL):ar(AALD) is

(a) 173 (b) 1/9
(c) 2/3 (d) 4/9
3. Area of APQOR is

(a) é(a2 +b° +cz)sin A.sin B.sinC
(b) %(az +b2 + cz)sin A.sin B.sinC

(©) %(a2 +b? +cz)sin A.sin B.sinC

(d)

PASSAGE 1V

In a triangle ABC, R be the circum radius such that

abc ..
R= A and 7, 1, &7y are the ex-radii, where

1
g(a2 +b%+ cz)sin A.sin B.sinC

A A . .
K= J Ty = &= and r be in-radius such
s—a s—a s—a
A
that r=—.
s

On the basis of above information, answer the following
questions.

1. If  =7r+r, + 1, then the triangle is

(a) equilateral (b) isosceles
(c) right angled (d) None

2. The value of cos 4 + cos B + cos C'is

r
(b) 2(”?)

1 r 1 r

() 1+%
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3. If [1 - r—lj(l - ij =2, then the triangle is

) !

(a) right angled
(c) isosceles

(b) equilateral
(d) None.

4. The value of 1 +7, +73 —4R is

(a 2r () 3r
(c) r (d) 4r.
1
5. The value of —+—+— is
n n n
1 2
(@ - (b) -
v r
1 3
2 d) —
(C) 2r () 2r
n,n_ n.
6. The value of —+—=+—is
bc ca ab
@ 1 1 ) 1 1
q) ——— - -
r R 2r R
o L1 W L
¢ r 2R r 3R’
PASSAGE V 2 2 o
. b”"+c"—a
In any triangle ABC, cos A= ——,
2bc
2,2 32 2,42 2
cosB= LT qeosca St ZC
2ac 2ab

where a = BC, b = CA and ¢ = AB, respectively.
On the basis of the above information, answer the
following questions.

1. Ifthe angles 4, B, C are in A.P., then

a+c .
—— s
Va? +c* —ac
A-C A-C
2cos b) 2sin
@ ( 2 J ® ( 2 )
(©) sin(A_Cj (d) cos[A;C)
2. If ! + L ! th
" 4+c b+c a+b+c’ en
(a) LC=75° (b)y LA=75°
(c) £A4=060° (d) £C=60°
cosdA cosB cosC .
3. The value of + + is
a b c

@ a’+b*+c? ) a’ +b*+c?
2 2abc abc

a’ —b* +c? a’+b>-c?

© ——F @ —
abce abc

4. If ¢* —2(a2 +b2)c2 +at +a*h? +b* =0,

then the angle c is

1

b2

2

b2

(a) 60° (b) 30°
(c) 75° (d) 45°
cos2A cos2B .
5. The value of > 5 18
a b
(@) —+ (b) —
) — +— - 2
a’ b a’
© - @) >+
) == i
a’ b a’
MATCH MATRIX

(FOR JEE ADVANCED EXAM ONLY)

1. Match the following columns:
In any triangle ABC, then
Column-I
(A) bcosC+ccosB
(B) ccosA+acosC
(C) acos B+ bcos A
(D) (b+c)cosA+(cta)cosB
+(a+b)cos C
2. Match the following columns:
In any triangle ABC, the value of
Column-I
(A) asin(B—C)+bsin(C—A)
+csin(4—B)is

B) a* (cos2 B —cos’ C)
+b? (cos2 C —cos? A)
+c? (cos2 A - cos? B) is

©) [bza_zcz Jsin 24
+(02b—2a2 ]sin2B

2 42
+(“ - )sin2C is
C

(D) @ cos(B—C)%—b3 cos(C — A)

+c cos(4-B) is

Column-I1
P) ¢

Q) b
R) a
S) a+b+c

Column-II

(P) 3abc

(Q) abc

®R) 0

(S) 2 abc.



3. Match the following columns:
In any triangle ABC, the value of
Column- I

(A) tan Bcot Cis

Column - I1
(P) (a2 +b? +c2)

(a2+b2—02)
(B) 2 (bc cos A+ ca cos B Q75—
+abcos C) is (a +b +c)
2,2, 2
© cot A+ cotB+cotC a +b"+c
2
cot é +cot E +cot g (a+b+c)
2 2 2

is

or(s)

(D) 1S
w{A)
2

4. Match the following columns:
In any triangle ABC, if
Column- I
(A) cot4,cotB,cotC
are in A.P., then

S( 2a J
) b+c—a

Column - I1
(P) a, b,careinA.P.

(B) cos A.cot (g), Q) o, b, PareinA.P.

cos B.cot (Ej ,cosC.cot (gj
2 2

are in A.P., then

(Osm{é} (R)
2

sin’ (5), sin® (g)
2 2

are in A.P., then

A
(D) tan(;),
[5) ()
tan| — |, tan| —
2 2

are in A.P., then
5. Match the following columns:
In any triangle ABC, if

11 .
,—,— areinA.P.
b c

Q=

(S) a, b, carein G.P.

Column- I Column - I1
(A) cotA+cotB+cotC= J3 ,
then A is (P) Isoceles.

®B) (a*+1?)sin(4-B) (Q) Right angled.

= (a2 —bz)sin(A—i-B),
then A is
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in B
(C) 2cosd= & , (R) Equilateral.
sinC
then A is
(D) atanA+btanB (S) Acute angled.
A+B
= (a+b)tan( hl j ,
2
then A is

. Match the following columns:

In any triangle ABC, if
Column - I
(A) sinA+sinB

33

+sinC =——,
2

Column - I1

then A is
(B) tanA+tanB \

+tanC = 3\/5,
then A is

(C) 8sin (g) sin (g)
sin (gj =1,
2

(P) Isoceles.

(Q) Right angled.

then A is (R) Equilateral.
(D) a’ +b* +c* =8R?, (S) Obtuse angled.
then A is

. Match the following columns:

In any triangle ABC, if r be the in-radius and
ry, r, and r; be the ex-radii of the given
AABC, then the value of

Column -1 Column - I1
1 1 1
(A) —+— s ®) r
n o n n
(B)1+1+1+1‘ ©) A?
S =
r12 r22 r32 2 a’ +b% +c?
1
(C) n+r+rn—-4R is R) -
-
2,52, .2
norn 1 a +b"+c
D) —+-*+2>+— S) ————
()bc ac ba 2R1S ) A?

. Match the following columns:

In any triangle ABC, if r be the inradius and R be the
circum-radius of the given
AABC, then the value of

Column - I Column - 11
A
(A) cos A+ cos B+ cos Cis (P) R
r.

B) acotA+bcotB+ccotCis (Q) (1+%j
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(C) sin 4+ sin B+ sin C'is

(D) cos’ (éj +cos? (E) +cos’ (E)
2 2 2

r
24—
® (2+57]
9. Match the following columns:
In any triangle 4BC, if r be the inradius and 7, 7, and
r4 be the ex-radii of the given A ABC', then the value

(R) 2(r+R)

of

Column - I Column - I1
(A) r—ri+n+nis (P) 4RcosC
B) r-n+n+rnris (Q) 4RcosB
(C) r—=n+n+nis (R) 4Rcos4

D) n+tn+r-ris S)

10. Match the following columns:
In any triangle ABC, the minimum value of
Column - I Column - II

(A) cot’ A+cot’ B+cot’Cis (P) 9
B) tan® A+ tan® B +tan’ C is Q1

C) cosec é + cosec E is R) 6
© . S @

5
+ cosec| —
2

(D) cos A+ cosB+cos Cis S) 3
11. Match the following columns:
In any triangle 4BC, then the maximum value of

Column - I Column -1I
(A) cosA+cosB+cosCis P) 1
(B) cosA.cosB.cosCis Q) 32
2( 4 2( B
(C) tan (5)4‘1:311 (3) (R) 1/4

+tan’ (gj is
2
D | (é) | (5) | (g) . 1/8
(D) sin 5 .sin 5 .sin )8 ) .

ASSERTION AND REASON

Codes:
(A) Both 4 and R are individually true and R is the correct
explanantion of 4.
(B) Both A4 and R are individually true and R is not the
correct explanantion of 4.
(C) A istrue and R is false.
(D) 4 is false and R is true.

1. Assertion (4) : If A be the area of a triangle and s be

. . s
the semi - perimeter, then A’ < 2

Reson (R): AM =2GM

() 4 (b) B
(c) C (d D

. Assertion (4): In a triangle ABC, ifcos A + 2 cos B +

cos C=2, thena, b, c are in A.P.
Reason (R): In a triangle ABC, cos A+ cos B +cosC

. (A . (B)Y . (C
=1+4s1n(—).sm — |.sin —)
2 2 2

(a) 4 (b) B
) C d D

. Assertion (4): In a right angled triangle,

a>+b* +c* = 8R2, where R is the circum-radius
Reason (R): a’=b"+c*

(a) 4 (b) B
() C (d D

. Assertion (4): If 4, B, C and D are the angles of a

cyclic quadrilateral, then
sin4+sinB+sinC+sinD=0

Reason (R): If 4, B, C and D are the angles of a cyclic
quadrilateral, then
cosA+cosB+cosC+cosD=0

(a) 4 (b) B

(c) C (d D

. Assertion (4): In any triangle, a cos A + b cos B+ ¢

cosC <s

Reason (R): In any triangle,

.(AY. (BY. (C 1
sin| — |sin| — |sin| — | < —
(2) (2) (2) 8

(a) 4 (b) B
(¢) C (d D
. Assertion (4): In any triangle ABC, the min value of
+7+
ATh7TH is9
-

Reason (R): In a triangle 4BC, if

cosd cosB cosC ntntn _9
a b c ’ r

(a) 4 (b) B

(c) C (d D

. Assertion (4): In a triangle ABC, the harmonic mean

of the ex-radii is three times the in-radius.

Reason (R): In any triangle, ABC, i +1r, +13 =4R
(a) 4 (b) B

(© C (d D
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8. Assertion (4): If 4, 4,, A,, A5 are the areas of in-circle x+y+z=2(R+7r)
and ex-circles of a triangle, then Reason (R): In a triangle 4BC,
! + ! + ! =L r=4R sin(éj.sin(g).sin(gj
Ja 4, (4 V4 2 2 2
1 11 (a) 4 (b) B
Reason (R): In a triangle, —+—+—=— (c) C (d D
L 11. Assertion (A): In a triangle ABC, 1 +7, + 73 —r =4R
(a) 4 (b) B
(© C d) D Reason (R): In a triangle ABC, R = abe
9. Assertion (4): Ifx, y and z are respectively the distances 4A
of the vertices of a triangle ABC from its orthocentre, (a) 4 (b) B
a b c¢ abc (c) C (d D
X y z Xxyz 12. Assertion (4): In any triangle ABC,
Reason (R): In a triangle ABC, . L(C .4
tan 4 +tan B +tan C =tan 4 . tan B . tan C 2(“ sin (3)+csm (3))2a+c-b
(a) 4 (b) B .
() C @ D Reason (R): In any triangle 4BC,
. . . b=ccosA+acosC.
10. Assertion (4): Ifx, y and z are respectively the distances (a) 4 (b) B
of the vertices of a triangle ABC from its orthocentre, © C ) D
ANSWERS
EXERCISE 2 INTEGER TYPE QUESTIONS
6. 0<A<4 7. 120°. 1. 8
2 1
EXERCISE 6 39
1. (d) 2. (a) 3. (b) 4. (a) 43
6. (b) 5.2
6. 5
LEVELI 7.1
37. 4,5 and 6. 8. 9
9.2
LEVELII 10. 2
1. (b) 2. (d) 3. (b) 4. (d)
5. (c) 6. (c) 7. (a) 8. (d) COMPREHENSIVE LINK PASSAGES:
9. (a) 10. (a) 11. (b) 12. (c) Passage-I :1.(d) 2.(b) 3.(d) 4.(c) 5.(b)
13. (¢) 14. (¢) 15. (a) 16. (a) Passage-1l  : 1.(d) 2.(a) 3.(b)
17. (a) 18. (b) 19. (c) 20. (¢) Passage-II1
21. (¢) 22. (b) 23. (d) 24. (¢) Passage-IV  : 1.(c) 2.(a) 3.(a) 4.(c) 5.(a) 6.(c)
25. (b) 26. (¢) 27. (¢) 28. (b) Passage-V.  :1.(a) 2.(d) 3.(a) 4.(a) 5.(b)
29. (¢) 30. (¢)
31. (b) 32. (a) 33. (d) 34. (¢) MATCH MATRIX
35. (d) 36. (b) 37. () 38. (¢) 1. (A) = (R); (B) =(Q); (C) =(P); (D) — (P)
39. (d) 40. (b) 41. (c) 42. () 2. (A) = (R); (B) = (R); (C) = (R); (D) — (P)
43. (b) 44. (o) 45. (d) 46. (d) 3. (A) > (Q); (B) = (P); (C) = (R); (D) > (S)
47. (d) 48. (a) 49. (b) 50. (a). 4. (A) = (Q); (B) = (P);(C) — (R); (D) — (P)
. 2@ 3@®b 4@ 5 (@b 5. (A) = (R); (B) = (P, Q); (C) — (P);(D) — (P, Q).
6. (A) = (R); (B) - (R); (O) = (R); (D) > (Q)
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7. (A) = (R); (B) = (5); (C) = (P); (D) = (R)
8. (A) = (Q); (B) = (R); (C) = (P); (D) = ().
9. (A) = (R); (B) = (Q); (C) = (P); (D) = (S)
10. (A) = (Q); (B) = (P); (C) = (R); (D) = (Q).
1. (A) = (Q); (B) = (5); (O) = (P); (D) = (S).

ASSERTION AND REASON
1. (a) 2. (b) 3. (a) 4. (d)
5. (a) 6. (b) 7. (c) 8. (a)
9. (a) 10. (a) 11. (a) 12. (a)
SELF ASSESMENT TEST
1.
7. (4,5,6.)
LEVELIII

(PROBLEMS FOR JEE ADVANCED)

cosA+2cosC _sinB
cosA+2cosB  sinC

cosA (sinB — sinC) + (sin2B — sin2C) =0

1. Given

cosd (sinB — sinC) + 2cos(B + C) sin(B—C) =0
cosd (sinB — sinC) + 2cos(w+ C)sin(B - C) =0
cosA (sinB — sinC) — 2cosAsin(B—C) =0

cosA [(sinB — sinC) — 2sin(B — C)] =

cosd =0, [(sinB — sinC) — 2sin(B — C)] =

when cos 4 =0

£ A=90°

A is right angled.

When [(sinB — sinC) — 2sin(B — C)] =

[(sinB — sinC) — 2(sinBcosC — cosBsinC)] =

2,2 2 2,2 32
(b—c)—2 ba +b° —c _ca +c"-b
2ab 2ac

2,52 2 2,2 32
(b—c)—[a +b° —c _a+c b ]:l
a a

(b—c)—l(az +b* - —a* - +b2}=
a

=0

0

_(b—c)—g(bz —cz)} =0
L a

[a(b—¢) - 2(b* — )] =0

(b-0o)a-2(b+c)]=0
(b-¢c)=0
b=c

A is isosceles.

. We have

A+B
atanA+btanB=(a+b)tan( > )

C
atand + b tanB = (a + b) cot (E)

oS5 s

C (C
. cos| — cos| —
4 sin 4 2 2 sin B
cos A ( ( Cj cos B
2

sinAsm( ) cosAcos g)

a
sin( cos A
cosBcos( —sin Bsin g
2
=b
sin ()cos B
2
acos(AwLC) bcos(B+C)
3 2) 2
cos Asin (C) cos Bsin (C)
2 2
acos(A+§) bcos(B+ )
- cos A B cos B
sinAcos(A +Cj sinBcos(B—ij
3 2 2
cos 4 cos B

. C . C
—2sind cosB cos| A+ > =2sinB cos4 cos | B+ >
. . C
— (sin(4 + B) + sin(4 — B)) cos (A + E)

= (sin(4 + B) —sin(4 — B)) cos (B + %)



sin(4 + B) {cos (B + g) +cos (A + E)}
2 2
=sin(4 - B) {COS(A +—|—cos i)}
sin(4 +B){2cos(A+B+C) ( j}
. { : (A+B+Cj (B )}
= sin(4 — B)y2sin sin
2 2
, { .(A+B+C).(B—AE
sin(4 — B)y2sin sin =0
2 2
. . (A+B+C) . (B-4
sin(4 - B) =0, {2 s1n( > )sm( 5 )}

sin(4—B)=0

(A-B)=0
A=B

Thus, the triangle is isosceles.

. We have a(rr| + ryrs)
(A A A A J
=al —- + .
s (s—a) (s—=b) (s—c¢)

= aA?

1 1 ]
+

s(s—a) (s—b)s—c)
(s=b)s—c)+s(s—a)

s(s—a)(s—b)(s—c)
252 —(a+b+c)s+bc

s(s—a)(s—b)s—c)

25% —2s-5+bc
s(s—a)(s—b)(s—c)
257 =257 + bc]
A2

=aA’®

= aA?

= aA?

=aA’®

=abc

Also, b(rry + rir3)
(A A A A ]
s (s—=b) (s—a) (s—c¢)

:bA[l.1+1.1)
s (s=b) (s—a) (s—c¢)

0
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=bA? L ! J
s(s—=b) (s—a)s—c)

(s—a)s—c)+s(s—b)
s(s —a)(s—c)(s—c¢)
2s% —2s-s+ac

s(s —a)(s—c)(s—c)
2s% —2s-s+ac

s(s —a)(s—c)(s—c)

=bA?

=pA®

=bA®

2 2s% =25 +ac

phal ea—
2 ac

=ha (Az)

= abc

Similarly, c(rry + r ry) = abc

B-C
4. Now,(r+r1)tan( 5 )

_(? (s~ a)j b+c) ( j

AL s(s—a)

s (s a) b+c (s—b)(s—c)
S — a+s[ )
s(s—a) )\b+c

=A(2s - a)(

Hence, the result.

s(s—a)

(s =b)(s—c)

cj 1
b+c)\s(s—a)s—b)(s—c)

—c) 1
X_
b+c A

=A(a+b+c—a)(

b—c)
b+c
=(b-o0)

Thus, L.H.S.
=(b-c)t(c—a)+t(a—Db)

“(3) (9

5. We have
+ +
(a=b)a—c) (b-a)b—-c) (c—a)c—Db)

=w+@(

s
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(A) (s=b)(s—c¢)
tan| — I EEE—
2 3 \/ s(s—a)

Y (a=b)a-c) (a—b)a—c)

B A
B s(s—a)a—-b)a-c)

So, LHS

No

_a L
s (s—a)a-b)a—c) (s—b)a-b)b—-c)
1

(s—c)c—a)b-c)

(s =b)

|

A {(b—c)+(c—a)+(a—b)}

:s(a—b)(b—c)(c—a) (s—a) (s—b)

B A S (b-c){s? = (b+c)s +bc}
B s(a—b)(b-c)c—a) (s—a)s—b)(s—c)

~ A
“s(a—b)(b-c)c—a)

y s2Y (b—c)—sY(b* —=*)+ Y be(b—c)
(s—a)(s—b)(s—c)

B A « Y be(b—c)
B s(a=b)b—-c)c—a) |(s—a)s—b)(s—c)

B A (a=b)b-c)c—a)
B s(a—b)b—-c)c—a) (s—a)(s—b)(s—c)
_ A

s(a=b)b-c)c—a)

3]

Hence, the result.

area of the incircle

6. We have -
area of triangle ABC

|
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N cot é -cot E -cot g
oW 2 2 2

s(s—a) s(s—b) s(s—c)

_(s—b)(s—c).(s—a)(s—c)‘(s—a)(s—b)

r S3 1/2
L s—a)s—b)(s- c)}

- K 1/2
- | S(s —a)(s —b)(s— c)}

-, 2
L Az

A
=cos (—) —sin 4
2

Now, a, b, ¢ are in A.P.
sind, sinB, sinC are also in A.P.

A B C
and cot| — |cot| — |cot| — | € A.P.
(2) (2) (2)

Thus, their differences are also in A.P.

. LetBC=a=c,CA=b=10cand AB=c

Clearly, a* + b* = 101¢*
Applying, sine rule, we get,

sin4d sinB sinC

c 10c c

sind _sinB _sinC
c 10c

=k (say)

:|l/2



Now,

cotC
cot A+ cotB

cosC

__sinC
sin(4 + B)
sin Asin B

cosC

__ sinC
sinC
sin Asin B

cosC .
= Xsin B

sinC

sin B
=cosC X

sinC

B a’ +b* - ¢? « sin B
2ab

sinC

_ c? +100¢* = &2  10ck
2-ck-10ck ck
=5x10=50
Do yourself.
. We have
l3 A l2
I
B C

Area of the triangle A/,/,1,

1
=3 X (product of two sides)
X (sine of included angles)

= l X (4R cos (ED X (4R cos (ED X sin (90° - 4)
2 2 2 2
=8R* X cos (éj cos (E)cos (gj
2 2 2
_gR? ><\/s(s—a) ><\/s(s—b) ><\/s(s—c)
bc ca ab

2
= Si X s\/s(s —a)(s—b)s—c)
abc

_ 8R%s
abc

X A

Properties of Triangles

2
—ix[abc) X As

~ abc Z
_ 8abc s
16 A
_abe
2r

11. Clearly, r, +r,+r;=r+4R
and ryr, + 1y 3 =5,
A2
=Ds=sr
(s—a)(s=b)(s—c)
Hence, the required equation is

X - (r+ 4R)x2 +six—rss =0

and ryryry =

417

12. Let r be the in-radius and R be the circum radius of

and equilateral triangle

éx/gaz 2 a

N = = =X —=—
oW T s 4 " 3a 23
AR abc a? a

andR=—=——+—5 = —.

4A N RYE)
4x
4
_a
1
Thus, L 2\/5 =—
R a 2
V3
Hence, the result.
13. We have
)
B C

Hence, the area

1
=3 X (product of two sides)

X (sine of including angles)

oo -

(3] (59
el ool
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14.

15.

Hence, the circum-radius
_ 115
2sin(/,1,13)

4R cos (A]
. \2)
2sin (90O - A)

2

4R cos (A)
_ 2
2cos (A]
2

=2R
From the figure

ZIBI,, ZICI, are right angles

Here, I, is the diameter of the circum-circle of the
triangle A BCI,

BC a
Thus, 11, = — =
sin(£BI,C) sin(90°— A]
2

_ a

wo(3)

COS| —
2
_2Rsin4

(3]
cos| —
2
2R +2sin (Ajcos (A)
_ 2 2
3)
cos| —
2
=4Rsin(£)
2

. (B
Similarly, 7, =4Rsin (5) ,

II; =4Rsin (%)

16.

17.
18.

We have @’ cos(B—-C)
=a* k sin 4 cos(B — C)
= a*k sin(B + C) cos(B — C)

2
= % [2sin (B + C) cos (B~ C)]

a’k .
= > [sin2B + sin2(]

k3
= [sin24 sin2B + sin®4 sin2C]

=i [sinzA sinB cosB + sin’4 sinC cosC]
Similarly, b>cos(C — 4)

= k°[sin®B sinC cosC + sin’B sind cosA]
and ¢* cos(4 — B)

= k°[sin’C sind cosA + sin’C sinB cosB]
Adding all we get,

K [sind sinB(sind cosB + cosA sinB)

+ sinB sinC (sinB cosC + cosB sinC)

+ sinC sind (sinC cosA + cosC sind)]

= k> [sinA sinB sin(4 + B) + sinB sinC
sin(B + C) + sinC sin4 sin(C + A4)]
=Kk[sind sinB sinC + sin sinB sinC+ sin sinB sinC]
= k’[3sind sinB sinC]

= 3(k sin A)(k sin B)(k sin C)

=3abc

Do yourself
We have ¢ cos(4 + 6) + a cos (C+ 6)

= ¢(cos A cos 0+ sin 4 sin 0)

+ a(cos C cos O —sinC sin 0)

=c0s B(c cos A + a cos C)

+ sin O(c sin 4 — a sin C)

= b cos 0+ sin B(k sin C sin 4 — k sin C sin 4)
=hcos O+sin Ox 0

=bcosq



19.

20.
21.

LetBC=a,AC=b,AB=c

al2 al2

B D , c
Clearly, (A ABC) = ar(A ABD) + ar(A ACD)

lbcsinAzlcozsin é +lb(xsin(é)
2 2 2 2 2
bc sin A = cosin (é) + bosin (éj
2 2

1 A 1(1 1
—cos| — |[=—| —+—
a 2 2\b ¢
Similal lcos(B] 1(1+1)
imilarly, — — == —-+-

., B 2) 2\c¢ a

1 (Cj 1(1 1)
And —cos| — |[=—| —+—
Y 2) 2\a b

Adding, we get,

1 A 1 B 1 C
—cos| — |+—cos| — |+—cos| —
o 2) B 2) vy 2
1(1 1 11 1 1(1 1
=—|—4+—|+=|—+—|+=|—+—
28a b 2\b ¢ 2\c a

1 A 1 B 1 C
Hence, ——cos| — [+ ——=cos| — |+——=cos
AD 2) BE 2 CF

1 1 1
=—+—+—
a b c

Do yourself
Clearly, 2s=a+b+c

As we know that, AM > G.M

(s—a)+(s—-b)+(s—
3

BoEP2O > Y= a6 —0)

D> fo-as-his-o

Properties of Triangles

3s—2s
3

>3/(s — a)(s —b)(s - c)

3 2lG-aG b —0)
GT > (s —a)(s —b)(s — ¢)
s*>27 xs(s — a)(s — b)(s — ¢)
s'>27xD?

2233 xD

2
S
A< ——
33

22. Do yourself.
23. Wehave 20+ 2B+ 2y=a+b+c=2s

oatB+y=s

anda=s—a, f=s—b,y=s-c

B B D Y C

Now, 1# = A—j = s(s —a)(s ; b)(s —c)
S s

_ (s—a)s—=b)s—c)

N

_«By
oa+pB+y
24. In triangle ALM, we have

X AM AL

AL=x- — =— =—
sind sinB sinC

419



sinB bx
AM=x - =—

sind  a
From the figure, it is clear that

7= ex —radius of AALM

(x+AL+AM) [A)
r=|———|tan| —
2 2

~

1l
N\

N

+
)
Q @

+

(9}
N——
=

Iy
5
N\
0o |
N—
Il
2|3
-
VR
(SR IN
N—

(s —a)tan (g) = tan (g)
a

(s—a) = =id

a

. sx Sx
Similarly, (s —b)=—,(s—¢c) =—
b c

Adding, we get

SX  SX  sX
s—a)y+@Es—-b+(s-—c)="+—+—
a b c

SX  SX  SX
3s—(atbte)=—+—+—
a b ¢

SX Sx  SX
3s—2s =—+—+—
a b ¢

a c
X X X
S+ =1
a b c

Hence, the result.

25. Itis given that, x = OD =R cos 4

A

NI
NS

cos A

:2sinA'

" 2tan 4

26.

27.
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a
— =2tan 4
X

b
Similarly, — =2 tan B, — =2 tan C
y z

As we know that,
Tan A + tan B + tan C = tan 4 tan B tan C
a b c a b c

_+_ _— — e —

2x 2y 2z 2x 2y 2z

a b ¢ abc
+

x ; z 4xyz

Hence, the result.

Given sind sinB sinC = p
And cos4 cosB cosC =g
Here,A+B+C=p

tan(4+ B+ C)=tan(m)=0

tan4 +tanB+tan C=tan 4 -tan B - tan C = P
q

Also, (1 —tan 4 tan B —tan B tan C —tan C tan 4)

_cos(4+B+C) 1
cos Acos BcosC q

Thus, tanA4 tanB + tanB tanC + tanC tan4

:1+l:(q_+lJ
q q

Hence, the required equation is

)

gx’ —px*+(g+ Dx—p=0

Let the medians AD, BE and CF meet at O such that

ZBOC= o, ZAOC= B, ZAOB=¢g
A

E

J TN

B D C

Let AD =p,, BE=p,, CF = p;

2 2 2
Clearly, O4 = 3 Po OB = 3P oC = 3P

From AAOC, we get,



04> +0C? - AC?

s = T oaoc
4 4
—pi+op b’
_9 9
= cos = )
2.2 .2
3}71 3173
4p? +4p; —9b*
:cosﬁ:% (D

8p1D3

1
Also, ar(A40C) = — 04 - OC -sin b

1 1
= —-A=— 04-0C-sinb
3 2
1 12 2
—A=——=p;-—p;-sin
= 3 23P1 3173 B
= sin = ...(i)
2pip;

Dividing (i) by (ii), we get,

4pl +4p; —9b*

t =
cot 12A

...(1i1)
Again AD is the median of AABC
So, AB* + AC* + 2BD* + 24D?

2
= b+t = 2(%) +2p}

2
a
:b2+62= =7+2p12

2 +20% —a?

=D = 4

2a% +2¢% - b?

similarly, p22 = 4

2a% +2b% - *
and p32 :f

Now, from (iii), we get,

4P12 +4p32 - 9p°

t =
cot 12A

_(2b* +2¢* —a®) +(2a” +2¢% —b*) - 9b°
12A
a’ +c? - 5p°
12A

28.

Properties of Triangles 421

Similarl o b+ - 547
imilar = —
arly, co A
d cot b +a* -5c2
n = —

and cot y A

Now, coter + cotf3 + coty

3@ +b+cP)
12A

_(a2 +b2 +7)
4A
(@ +b> +?)

Also, cot 4+ cot B+ cot C=
SO, CO CO CO AA

Hence,

Cot A + cot B + cot C + cotar + cotff + coty=0

Let AO be the perpendicular from 4 on BC. When 40
is produced, it meets the circumscribing circle at D
such that OD =a

A

D

Since angles in the same segment are equal.
Thus, ZADB = LZACB= £C

and LZADC = ZABC = /B

OB .
From ABOD, tan(C) = oD ...(1)

ocC
From ACOD, tan(B) =

S

oD ....(>i1)
Adding (i) and (ii), we get
OB+0C BC _

tan B +tan C = =——=— ....(ii)
OD OD «

(i)

similarly, tan C +tan 4 =

= >

and tan 4 + tan B = 5 (V)



Adding (iii), (iv) and (v), we get,

a+b+c 2(tan 4 + tan B + tan C)
— T T = an an an
a By

Hence, the result.

29. Let H be the othocentre of the triangle ABC such that

HA=p,HB=q,HC=r

A
F | | E
H
A D C

From the figure,

ZHBD = ZEBC=90°-C

ZHCD = /ZFCB=90°-B

ZBHC = 180° — (£LHBD + LHCD)
=180°—(90° — C +90° — B)
=(B+C)=180°-4

Similarly, ZAHC = 180° — B

and LZAHB =180°-C

Now,

ar(ABHC) + ar(ACHA) + ar(AAHB) = ar(A4BC)

1 1
= > qr sin (£LBHC) + 5 prsin (LAHC)

1
+ 5 P4 sin(ZAHB) =D

= gqr sin (180° — 4) + pr sin (180° — B)
+ pq sin (180° — C) =2D

= qrsind +rpsin B+ pq sin C=D

ool ) [ L) o )2 ke
T\or )" ™P\or )" PN\ 2R )™ ar

= aqr + brp + cpq = abc

b b
R agr  brp  cpq _ abe

pbqr  pqr  pqr  pqr
b ¢ abc
t—t—=—
q r pgr

a
- =
p
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A
F E
A D Cc
D ¢
Clearly, —=—
early, DC- b
DC b
BD ¢
DC by Zbte
c c
DC+BD b+c
i =
BD c
a b+c
= — =
BD c
_BD_
c b+c
Similarly, 20 = —©
imilarly, — =
Yy T ath
! BD- BF -sinB
ar(ABDF) o PF 50 -sm
ow, =
ar(A4BC) la csin B
2
_BD-BF _BD BF___ ac
ac a ¢ (a+b)(b+0c)
o ar(ACDE) ac
Similarly, =
ar(AABC) (a+b)(b+c)
ar(AAEF) bc
ar(AABC) (b+c)a+c)
ADEF
Thus, M
ar(AABC)
_ AABC —(ABDF + ACDE + AAEF)
AABC

_ABDF  ACDE  AAEF
AABC AABC AA4ABC

ac ab

30. Here, AD is the internal bisector of the angle 4

bc

C(a+b)b+c) (a+o)bte) (a+b)a+c)



_(a+b)b+c)c+a)—{ac(a+c)+ab(a+b)+bc(b+c)

(a+b)b+c)c+a)
B 2abc
"~ (a+b)b+o)c+a)
ar(ADEF) 2abc
ar(AABC)  (a+b)(b+c)(c+a)
2Aabc
ar (ADER) = b+ e+ a)

Hence, the result.
31. Since 4+ B+ C=180°

3a+3B+3y=180°

o+ B+ y=60°

Clearly, ZARB =180° — (o + )

Applying sine rule in triangle ARB
AR c

sinf  sin(180°—(ax + fB))

AR c
sin ~ sin(o + B)

¢
sin(o + BB)
2RsinCsin 8

sin(a + f§)
2Rsin(3y)sin

sin(o + )

2Rsin(3y)sin

sin(60° —y)
_ 2RsinBsiny(3-4 sin’ y)

sin(60° —y)

2Rsin Bsiny(3—4sin’ y) cos(30°—y)
sin(60° —7y) cos(30°—7y)

32.
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_ 4Rsin Bsiny(3 - 4sin® y)cos(30° - y)
25in(60° — ) cos(30° - y)

_ 4Rsin Bsiny(3 - 4sin® ) cos(30° - y)
sin(90° — 2y) +sin(30°)

_ 4Rsin Bsiny(3 - 4sin® y)cos(30° —7)

1
2y)+—
cos(2y) 5

_ 8Rsin Bsiny(3—4sin’ y)cos(30° - 7)
2cos(2y)+1

8Rsin Bsiny (3 — 4sin’ 7)cos(30° - y)
2(1-2sin y) +1

_ 8RsinBsiny(3 - 4sin® y)cos(30° - y)
(3-4sin’y)
= 8R sin Bsinyin y(30° -9

Hence, the result.

Since AD is the median, BD = DC = %

A
Also, ZDAE = ZCAE = >
A
c b
al4 al4
B al2 D E C
< al2 >

Applying cosine rule in triangle ABD, we get,

(Aj AB?* + AD? — BD?
CoS| — | =

3 2A4B- AD
o)
2,42
e
(Aj o (2) 4b* +4c* - a? )
cos| — |= = ....(1)
2bc 8bc

Applying cosine rule in triangle ABC, we get,
b* +c* —a?
2bc

2, 2_ 2
4cos’ 4 —3cos 4 :b-i-c—a
3 3 2bc

cos 4 =

... (ii)
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Subtracting (ii) from (i), we get,

4cos (é) —4cos’ (é)
3 3

ap* +4c* —a* PP+ -

8bc 2bc
AP +4c? —a’ —4b* —4c” +4d
8bc
8bc

2
4cos[éj 1 - cos? [éj =3L
3 3 8bc
2
4cos é sin’ (é)zsi
3 3 8bc
(A] . Z(A) 3a®
cos| — [sin“| — | =
3 3 32bc

INTEGER TYPE QUESTIONS
1. As we know that, in a right angled triangle
a* + b+ * = 8R?

a* +b* +c?
— =8 =

. We have (

Using, AM > G.M

n+ntn S 3
3 ot 1.1

sin® A+sin 4 +1
sin 4

= (sinA+ _1 +1)
sin 4

= (Sil’lA-i— _1 )+1
sin 4

>24+1=3

Hence, the minimum value is 3.

. We have

1
8?{(1’2 +r12 +r22 +r32)+(a2 +b? +c2)}

1

= —x16R?
8R
=2.
3-1
. By m-n theorem cot 6= IT
300 4%
L
B al2 D al2 C
So, tanf 2
0, tanf =
“3-1
- 2 deos B -1
SiINd = —F/——— ana cosv = —f7—
JB=243) J8=23)
From AADC,
alc AD AD

sin(45°)  sin(z—(0+45°) 1 sin 6 + cos O
5 :



alc AD
sin(45°)

1
—(sin @ + cos O
N )

a AD

2 - (sin @ +cos 0)

:

a JB8-23 1

= X
2 B+ Jfl1-63

>
o
&

p—

1

X
4-2v3) 11-63

[NSHENY
<__

=1

2 JB-2

a=2
Therefore, the length of the side BC'is 2.

. We have

(r) +ry)(ry +r)(r, +r)=4R 5?

(1 +n)H +r)0 +n)

Rs* -t

Thus,

4
. We have cos (4 — B) = 3

1- tan? (A_B)
2 4

1+ tan? (A;B) >

10.

Properties of Triangles 425

cot (g) =1
2

C=90°

Hence, the area of the triangle

1
= absin (90°)

= l X6X3 =9

2
We have
& _ b B c
J3 sin(50°)  sin(70°)
2 _ b c

3 sin(50°9)  sin(70°)

Now, perimeter

=10+b+c
— 10+ %sm(sm) + %sin(m")
_10+ 2 [sin(50°) + sin(70°)]
NE)
_10+22 [cos(40°) + cos(20°)]
NG)
10+ 10+22 2 cos (30°) cos (10°)
NG)
=10+ 10+§x2x£ x cos (10°)
NE) 2

=10+ 20 cos (10°)
Thus, x=10,y=20,z=10

+y+
Hence, the value of [u] is 2
y

We have
acotA+bcotB+ccotC
(r+R)

_ cotAd+cotB+cotC
(r+R)

_2(r+R)
 (r+R)

=2




HINTS & SOLUTIONS OF PAST
HT-JEEQUESTIONS

1 1 1
1. We have, A=Eap1 :Ebp2 :ECPS

., t_ae 1 _ b 1_c
P 2A’P2 2A’P3 2A

111
Now, —+———

b Py D3
i(a-i—b—c)

(a+b)2—c2
2A(a+b+c)

a’ +b> = +2ab
2A(a+b+c)

2abcosC +2ab
2(a+b+c)A

ab(cosC +1)
(a+b+c)A

(a+b+c)A 2
T

2. Let LAPD =0  as LPAO = £ZPDO :E

ZAOD=m—-0
By the law of cosines,

04> + OD* — AD* =2(04)(0OD)cos(r - 6)
= AD? =27 +2r% cos 6

AD? =22 (1+cosf)= 452 cos? (gj

Since ABCD is a cyclic quadrilateral, so

ZORS=m—-0

Thus, BC? = 4r* cos® L =4r%sin? (g)
’ 2 2 2

Therefore,
2 2 2 2( 6 . 2( 6 2
AD* + BC” =4r"| cos”| — |+sin” | — | |=4r
2 2
Similarly, we can easily prove that,
AB* +CD” = 477
Hence, AB*> + CD* = AD? + BC?
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3. By the law of cosines,

a’ +b* = c?

2ab

cosC =

a?+b*-c?
2ab

l_ a’ +b> - c?
2 2ab

ab=a’+b*-c?

= cos(60°) =

U

cc=a*+b*—ab

2
cZ:(1+ﬁ) +22—2(1+\B)
A =1+3+23+4-2-23=6
c=6

From sine law,

L

sind sinB sinC

a b c
= sinAzg.sinC
c
\5+1
= sinAz( )Xﬁzﬁzsin(lwo)

Jo T2 22
=  4=105° B=180—(4+C)=15°c¢=1/6

A ac ac
4. Wehave, r=—=—-=
s 25 a+b+c

B ac(a+c—b)
(a+c)2—b2
ac(a+c—b)

a’ +c? +2ac—b?

1 L2, 2 g2
5(a+c—b)(.a +c —b)
= rzl(a+c—b)

2

=  2r=(a+c—-b) =AB+BC-AC.

Hence, the result.

B ic? 42
5. We have, cosd=———% G
2bc
cosC a’ +b* = c? (i)
= = ...
2ab i
AC b 2b
From AADC | cosC=—=——=— ... (iii)
DC al2 a



From (ii) and (iii), we get,
a*+b* -2 _2
2ab a
= a’ —c* =3b?
From (i), we get,

p*=3b>  2b° b

cos A= =z
2bc 2bc c
2(c? - a?
Thus, cos A.cosC = (2b)(—é)=u
a c 3ac

. Let LA=4B—-a and LC=4B+«
We have ZA+ /B+ ZC =180°

= £B =60°

b
From sine laws, —— = .C
sinB sinC
= sinC=£.sinB= \/Z ﬁ :L
b 3N 2) V2

=  C=45°
Thus, £4=180°—(B+C)
=180°—(60°+45°) =75°,

. No questions asked in 1982.

A A A
. We have, 7, = h = =
s—a s—b

Given 1,7, € H.P
A A A
s—a s—b's—c
1 1 1
s—a s—b s—c
s—a,s—b,s—ce AP
—a,—b,—ce AP
a,b,ce AP

e H.P

e H.P

Hence, the result.

. We have, cosA+cosB+cosC=%

A+ B A-B 3
= 2cos cos +cosC=—
2 2 2

= 2cos E—g cos A-B +1-2sin? g
2 2 2

o 5 ool 5
= 2sin| — [cos
2 2

2
B)—2sin2(£j=§—1=
2) 2

Properties of Triangles

- sl 52) ()
o ) (452)-

- safJram( o 2)-

- w{tJo(2}(5)-

It is possible only when,

.(Ajl.(le.(C)l
sin| — |=—,smm| — [=—,smn| — |=—
2) 2 2) 2 2) 2
- (45055
6°\ 2 \2) 6
Tc

T
= A = — = =
3 3’
Thus, A is equilateral.
b+c

:>2s1(

?

cta a+b 2(a+b+c)
12 13 36

10. We have,

at+b+c
- 8 -
Thus, a=7A ,b=6A4 &c=5A
b +c* —a?
2bc
36A% +254% —494% 1
T 2(60)(5A) s

= cosAd=

19 5
Similarly, cosB=—,cosC=—
35 7

= cosA:cosB: cosC—l Q é
5357

= cosA:cosB:cosC=7:19:25

cosd cosB cosC

19 25

Thus,

11.
12. Given cotA,cotB,cotC e A.P

cosA cosB cosC

€ AP

. b . b .
sin4 sinB sinC

(bz +c? —a2) (6‘2 +(12—b2) (a2+b2—cz)

427

= ) ) € AP

2abc 2abc 2abc

(b2 +ct+ad’ —2a2) (02 +a® +b° —2b2)

= 5

2abc 2abc

>
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(a2 +b* + 2 —202)

c AP = 4sin(%) sin (g) sin(%)
2abc

It will be greatest, when

= (bz+cz+a2—2a2),(c2+a2+b2—2b2),
(a2+b2+cz—2cz)eA.P 2 2 2
2r
2 2 2 =22 _B=

= (24).(-2?).(-2?)e 4P Thus, a====p=y
= a’,b*,c*> e AP Therefore, the least value of M is
Hence, the result. __1 3sin(2—n) :_ﬁ

3 3 2

13. Let x=az+2a,y=2a+3,z=a2 +3a+8

Here, x>0, y>0and z > 0 15. We have cos 4 cos B +sinA4 sinB sinC =1

since z=a* +3a+8>0 for every ain R = Mzsin(?
3 sin Asin B
= a>0 ('.'a<—2,a>0anda>——j 1= cos Acos B
2 = T Ginc<l
sin Asin B

Also, z—x=a+8>0,z—y=a*+a+5>0

= 1—cos Acos B <sin Asin B
Thus, x+y>z . .
= 1< sin Asin B +cos Acos B
2 2
= a +3a+8<(a +2a)+(2a+3) - cos(A—B)Zl
= a>>5
= cos(A—B)zl
= ae (5, )
= cos(A4— B)=cos(0)
14. LetM ! cos| o+ % |+ cos [3+ﬂ: +cos|y+ 2
. Let M=— — - - -B=
3 2 2 " =  A-B=0
. = A=B
= ——(si i i ) 1—cos AcosB
3(s1na+smﬁ+s1ny) Therefore, smC=M
sin Asin B
Mwill be least, when (sinoc+sinﬂ +sin 7/) is provid- _1—cosdcosd 1- cos’ 4 _ sin? 4 -1
ing us the greatest value. sin Asin A sin? A sin 4
Let z=sino +sin B +siny N C =90°
= Sil’lO{-{—Sil’lﬂ—FSin(Zﬂ—(a‘l‘ﬁ)) Hence, A=45°:B,C:90°
= sina +sin f —sin(a + f) a b ¢
Now, Gnd snB _ sinC
— sin sin sin
= 2sin(a+ﬁ)cos(a ﬁ)—2sin[a+ﬁjcos(a+ﬂ)
2 2 2 2 a b c
:> 1 O= 1 O= 1 o
. ( +ﬁ) (a—ﬁ) (a+ﬁj sin45° sin45° sin90
= 2sin cos| —— |—cos| —— b
2 2 2 - L_2_°¢
IR
= 2sin a+p X 2sin i sin ﬁ \/5 \/5
2 2 2
., a_b_c
= 451n(ﬂ—z)sin(g)sin(ﬁ) 11 \/5
2 2 2
= a:b:czl:l:\/z
= 4sin(z)sin(g)sin(ﬁ) Hence, the result
2 2 2 ’ ’



16.

17.

18.

Ans. (a, d)

. a b
From sine rule, — =—
sind sinB

bsin4=asinB

bsinA=asinB<a, since sinB<1

T T
In this case, B=—,4<—
2 2
. . T
Also bs1nA<a,1f0<B<7r,B¢5
tA<Z, B>A,B=Z,
2 2

then bsinA<a,A<§,b>a

Ans. (a, d)

Let LZA=0—0,4B=0,£C=r+0

since LA+ £ZB+/ZC=m, 6 =60°

Thus, the largest angle of AABC is a and the smallest

angle is C

Let x be the smallest side of the triangle .

Therefore, cos (60°) = M
2.x.10

= ¥ +19=10x

= X’ -10x+19=0

= (x-5)=6

= (x-5)=+J/6

= x=5+4/6

Let £ZB=30°£C=45° and a=(3 +1)
Then £A4=(m—(£B+£C))
=(m—(30°+45°))=105°

From sine rule,

a b c

sin4 sinB sinC

N a B b B c
sin(105°)  sin(30°)  sin(45°)
(\/5 + 1) b c
N _

sin(105°)  sin(30°) _ sin(45°)

19.

20.
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(\/§+1)_b_c
- —[\EHJ_TT
22 ) 2 2

= 22 =2b=+2¢\
= b=+2,c=2

Thus, the area of the given triangle

l><bc><sinA
2

| (v3+1)

— X2 X2X
2 22

(v3+1)
2
We have, BC=2BD, AD=h, OD=h-r, so

that BC = 2yr% —(h—r)’ = 2V2rh—h?

Thus, P=24B+ BC

sq cm.

N 24B=P-BC
= 2AB =2(\/2hr—h2 +x/2hr)—2\/2hr—h2
N AB =~2hr

The area of the AABC =4
= BD X AD

= IN2hr — h?

A I 2hr — h?
Now, F: 3

8(\/2hr—h2 + 2hr)

B N2r—h

- 3

8(\/2r—h +x/§)

. 2 1
Thus, hm(—sz 2 7=
=P g (o) 1287

Ans. (c)

The given equation is k = 3sinx —4sin> x = sin3x
Thus, k =sin34,k =sin3B

= sin34 =sin3B =sin(7 —3B)

=  34=(n-3B)
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= 3(4+B)=n
= (A+B)=§

T
Therefore, ZC=n—(A+B)=x -3

21. Given 4, B and C are in A.P.
= 2B=A4+C
= 3B=A+B+C=n1

= B==
3

Now, sin(24+ B) = % = sin(%)

6

5w
6

= 4=
4

. 1 . (=
Also, s1n(C—A)=§=s1n =

6
= (C—A)=(£)

6
= C= £+A = £+£ —S_TC
6 6 4 12

Thus, 4=45°,B=60°C="75°,

22. Let the sides of a triangle area— 1, a, a + 1,

where ae ™ — {1}

Let 0 is the smallest angle and 2 6 is the greatest

angle of the triangle.
By the sine rule,

sin O 3 sin (29)
a-1  a+1
a_-{-l_sin(ZH)

= = =2cosf
a-1 sin@
= cosO = atl
2(a-1)

Again by the cosine rule,

(a+1)2+az—(a—1)2

0=
€08 2a(a+)

=75°

23.

24.

a’ +4a a+4

9: —
= T (v ) 2(a+)
Theref at+l  a+4
O 2 a=1) 2(a+1)

= (a+1)2=(a+4)(a—1)

= a*+2a+1=da>+3a—4

= A=5

Hence, the sides of the triangle are 4, 5, 6.
Leta=BC,b=CA,c=AB and p=AD.

1 1, .
AABC =—ap =—bcsin 4
2 2

bc

= p=—sinA
a
be .
= pza—zcsmA
a

abc (sin2 B —sin? C)

= p= sin 4
a? (sin2 B —sin? C)
abcsin(B+C)sin(B—C) .
= = sin A
(b2 - cz)sin2 A
abe sin(B—C)
= P=—"FF7"T""""F"
(b -<)
ab*r sin(B - C)
= PZ—(bz »?2 2) , where ¢ =br
-b7r
= p=( ar2)sin(B—C)
1-r
= ps(larz),since sin(B—C)Sl
-r




25.

26.

Consider three circles with centres at 4, B and C with
radii #,7,,7, respectively, which touch each other
externally at P, Q, R.

Let the common tangents at P, O, R meet each other
at O.

Then OP=0Q = QR =4

Also, OP 1L AB,00 L AC,OR 1 BC

Here, O is the in-centre of the triangle ABC

For A4BC |

SZ(”1+”2)+(”3+”2)+(’”1+”3)=r1+r2+,,3
2

and A= \/(”1 +r 1) hnr

. A
Now, from the relation » =—, we get,
s

\/(’”1 +7 +r3)r1r2r3 B

n+n+n
N Ml _y
n+n+n
N nnn =16= l_
n+rn+n 1
= (r1r2r3):(r1+r2+r3)=16:1
We have
2cosA 2cosB 2cosC 1 b
+ + =—+—
a b c bc ca
2bccos A accosB  2bccosC  a? b?
= + + == 4+ 7
abc abc abc abc abc
= 2bccos A+ accos B+ 2bccosC = a® +b*

= (b2+c2—a2)+%(a2+cz—b2)
+(a2 +b° —cz)=a2 +b?

=  20°-2d"+c"+a’-b"=0

= a?=b*+c*

AABC is aright angled triangle at A

Thus, £4=90°.

Let O be the centre r be the radius of the circle
passing through 4;, wherei=1,2,3, ..., n

2w
Here, £4,04,,, =— ,wherei=1,2,3,...n
n

1 N 1 1
oW, =
v 44, A4 A4,

N

27.
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R 1 _ 1 N 1
2r sin(n) 2rsin (277:) 2r sin(mj
n n n
_ 1 B 1 N 1
) (nj - (27:) . (37:)
sin| — sinf — | sin| —
n n n
1 1 1 T
= + ,|—|=06
= sinf sin260 sin360 (n)
. 1 3 11
sin® sin30 sin26
sin36 —sin 6 1
= 3 3 =
sin 6sin 36 sin 260
2c0s20sin 0 1
= . . =
sin@sin36  sin260
= 2sin 26 cos 20 = sin 30
=  sin(46)=sin(36)
= sin (40) =sin (n’ - 39)
= (40) = (77: - 39)
= o==2
7
T T
= —=—=
n 7
= n="7

(i) = (i)
Suppose a, b, ¢ and area A are rational.

a+b+c

Thus, s = = rational

Si tan(g)— A
ince 5 _s(s—b)
A

S

and A,a,s,s—a,s—b all are rational.

B C .
Therefore a,tan E ,tan 5 are rational.
(ii) = (iii)
. B C )
Consider a,tan 5 ,tan E are rational.

) 2tan(B/2)
sinB =

=——— = rational
1+ tan” (B/2)
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28.

) 2tan(C/2) )
and sinC = — = rational
1+ tan (C/2)
A T (B+C
Also, tan| — |=tan| ——
2 2 2
(B + C)
= cot
2

B C
1—tan| — |tan| —
2 2 tional
= = rationa
B C
tan| — |+tan| —
2 2

Thus, sin 4 = rational.
Hence, a, sin 4, sin B, sin C are rational.

(iii) = (i)
Suppose a, sin A4, sin B, sin C are rational

By the sine rules,
a b ¢

sin4d sinB sinC
sin B sinC
=b=a——, c=a.—
sin A sin A

b, ¢ = rational

1 .
Also, A= Ebc sin A = rational

This completes the proof.
Figure

From the figure, AD = bsin (23°)

abc . o
= SR =bsin (23°)
. a  sin(23°)
bt —c? c
N a sind
b =2 a
2
= sin A 2172617
.2
L sinAe— A
sin“ B—sin“ C
= sin A =sin”> B—sin> C
= sin 4 =sin(B+C)sin(B-C)
= sinA=s1n(7z: A)sin(B—C)
= sin 4 =sin(4)sin(B - C)
= sin(B —C) =1=sin (90°)

= (B-C)=(90°)
=  (B-23°)=(90°)
= B=113°

29. As we know that, the largest angle is the opposite to

the largest side.
Leta=BC=3,b=CA=5,c=AB="7

32 +5% 72 151

Thus, cosC =————=— -
235 30 2
1 2r
= cosC=——=cos| —
2 ( 3 j
L -
3

30. Let LB=§,LC=§,LBAD= 9,/CAD =g

By the sine rule,
sin@ _ sin(7/3)

BD  AD
3 BD
= 1n9———
2 AD
sing _ sin(7/4)
DC  AD
1 DC

= sin Q= EE
sinZBAD sin@

oW, — =—
sinZCAD sing

IBD.\/EAD
24D DC

_BD [3

_lx\ﬁ_L
37N2 Ve
31 Let a=4k,b=>5k,c=06k

s=l(a+b+c)=§k
2 2

s—azl—sk—4k=zk
2 2

s—bzgk Sk—ék
2 2

s—c=Ek—6k=§k
2 2



32.

R _abe
r 4A A

=

Now,

abcs
4A°

abcs
4s(s —a)(s—b)(s—c)
abc
4(s—a)(s—b)(s—c)

(4k)(5k)(6k)

(5345

16

Here, B+C=7T—Z=3—n
4 4

= tan(B+C)=tan(3Tﬂ)=—1

tanB+tanC
l—tanBtanC

= tanB+tanC=—-1+tanBtanC=—1+p
Let tan B and tan C are the roots, then

x> —(tan B+tanC)x+tan B.tan C =0
= xz—(p—l)x+p=0
It has real roots.

So, D=0
= (p-11-4p>0

=  pP-2p+1-4p>0

=  p'—6p+1>0

= (p-3Y-820

S (p-3)-(22) 20

= (p-3+22)(p-3-22)20

= p<(3-22). p2(3+242)
=5 pel-=(3-242))u((3+2V2), =]
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33. Let ABC be an equilateral triangle
Then LA=§=LB=4C

Therefore, tan A + tan B + tan C

tan(gjﬂan(g)mn(g)
()

=33

Conversely, let tan4+tan B+tan C = 33

Here, A+ B+C=nm
= A+B=n-C

= tan(4+ B)=tan(n - C)=—tanC

tan 4 +tan B
= ——=—tanC
1—tan A.tan B
= tan 4+ tan B =—tan C + tan A.tan B.tanC
= tan 4 + tan B + tan C = tan 4.tan B.tan C
Thus,

— tan A+ tan B + tan C = tan A.tan B.tan C = 3+/3
. . T
It is possible only when, A=B=C= 3

Thus, the triangle is equilateral.

34. Ans. (b)
H A 1>< X 1>< X 1><r><
T = — = — = —
ere, > P X p 5 qxp; ) D3
2A 2A 2A
= p=—9g=—,r=—"
D P> P3

From sine rule of a triangle,
sinP _sinQ sinR
p q r

Given sinP,sinQ, sinR are in A.P.

= p.q,r€ AP

7 T T
P Py D3
1 1 1

= —,—,—€ AP
P Py P

= pl,pz,p3€H.P
Thus, the altitudes are in H.P.
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35.

Let O be the circumcentre and OF be
perpendicular to AB.

Let 7 be the in-centre and /FE perpendicular to AC.

Then LOAF =90°-C
LOAI = LIAF — LZOAF
A

==—-(90°-C)

2

A
A, o ArBFC

2 2
_C-B

2
IE

Also, Al = 4

(2] ()
89

-t-se o555
s (el

- o wfs{ (el 3)

Also, O 2

= R?>-2RX 4Rsin é sin E sin E
2 2 2

= R* —2Rr

= OI =~ R* —2Rr

Hence, the result.

36. Wehave, A+B+C=rm

37.

A4 B C
= —+—+—=

2 2 2
N 4. 8_. C

2 2 7 2

(3)m(3)
+tan| — |.tan| — |=1
2 2

oy . A B C
Dividing both sides by tan(;).tan (Ej.tan [3) ,

we get,

1
X (C) (C)
tan| — | tan| —
2 2

Figure

Here, HE=JK =1
But/E=r
So,[H=r—n

T A
In a right triangle IHJ, £JIH = (E - Ej



B
Similarly, cot (—j =2 cot(gj -5
2 r—r, 2 r—rn

In a triangle ABC, we have

SR ORENE

38.

39.

R v 7 R 7 7
N i, B h  h B
r—=n r—rn r—B F—H r—n r—n
7 r 7 eYe
N i, o B 1273
r=n r—r r—-n (r-K)(r-n)(r-n)

[LIT-JEE-2000]
. [A-B+C
We have, 2ac sm(T)

.(A+C B)
= 2acsin -——
2
.(mr B B
= 2acsin| —————
(2 2 2)
= 2acsin(£—3j
2
= 2accosB
2,2 32
zzm{ﬁ_ia_iLj
2ac
= (a2+cz—b2)
Ans. (a)

As ABC be a right angled triangle, circum radius of
this triangle is half of its hypotemuse.

1
Thus, R =5\/a2 +b?

Now, 2(R+7)

=Na?+b* +2s-2¢
=c+2s—2c
=2s—c

=at+b+tc—c
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=a+b
40.
41. By the sine rule,
a b c

sin A B sin B - sinC
a b c
sin4 sinB sin (7r - (A + B))

a b c
sind sinB sin(A+B)

Here, we can easily find out b. ¢ and C,

if we know a, sind, sin B.

Also, we can find the values of 4, B and C by using
the half angle formulae, if we know the values of a, b
and c.

4 _b __ ¢ _op
sind sinB sinC

By using,

We can find, £B,ZC and the sides a, b and c,
if we know a, sinB and R

We cannot find £B,ZC and the sides b and c,
if we just know a,sin 4, R | since

a b c

—=——=—"7=2R gives

sind sinB sinC
b . .

— & — from which we cannot obtain
sinB sin
b,c, ZB & £C.

42. Let the angles of the triangle ABC are 40, 8 and 0

Also 460+0+60=180°
= 60 =180°
R - 180 _ 300

By sine rules,

a b c

sind sinB sinC

R a b

sin(120°)  sin(30°)  sin(30°)
a b c

= ] = =
sin (60°) sin (30°) sin (30°)
a_b_c

- B 1T
o 2 2
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43.

44,

a
- il
NE) 1
Hence, the required ratio is

« B
a+b+c 243
From figure (i),

1 . (2m
I, = n.E.(OAI).(OAI)sm(7)

. [2%)
= Zsin| =—
2 n

From figure (ii)

BB, =2(BL)= 2(0L)tan(%)

= 2.1.tan(£)
n
= 2tan (Ej
n

Thus, O, = n(%(BIBZ)(OL)j = ntan(ﬁ)

n
Now, —-
/2)sin (20
_(/2sin(20) T
ntan@ n
2tan @ 1

(1 + tan” 0) 2tan6

cos’ 0

% (2 cos’ 0)

l(1+cos29)
2
2
[ (%) ]
2 n
2
_[ (2] ]
2 n

Ans. (d)
Let the sides of the triangle be /1,\/5/1,2/1

By the cosine rule,

(V) +@A7 - 622 3

cos A= = -
2.(V31).(22) N R
T
= A=—
6
Similarly, B=2,C=2
3 2
A:B:C=30°:60°:90°=1:2:3
45.
A
P Q
R
30
B D E c

BD
We have, Ezcot (30°)=\/§

BD=+3PD

DE = PQ=PR+RQ=2
BC=BD+DE+EC=\3+2+3=2(3+1)

Area of AABC

NG

= TX(BC)Z

=€><4(J§+1)2
- 3(J§+1)2
= V3(3+1+243)
= 3(4+245)

= (6+4x/§)

46. We have,

sinB —sinC

sin 4



47.

(B+C) . (B—C)
2cos sin
_ 2 2
2sin(A)cos(A)
2 2
(n A). (B—C)
cos| ——— [sin
2 2
A

sin
2 —
. (A A A
sin| — [cos| — cos| —
B3] 3]
sin B-C
b-c 2

Th =
us, p (A)
cos| —
2

(b—dcw(g)zaﬁn(B;Cj

We have, from sine rule,

a b c

sind sinB sinC

a B b B c
sin(120°)  sin(30°) sin(30°)
e _b_c¢
N R
n 2 2
a b
= —=—=—=A(sa
51 ( y)
N . A  besin 4 besin A
O f —_—_——= =
v s 2s (a+b+c)
N J G A
(\/§+1+1)l

= ﬁ(2+\/§)=(§]1

= A=2(2+.3)
Thus, the area of the A4dBC

= l.bc.sin A
2

%.}Lﬂ.sin(120°)
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=§x4(2+\/§)2

= \/5(7+4x/§)
= (12+7\3)

48. Ans. (a, b, ¢)

F

LetAD=p
ar (AABC) =ar (AABD) + (AADC)

| 1, . (4 1 . (A4
—bcsin A=—bpsin| — |+—cpsin| —
2 2 2) 2 2

= bcsinA=p(b+C)sin(§)

= beZsin (f) Cos(gj = p(b+c)sin [gj

= = 2be COS (éj
P=+e) "\ 2

AD = 2be cos (éj
(b+c) 2

Al A—D—cos é
% UE 2

1 1
i+7
b c

AE = ADsec(é)z 2be _ 2
2 b+c

Thus, AE is the H.M. of b and ¢
. DE . (AN FD . (A4
Again, — =sin| — |, ——=sin| —
AD 2) AD 2

EF =DE+ FD =2ADsin (g)

4bc (Aj ) (Aj
= COS| — |SIn| —
b+c 2 2
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_ 2be X sin A Also, QS+SR>\/QS><SR
b+c 2
49. Ans. (b) N 1 .2
Given AB|CD,CD=2 4B . JOSx SR~ OR
Let AB=a, CD=2a - L+L>i
and the radius of the circle be r. PS ST OR
Let the circle touches at P, BC at O, AD at R (A4
and CD at S. 51. We have, cos B+ cosC =4sin (E)
Then AR =AP=r, BP=BQO=a—r,
DR=DS=rand CQ=CS=2a-r = 2cos(B+C)cos(B_Cj=4sin2[£j
In triangle BEC, BC* = BE* + EC? 2 2 2
2 2 2 _
= (a—r+2a—r) —(Zr) +a - COS(%—;)COS(B2C)=2Sin2(§)
= (3a — 2r)2 = (2r)2 +a®
. (A B-C . A
= 9a° +4r* —12ar =4r* +a° = sm(E)cos( > =2s1n2(5)
3
= a=—r B-C . (A
2 = cos( 2 )=2sm(5]
Also, ar(Quad.ABCD)=18
B-C . (m B+C
= ar(Quad.4BED)+ar(ABCE)=18 = cos| ——|=2sin| ———
1
= al2r+—.a2r=18 B-C B+C
2 = cos( 5 )=2cos( 5 )
= 3ar =18
3 B-C
= 3><5><r2=18 cos 2 2
= B+C) 1
= =4 cos 2
= r=2 (B—C) (B+C)
cos +cos
Thus, the radius is » = 2. N 2 2 :2+1
50. Ans. (b, d) COS(B—C)_COS(“C) 2-1
P 2 2
2cos(3jcos(cj
2 2 _3
— ) T T(S)
2sin| — [sin| —
Q S 2 2
B C
T _
= cot| — |cot| — [=3
(2)el5)
Here, PS X ST = QS X SR
s(s—b) S(S—c)
NOW, A.M>GM :> . :3
S G-a)-9\(-a)o-b)
ps st [1 1 s
= = = =3
2 PS’ ST ~ y-a
1 1 2 = 3s—3a=s
= —_—t—
PS ST JOSxSR = 2s =3a
= a+b+c=3a
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= b+c=2a =100+36+60
Hence, the result. =196.
. We have 2cos(%)+2cos(%)=\/§+l = C=14
. ) Bl Now, 2s=a+b+c=6+10+14=30
= COS(—)-F COS(;) = > = s=15
A 153
= cos(%)+cos(9)= \/§2+1 , where %=9 Therefore, FZ?Z?:\/E
2
= r =3
= 20082(gj—1+008(g)=\/§+1
2 2 2 53. Ans. (b)
(0 0) V3+1 V3+3 We have a” +b% — ¢?
= 2cos”| — |cos D) +1= 5 2 2
= (x2+x+1) +(x2—1) —(2x+1)2
5 J3+3 0
= 2 +t-———=0, where {=cos| 7 = xt P12 12t 240t 26t 41
2
1%\ 1+4(3+43) —1%(243+1) —h 4l
= r= 4 - 4 = 2x* +2x° —3x% = 2x+1
L 205 = (x=1)(x+1)(247 +2x-1)
4 2
N COS(E)_M
IR £ ™ e 2ab
2
N - . _3_(x2—1)(2x2+2x—1)
= cos E)ZTZCOS(E) 2 2(x2+x+1)(x2—1)
. (9)2(2) = V3(x?rat1)=2(20 + 20— 1)
2 6
T = (2-V3)2 +(2-43)x - (1+43) =0
= 0= —)
3 - x=—(2+\/§),(\/§+1)
T (&
= ;{gj =k=3 Thus, x=(\/§+1).
1 . 54. Ans. (c)
. We have, ar(A4BC)=—absinC 2sin P—sin2P
2 We have ——————
) 2sin P+sin2P
= 15[=§.6.10.sinC _ 2sinP—2sin Pcos P
3 5 2sin P+ 2sin Pcos P
= sinC=—=sin(—ﬂ), 1—cos P
2 3 =
1+ cosP
since C is obtuse. 5
7 _ 2sin (P/2)
= C:(?) 2cos’* (P /2)

Also, 2 =a* +b* = 2abcosC

tan2 (Ej
2

2
—10%+6% - 2.10.6.005[%)
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(s—b)(s—c)
s(s—a)

(s=0)* (s—cf

57. Ans. (b)
Given a+b=x,ab=y

Also, xt - = y

= (a+b)2—c2=ab

Now,

Thus,

a2

a?+b*-c? ab 1

+b*—c* =—ab

2ab 2ab 2

1 2
4 (2 absin 120°j

xX+c
2

1 BY
4(2.y.2]

xX+c
2

_3r
2(x+¢)c

Jyc

y.e



‘8AINTRODUCTION

In this chapter we shall study how to measure the height
of the object and distance the points with the help of
trigonometric relations.

Angle of elevation A

Let the point O is the observer and the point P is the object
under observation.
The line OP is called the line of sight of the point P.
Let OA4 be the horizontal line in the same vertical plane
with OP.
The acute angle ZAOP, between the line of sight and
the horizontal line known as the angle of elevation.
> A
Angle of depression

The acute angle ZAOP, between the line of sight and
the horizontal line known as the angle of depression, where
the object P below the horizontal line OA4.

‘83BEARINGOFALINE

The bearing of a horizontal line, i.e. a line in a horizontal
plane is the positive acute angle made by this line with the
north - south line in the same horizontal plane.

If a line is said to bear 20° west of north, we mean that
it is inclined to the north direction at angle of 20°, this angle
is measured from the north towards the west.

N
D A A
154 400
W~ >E
O
70° f
c 35
' B
S

Here, the bearings of the lines OA4, OB, OC and OD are,
respectively, N40°E,S35°,S75°W and N15°W

N
A P (NE)
45° Q (ENE)
45°
" 22°
< 5 - £
Y
s

North East means equally inclined to north and east.
South - East means equally inclined to south and east. E-N-E
means equally inclined to east and north east.
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8.4 SOME SOLVED EXAMPLES

Ex-1.

Soln.

Ex-2.

Soln.

A chimney of 20 m high standing vertically on the
(1
top of a building, subtends an angle of tan l(g)

at a distance of 70 m from the foot of the building.
Find the height of the building.

Let OR be the chimney, PQ be the vertical tower
and O be the point of observation.

1
We have OP =70, QR =20 and tan = P

R
Q
()
o
o) P
Let ZPOQ =0 and ZQOR=6 and PO =h
Then tan(6+c)= h+20
70
N tanf+tanoe  h+20
1—tanOtan o 70
1 A
6770 h+20
= 1A 0
6 70
N 70+6h  h+20
420—h 70
= 4900 + 4204 = 420h — h* + 8400 — 204
= h? +20h =3500
= (h+10)2 =3500+100=3600
= h+10=60
= h=50

Hence, the height of the building is 50 m.
If a flag stuff on 6 m high, placed on the top of a

tower costs a shadow of 2v/3 m along the ground,
then find the angle of elevation of the sun.
Let PQ be the flag staff placed on the top

of a vertcal tower OR.
R

Ex-3.

Soln.

Ex-4.

Let the angle of elevation of the sun be 6.
Then it shadow on the ground O4 = BQ

Given 04=2/3=B0Q.,PO=6

23 1
So, tanf=——=—
6 3
= taantan(z)
6
= 9=£

6

Hence, the angle of elevation is 30°.
The angle of elevation of the top of a tower at any

point on the ground is o and after moving 20 m
) /4
towards the tower it becomes 3

Find the height of the tower.

Let PQ be the vertical tower of height 4 and 4 and
B are the point of observations.

We have 4B =20 m

P
h
/6 /3
A B Q
Let BO=xm
T h
In APBQ, tan| — |=—
3 X
= h=x3 .. (i)
b4 h
In APAQ, tan| — |=
6 20+ x
1 h
= _—=
3 20+x
= 20+x=hV3
= 20+x=(x\/§)\/§
= 20+ x=3x
= 2x=20
= x=10

Hence, the height of the vertical tower = 103 .

When the suns altitude increases from 30° to 60°,
the length of the shadow of a tower decrease by 5 m.
Find the height of the tower.



Soln.

Ex-5.

Soln.

Let PR be the height of the tower when the angle of
elevation is (x — 5), the length of the shadow is QR

= x (say)

Q 5 S

When the angle of elevation is 60°, then the length
of the shadow is (x — 5).

x5 R

In APRQ, tan(30°) = h
X

- 1 _h
Box
= x=m3 . @)
h
In APRS, tan(60°) =
x=5
h
= B=
x=5
h
= =
3-5
= 3h-5Y3=h
= 2h=5\/§
53
= hE
53

Hence, the height of the tower is -

A tree is broken by wind, its upper part touches the

ground at a point 10 m from the foot of the tree and
/2

makes an angle 7 with the ground. Find the whole

length of the tree.
Let PQ be the whole length of the tree and PM its

broken part, which touches the ground at R
P

/4

Ex-6.

Soln.
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We have OR =10 and LMRQ =%

T\ OM
In AMRQ, tan| — [==—
4 10
OM
= ==
10
= oM =10
T 10
Also, cos| — |=—
4 RM
1 10
= —_—=—
J2 RM
= RM =1032
N PM =1032
Thus, PQ=0M +PM

=10+10v2=10(v2 +1)

A person standing on the bank of a river observes that
the angle subtended by a tree on the opposite bank

is % , when he retreats back 40 m from the bank he

P/
find that the angle to be — . Then find the breadth
of the river. 6

Let PQ be the tree of height 4 and M, N be the point
of observations.
We have MN =40 m

P
rl6 /3
M 40m N Q
Let the breadth of the river be QN = x
T PO h
In APOM, tan| — |= ———=
6) x+40 x+40
1 h
- 2
3 x+40
N L x+40 @
= ... i
3
) h
In APQN, tan (—) =—
3 by
h
N
X
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Ex-7.

Soln.

= h=xy3 . (i)
From (i) and (i1), we get,
x+40
x3= NG
= 3x=x+40
= 2x=40
= x=20

Hence, the breadth of the river is 20 m.

Let the angle of elevation of the top of a hill observed
from the top and bottom of a building of height /
are czand S, respectively. Then find the height of the
hill.

Let AB be the hill, B being its top and CD be the
building of height A.

Thus, CD = h and consider BM = x

B
X
D z M
h h
C P A
X
In ABDM, tan (o) =——
DM
N =~ _—xoot() ...
tan(oc)_ ....... (1)
x+h
t ==
In ABCA, tan(f3) e
x+h
AC=——
= tan ()
x+h .
= _tan—(ﬁ) ....... (11)
From (i) and (i1), we get,
X  x+h
tan(ct) tan(f)
N x x _ h
tan(ar) tanf tan(f)

1 1)k
- * tan(c) tanf ) tan(B)
= x(cotor —cot ) = heot B

heot B

- e (cotar —cot B)

Ex-8.

Soln.

Hence, the height of the hill
(x + h)
hcot 3

=————+h
cota —cot B

_ hcota
(cotar — cot )

A ladder rests against a vertical wall an angle o to
the horizontal. Its foot is pulled away from the wall
through a distance ‘a’ so that it slides a distance ‘b’
down the wall making an angle 8 with the horizontal.

+
Prove that a =btan(a 5 ﬁ) .

Let AC represents the ladder of length /
After being pulled through a distance ‘a’ away from
the wall, the new position of the ladder is A’C".

A

A’

C c’ B
Clearly, AC=A'C'=/ and CC'=a,AA'=b
ZACB=qa and ZA'C'B=J3
Thus, a = BC'- BC
= Icos B —Icosa =1(cos - coscr)
b=AB—- A'B'

= Isina—Isin = (sino —sin )

and

a_ I(cos B—cosc)
Therefore, % =7 (sina —sin )

a_(cosp-cosa)

= b (siner —sin )

_ g=2sin(ﬂ;a)sin(a;ﬂ)
A

S Zt(a_zﬁj

= azbtan(a;ﬁ)

Hence, the result.



Ex-9.

Soln.

Ex-10.

At the foot of a mountain the elevation of its summit
is 45°, after ascending 1 km towards the mountain
upon an incline of 30°, the elevation changes to 60°.
Find the height of the mountain.

Let C be the foot and 4 be the top of the mountain.
and AB=h

A

60°

1 mk

2o |

C F B

N|$‘

N|§‘

CF =CDcos(30°)=1.

DF = CDsin (30°)

1 k

3

N | =

1
2
AB

In AABC, tan(45°)= B

E

B

a

= BC=h

B

Now, DE=BF=BC— CF= h—~—=.

2
1
and AE = AB — BE=AB— DF = h—
AE
From A4ED, tan(60°)=-——
DE
5t
= 3=
NE)
B2
2
= «ﬁh—gzh—l
3 1
3-1)h=2-1-1
= (B-i)e=3
S+l

(\/5—1): 2
(v3+1)

Hence, the height of the mountain is km.

Two stations due south of a tower, which leans
towards north are at a distances a and b from its
foot. If o and B are the elevations of the top of the
tower from these stations, prove that its inclination
0 to the horizontal is given by

Soln.

) B a \6
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__bcota—acot
b—a
Let 4 and B be two stations due south of the
tower OP which leans towards north.
P

cot (9)

Ex-11.

Soln.

S B b A a C x Q

Let AC=a,BC=band CQ=x

Clearly, tano =
a+x

+Xx

and

=

From (i) and (ii), we get,
beot(or)—acot(f)
ab+bx ab+ax _ (b—a)x
h h h

x _beota—acotf
h (b—a)

_bcota—acotf

cot (9) = (b - a)

=
Hence, the result.
From an aeroplane vertically over a straight road the
angles of depression of two consecutive kilometer
stones on the same side are 45° and 60°. Find the
height of the aeroplane.
Let B and C be two consecutive kilometer stones.
Then BC =1 km and 4 be the position of the plane
at a certain time.

X A

45°

60°

45° 60°
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Ex-12.

Soln.

LetAD=hand CD=x

h
In AABD, tan(45°) = ——
1+x
x+1=h

x=h-1

=
=

h
In AACD, tan(60°) =—
X

=

V3 (V3 +1)
(V3-1) 2

=

Hence, the height of the plane is [

3+\@)
3 km.

A bird is perched on the top of a tree 20 m high and

its elevation from a point on the ground
off horizontally straight away from the
in one second the elevation of the bird
30°. Find its speed.

is 45°. Itflies
observer and
is reduced to

Let the bird alight at B, the top of the tree BD and O

be the observer, where BD =20 m

B . M
20 m
50 |45°
o) D N
Thus, BD = MN =20 m
20
In ABOD, tan(45°)=—
OD
= OD =20
MN 20
In AMON, tan(30°)= — = ———
o G0 = = 204 DN
R 20 1
20+DN 3
= 20+ DN =203
= DN = 20(\6 - 1)
ist
Thus, speed = dls, ance
time

=Mm/sec

=20(\/§—1) m/sec

LEVEL 1
(PROBLEMS BASED ON FUNDAMENTALS)

1.

A tower subtends an angle 6 at a point 4 in the plane
of'its base. The angle of depression of the foot of the
tower at a point ‘4’ m just above ‘4’ is o. Find the
height of the tower.

. The angle of elevation of the top of an incomplete

vertical pillar at a horizontal distance of 100 m from
T
its base is 7 If the angle of elevation of the top of
T
the complete pillar at the same point is to be 3 such

that the height of the pillar is increased by # m, then
find A.

. A person walking along a straight road observes that

at two points 1000 m apart, then angle of elevation of

a vertical tower in front of him arez and o . Find
the height of the tower. 6 12

A man in a boat rowing uniformly away from a cliff
150 m high takes 2 minutes to change the angle of

elevation of the top of the hill from % to% . Find the
speed of the boat.

. A flagstaff of 5 m high stands on a building of 25 m

high. The flagstaff and the building subtends equal
angles at a point P, 30 m high above the ground. Find
the distance of P from the top of flagstaff.

. AB is a vertical tower ‘4’ being its foot standing on a

horizontal ground. ‘C” is the mid-point of AB. Portion
CB subtends an angle 6 at the point P on the ground.
If AP = 2A4B, then find tan(6).

. At the foot of a mountain the elevation of its peak is

T .
found to be —, after ascending 10 m toward the
. T . .
mountain up a slope of o inclination, the elevation

/4
is found to be 3 Find the height of the mountain.

A man finds that at a point due south of a vertical
tower the angle of elevation of the tower is g He
then walks due west 107/6 m on the horizontal plane
and find the angle of elevation of the tower to be % .

Find the original distance of the man from the tower.

. The angle of elevation of the top of vertical tower

from a point 4 on the horizontal ground is found to



10.

T
be 1 From ‘4’ a man walks 10 m up a path sloping

at an angle /6. After this the slope becomes steeper
and after walking up another 10 m, the man reaches
the top of the tower. Find the distance of ‘4’ from the
foot of the tower.

A vertical tower erected at the focus of the parabola

T
y*> =40x subtends an angle 3 at the vertex of the

T
parabola. If the tower subtends an angle — at a point
. 6
P lying on the parabola.
Then find the possible co-ordinates of point P.

LEVEL II
(MIXED PROBLEMS)

1.

On level ground the angle of elevation of the top of
the tower is 30°. On moving 20 meters near then the
angle of elevation is 60°. The height of the tower is

(a) 203m (b) 103 m
(©) 10(v3-1)m

From the top of a light house 60 meters high with its
base at sea level, the angle of depression is 15°. The
distance of the boat from the foot of the light house is

J3-1 B +1
(a) 60X(\/§+1jm (b) 60><[\/§_1Jm

(©) [?4—1) (d) None

(d) None

. Three poles whose feet A, B, C lie on a circle subtend

angles o, B, y and respectively, at the centre of the
circle. If the height of the poles are in A.P, then

cot(ax),cot(fB),cot(y) are in

(a) AP (b) G.P
(c) H.P (d) None
Aladder 20 ft long reaches a point 20 ft below the top
of a flag. The angle of elevation of the top of the flag
at the foot of the ladder is 60°. Then the height of the
flag is
(a) 25 ft (b) 30 ft
(c) 351t (d) 40 ft
From an aeroplane vertically over a straight horizontal
road, the angles of depression of two consecutive mile-
stones on opposite sides of the acroplane are observed
to 45° and 60°. Then the height in miles of aeroplane
above the road is

i

3 3
@ A ® 75
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\/§+1

1
RN 5

\B+1

(d)

LEVEL III
(PROBLEMS FOR JEE MAIN)

1.

10.

A man on a cliff observes a ship at an angle of de-
pression 30° approaching the shore just beneath him.
Three minutes later the angle of depression of the ship
is 60°. How soon will it reach the shore?

A vertical tower subtends an angle of 60° at a point on
the same level as the foot of the tower. On moving 100
m further from the first point in line with the tower, it
subtends an angle of 30° at the point. Find the height
of the tower.

. Find the height of a tower when it is found that on

walking 80 m towards it along a horizontal line through
its base, the angular elevation of its top changes from
30° and 60°.

A vertical pole on one side of a street subtends a right
angle at a window exactly on the opposite side. If the
angle of elevation of the window from the base of the
pole be 60° and the width of the street be 30 m, find
the heights of the window and top of the pole.

An object is observed from three points 4, B, C lying
in a horizontal straight line which passes directly un-
derneath the object. The angular elevation at B is twice
that at 4 and at C three times at 4. If AB=a, BC= b,
find the height of the object.

. Aman notices two objects in a striaght line due west of

him. After walking a distance ¢ due north he observes
that the objects subtend an angle o at his eye and after
walking a further distance ¢ due north, an angle 8. Find
the distance between the objects.

The angle of elevation of an acroplane from a point 200
meters above a lake is 45° and the angle of depression
of'its replection is 75°. Find the height of the aeroplane
above the surface of the lake.

From the bottom of a pole of height 4, the angle of
elevation of the top of a tower is o. The pole subtends
an angle f3 at the top of the tower. Find the height of
the tower.

The angle of elevation of a cloud from a point x feet
above a lake is 6 and the angle of depression of its
reflection in the lake is ¢. Find its height.

A train is moving at a constant speed at an angle 6 East
of North. Observations of the train are made from a fixed
point. Itis due north at some instant. Ten minutes earlier
its bearing was o West of North, where as 10 minutes
afterwards its bearing is 8 East of North. Find tan(6).
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ANSWERS
LEVEL I LEVEL III
1. htanOcoto
1. —min
2. h:loo(ﬁ—l)m
2. 50\3m
3. 250(V3+1)
3. 403 m
4. 25 3—\/§ m/ min
( ) 4, 30\/§m,40\/§m
5. 5><\/E 5 a\J(a+b)(3b—a)
2 . o
6. 2/9 . 30
7. 5(\/§+1) " 2cotf—cota
8. 53 m 7. 20083 m
0 5(\/§+1) 8. hsinocos(o — f)cosec
9 xsin (¢ +0)
10. (20,2042) © sin(p—0)
LEVEL II 10 2sinorsin 8
1.(b) 2.(b) 3.() 4. (b) 5. (2 - sin(a - )
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